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Applied Mechanics, The circular ring under the combined action of 
compressive and bending loads. By C. B. BIEZENO and J. J. Kocu. 


(Communicated at the meeting of December 29, 1945.) 


1. Introduction. In a previous paper1!), (in these lines to be quoted 
as ‘“I’’) it was stated that every equilibrium-system (q,t) of radial and 
tangential forces, acting on a circular ring can be decomposed into a ‘‘com- 
pressive’ system A(q,t) giving rise only to a normal force N in any cross- 
section of the ring (so that both the bending moment M and the shearing 
force D are zero) and a “bending’’ system B(q, t) characterized by N = 0. 
The first system A, if suitably magnified, leads to elastic instability of the 
ring. The required factors of magnification j,, 42, arranged after their order 
of magnitude have been introduced in ‘I’ as the “characteristic numbers’’ 
of the buckling problem connected with the A-system and their numerical 
computation has been the object of that paper. Here it will be supposed, 
that the A-system is sufficiently small as to guarantee the elastic stability 
of the construction. It is obvious, that the deflections (and internal stresses) 
of the ring, due to the single action of the B-system, will be affected in a 
rather complicated way by the simultaneous action of the A-system, which 
— alone — would produce no deflections at all. 

In this paper it will be shown how the deflection and internal stresses of 
the ring, under the combined action of the A and B-system can be derived 
from the corresponding quantities occurring with the B-system alone, with 
the aid of the characteristic numbers 1 and the corresponding characteristic 
functions U (comp. “I’’) of the A-system. 

To prevent lengthy repetitions, the reader is supposed to be fully 
acquainted with paper “I”. 


2. The method. If the ring is subjected to the k—th characteristic (or 
critical) load 4,A, the corresponding characteristic mode of distortion Ux 
is determined except for a factor of proportionality. To remove this ambi- 
guity we restict our attention to that deflection ux, which corresponds to 

2 
ae . 9 . . . tg 
the “normalized” characteristic function Ue = ux + ux = —— Mz (comp. 


E 


“I, 3, and “I”, 4, 36), The same deflection ux and consequently the same 


bending moment M; — uaa Ux can likewise be sustained by a “bending” 
r 


1) C, B. BIEZENO and J. J. KOCH. The generalized buckling problem of the circular 
ring. Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, 48, 447 (1945). 
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loadsystem Bx(q,t), which readily can be derived from the equations of 


equilibrium 


—D’ =qr | 
D- =—tr so Wee Sees (1) 
ip es 


(comp. (“I", 2, 1), in which N en N’ must be put equal to zero). From 
this it follows that the simultaneously acting loads A and Bx (x designing 


an arbitrary constant) will produce a bending moment M = ——7(u” + u), 


Ey 


which for every value of xis proportional toMx = —— Ux. If the particular 
r 


value of x is required for which the combined loads A and xBx produce a 


sy | 


bending moment not proportional but equal to Mx = — — Ux (and conse- 
r 


quently produce the distortion ux) it can be remarked, that the single 
compressive loadsystem 2xAx is capable of sustaining the prescribed deflec- 
tion ux and consequently to rouse the prescribed moment Mx. The load- 


system A therefore stands up for the bending moment Mx, and the 
k 


ys 
remaining part — Mx of the prescribed bending moment Mx must be 


supplied by the bending loadsystem ~Bx and consequently x = a . 
k 


We learn from these remarks that the effect of the “bending” load- 
system Bx is magnified in the proportion Bh by the presence of the 
ps 


“compressive” loadsystem A. 
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The “reduced’” moment —— Mg = Us belonging to any arbitrary B- 


ET 
system can be expanded into a series 
hig eo) 
— Ry: Me= Up= & be Op: ae BO 7 (2) 


of the characteristic functions Ux of the A-system under consideration 
(Comp. “T’’, 4). 

If the ring is subjected to the simultaneous action of the B- and A- 
system, the magnifying influence of the latter will- exert itself to each 
component Bx of the B-system, and in particular the resultant bending 
moment M, respectively the resultant function U, due to the joint systems 
A and B, is represented by 


_—tnnibe Live oes 
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The resultant distortion u of the ring is governed by the differential 
equation 

PO Geel tae eee eee ee Sf) 

Summarizing it can be stated, that the stress distribution and the distor- 

tion of a circular ring under the combined action of a A- and B-load can 

be calculated as soon as the characteristic numbers Ax of the A-system and 


the corresponding characteristic functions Wx, are known. The function 


2 
Uz =— 5) Me. which has to be expanded into the series (2), must be 


computed by integrating the third eq. (1), and the coefficients be occurring 
in this series can easily be found by using the orthogonality of the 
functions Lx. 


3. Application. The ring compressed by two diametral forces P. With 
reference to (‘I’, 2) we replace the two compressing diametral forces P 
(whose points of attack may coincide with gy —0 and » = 2) by their 
equivalent Fourier-series q and ft: 


q= a + Vag coskp + 2 ¥ by sin ko; t= cy + Yee cos kp + ¥ de sin kp (5) 


in which evidently all in @on41,6,c and d are zero and in which 


P 2P 
a=—— Bans 
Mes i ig wer 
so that 
P 2P.2 on 
ae = COS 2 ke jee ORME Dc See elo) 


From (6) it follows (comp. “I’’ 2, 18a, b) that the A and B-loadsystems 
are represented by 


ao T= P  2P 2 cos2kp ae 2P 2 4k? 
\2 “o er we 2 4k?—1 FS ap | 4k2— sins ae 
A) < B) . ate 
( ie 2P z 2ksin2ky 8) firth. geeks any ”) 
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The normal force No, acting upon the cross-section (w) of the ring and 


caused by the A-system is given by 
eer 2P x ee 
N= sae = = 7a RES 
and the bending moment M, belonging to the B-system by 
2 Pr 2 cos2kp 


Ms=—~— 2 e147 Pe eae ene ts (9) 
2Pr 


— — x! 3333 cos 2 p+0,06667 cos 4 m+-0,02857 cos 6 y-+-0,01587 cos 8 p+ 


+ 0,0101 cos 10m + 0,00699 cos 12 9] 
(comp. the third eq. (1) and the second eq. (7). 


P oo y 
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With reference to (“I 8), where an example has been treated analogous 
with the “A”’-problem under consideration (viz. N = 4Ng = A(1 + €9 cos 
2p + e4 cos 4¢)), we restrict ourselves to the summing up of the following 
numerical results with respect to the first two characteristic numbers A, 
and d, and the two corresponding characteristic functions: 


3EI x 3EI a 
1.0336 aes dy = 5,3628 —3- 5 
U,/r » V5/r = 0,8396 cos 2 — 0,0784 cos 4 —0,0041 cos 69 — | “ee 
—0,0014 cos 8g —0,0005 cos 10% —0,0003 cos 12 
— B No Vs = — Fo Wi =+0,8123 cos 2p—0,3796 cos 49— 


Pr (11) 
— 0,0460 cos 6 y —0,0266 cos8 y —0,0162 cos 10g —0,0112 cos 12 
U,|/r » Vii/r = 6,9010 cos 2 + 15,3749 cos 4¢ — 4,9193 cos 6 + | 12) 
+ 0,0784 cos 8» —0,0651 cos 10% —0,0308 cos 129 


7 =e BI Serer to 
— Dp; No Vines een Wi1—1,2819 cos 2p + 14,320 cos so—| 
— 10,7560 cos 6 + 0,3678 cos 8 gy —0,4107 cos 10 y —0,2678 cos 12 \ 


(in these latter series all terms following that with cos 12 are neglected). 
In the expansion 


(13) 


Mz ?? | : 
- Fis ice bs Uae yg, 005 aaa 


the coefficients b; and by are defined by 


={ N, U,. sel Te dp en: fr U? dp resp. 


2a ‘ 
on bf mous 
0 / 


-If we replace U, and Uy, by their approximate values V3 and V7}, we find: 


=~ [wie As [3 Wada 


= wi Mer do: Lf vim Wii dp 


(15) 


(16) 
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The computation of these coefficients only requires the evaluation of the 
integrals 


fume AL dy, if V; Ws; dp and the analogous ones for b>, (17) 


If we write: 


2Pr 


Ma P; mre cos 2kp, Vier 2s Vek cos 2kp, 
6 
Wi =— 2 3 wre cos 2ky ogee) hata LS) 
j 


(comp. 9 and 11) we find: 


2a 
2 Ask 6 
fu Mp? ipvangas 2 _[ 24 max cos? 2kp dp = 
0 


a? EI k=1 


Oe) Le a De 
Ete 2, W2k M2~ — 0,24348 BT 


22 
6 
fe w2~ cos? 2kp dp = —Pr? » v2, woe = 
k=1 


0 


6 
fwa-—" 3 
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= — 0,71021 Pr? 
whence 
2 Pr? 
b, = 0,34196 — TET’ (19) 
Analogously it is found that 
2 Pr? 
b, = 0.003822 RT tt (20) 
The deflections u, and uy of the ring corresponding with the components 


—bi GZ ou milly bay U, ... of the bending moment Mz can be calculated 


from the equations 
uj +u,—b, U, a ities Do bla itn eda (aly 
resp.: 
uw; + u, = 0,28715 cos 2~—0,02681 cos 4 —0,00140 cos 6» — 
— 0,00048 cos 8¢—0,00017 cos 10¢ —0,00010 cos 129 
uz + uy — 0,02638 cos 2p + 0,05876 cos 4¢—0,01880 cos 6p + 
+ 0,00030 cos 8y —0,00025 cos 10” — 0,00012 cos 12 
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(comp. (11) and (19), resp. (12) and (20)), from which it follows: 
u, —[—0,09572 cos 2 + 0,00179 cos 4y + 0,00004 cos 6g + 


2 Pr’ 

0,00001 cos 8 PI Ve oe 

2 Pr? 

ut, —=[— 0,00879 cos 2 py — 0,00392 cos 4 + 0,00054 cos6p-+...] EI 


The resultant distortion u* of the ring, caused by the simultaneous action 
of the A and B loadsystems is given by 


ay nedy Ay es 1 1 
= pas 1a 2) a eee Mg ae to+... (23) 


The series wu; + uy + ad inf. represents the deflection u of the ring which 
occurs if no secondary effect is present. This deflection can be calculated 
by one of the well-known elementary methods (f.i. with the aid of 
CASTIGLIANO’s theorem). The series ete aoe +... can readily be 
ita Ky 
broken off with the third term in consequence of the fact, that ux decreases 
and dx increases rather rapidly with increasing k. We therefore write: 


ese tLe 
i it a ih tA g (24) 
At g — 0 and 5a the following results are obtained 

== 2 ono + 00st _ 0900) ay 

; 1,0336 Pe —1 5,3628 Pr —1 

3 

ah j= + 255 |0,10730-+ OOo ened (26) 

1,0336 Pe —|] 5,3628 Pe —1 


The secondary effect to which the ‘compressive’ A-system gives rise in 
influencing the deflections caused by the “bending” B-system as represented 
by the second and third terms in these expressions has been expressed in 


3a EI 

terms of the quotient bast viz. the quotient of the first critical all-sided 
3EI ss 

pressure qcr of the ring (qer = —2) and the ‘‘mean normal pressure P/a 


beloging to the two forces P. 


Medicine. — Some remarks on audiometry. I. Symmetric remnants of 
hearing. By A. DE KLEYN. 


(Communicated at the meeting of November 24, 1945.) 


In a. preceding communication 1) we examined in how far the so-called 
“Symmetriegesetz der erblichen Taubheit’’ of LANGENBECK was in accord- 
ance with our clinical experience. LANGENBECK 2) thought that in this 
case he might speak of a so-called law, in connection with the fact that 
when examining audiometrically people who were deaf-mute by inheritance, 
he had in most cases found symmetric remnants of hearing. He also 
spoke of symmetric remnants of hearing when the patients did not show 
any remnants of hearing on either side. 

Our own observations in the Amsterdam clinic and our private practice 
were not in accordance with the conceptions of LANGENBECK. Nor does 
this appear to be the case with the observations made by Mrs, VELLEMAN, 
not published up to now, who in our clinic made an audiometric examin- 
ation in view of remnants of hearing, of the deaf-mute children of the 
school for deaf-mute children in Amsterdam. It is true that both of us 
found symmetric remnants of hearing in several people who were deaf- 
mute by inheritance, but also in several others, undoubtedly also deaf- 
mute by inheritance, the remnants of hearing were quite asymmetrical 
(cf. preceding communcation), This fact in itself would not be a great 
objection in the heredity-investigation, Such cases only prove that when 
symmetric remnants of hearing are absent, the conclusion that heredity 
plays no part, should not be drawn. 

Much more important is the question whether one is justified to assume 
at once a hereditary genesis, when at the examination symmetric remnants 
of hearing are found. It appeared that this, too, had to be answered in 
the negative as regards our observations, Nor does the assertion made by 
LANGENBECK: ,,Somit kann man die These voll und ganz aufrechterhalten 
dass die Symmetrie der Hérreste bei erblicher Taubheit bezw, Schwer- 
horigkeit ein brauchbares Symptom fiir die Beurteilung der Erblichkeit ist’’ 
seem to me to be tenable. Already in the preceding communication some 
cases were brought forward for this as a proof. Meanwhile the investig- 
ation has been continued and more cases could be added. 


I. In the first place it has appeared that the remnants of hearing in 
patients who suffered from an infectious disease and after that became 
dull of hearing, are not seldom symmetric. 


1) DE KLEYN, A., Proc. Ned. Akad. v. Wetensch., Amsterdam, 44, 1190 (1941). 
*) LANGENBECK, B., Ztschr. f, Hals Nasen u.s.w. Heilk., 39, 223, 286 (1936). 
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This concerned patients from the Amsterdam clinic, in whom the 
anamnesis did not give a single indication for an ’Erbkrankheit” and 
who yet, after having gone through an infectious disease, appeared to be 
dull of hearing and having symmetric remnants of hearing. A typical 
example, which was already mentioned in the preceding communication, 
concerns a deaf-mute boy of 14. (fig. 1). 
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Fig. 2. 
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At the age of 114, when he spoke already remarkably well for his 
age, he got a parotitis, after which he became almost completely deaf. 
In this case the symmetry of the remnants of hearing, as appears from 
the figure, is very striking, Both parents of the child heard well, while, 
as far as could be ascertained, no dullness of hearing was found among 
the various members of the family. Therefore, according to me, there is 
no single reason to take into consideration, in this case, the possibility 
of an hereditary genesis. 

Also quite symmetric remnants of hearing in a boy of 14, suffering 
from congenital lues, have already been represented in the preceding 
communication, 

In three patients who became dull of hearing after a typhoid fever 
quite symmetric remnants of hearing could also be shown. Fig. 2 shows 
the audiogram of a lady of 62, who about 25 years ago suddenly became 
dull of hearing after a typhoid fever, while before that her hearing was 
excellent. This dullnes of hearing had continued to exist after that and 
had hardly changed. In the family-anamnesis there occured not a single 
fact which might point to a hereditary taint. 

The further acoustic status was the following: 


rep Lower Upper cS 
a tone tone (30 RINNE |SCHWABACH| WEBER 
limit limit normal) 
AD 1M 16 f£ 6 9 + shortened | t 
| medial 
AS 1M 16 f 6 | 10 + suortened 
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Pe lia 
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Bo tea 
pet lisdd 
4 
ae 
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ci 
aS 
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ba 
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II. Also after otitis media on both sides one can sometimes observe 
symmetric remnants of hearing in patients who after these otitides 
have become dull of hearing on both sides. This, among other things. 
was the case in a young women, also mentioned in the first communication, 
who from her 3d year suffered from recidivating otitis media, which 
led to a dullness of hearing on both sides. A radical operation on the 
right had to be carried out, on the left a conservative treatment appeared 
to be sufficient. In the course of years both ears became dry, but the 
sharpness of hearing had suffered much owing to the many otitides. 
Accordingly, at the age of 33 a serious dullness of hearing could be 
shown. The audiograms of the right and of the left ear were completely 
symmetric, however (fig. 3). Nor were any cases of dullness of hearing 
found in the extensive family-relations of this lady. 

For the rest the acoustic status was: 


Lower Upper 
| Cwm 
tone tone (30") RINNE SCHWABACH WEBER 
limit limit | 
AD 128 say 10 — + normal 
medial 
AS 64 n 10 — -+ normal 


In order to save his symmetric-law from the possibility of symmetric 
remnants of hearing being found in patients who have become dull of 
hearing after an infectious disease, LANGENBERG gave an explanation, 
mentioned in the preceding publication and according to me carrying 
little conviction. He also discussed the question whether it is possible 
that after an otitis on both ears symmetric remnants of hearing are left 
and thought he must deny this, "Denn dass eine auf entziindlichem Wege 
entstandene Schwerhérigkeit zufallig gerade auf beide Ohren genau den 
aleichen Hérausfall hervorrufen sollte, wird man nicht annehmen kénnen.” 
Yet this was the case in the patient just mentioned. Though the one ear 
had been treated conservatively, the other by operation. 

In another patient with otitis media on both sides, who already from 
a child suffered from this affection, the acoustic status was as follows: 


Whis- Lower 


Upper C5 
pered tone tone (30) RINNE |SCHWABACH|} WEBER 
sp. limit limit 
in EE ee eee 
AD 0.3 64 n 18 _ n 
ASal i) G2 64 n 18 ia ee ee 


Fig. 4 shows the audiograms of both ears, also in this case nearly 
symmetric, 
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III. Also in patients who have become dull of hearing as a consequence 
of noise in their profession (boiler-makers, gunners, pilots etc.) one may 
sometimes find a less or greater symmetry of the audiograms. 3) A typical 
example of nearly complete symmetry is the following. A man of 39 


128 512 1024 2048 4096 8192 9747 
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had for five years slowly become dull of hearing for high tones, after 
much artillery-practice. At the acoustic examination the following was 
found: 


ca ——— — ——— 
. : Lower Upper 
oa ei tone | tone’ RINNE |SCHWABACH| WEBER 
Us limit | limit 
| 
Lightly 
AD 5M | n | n ae shortened , { 
| | | Lightly medial 
AS 5M n | a | le shortened 


The audiograms are represented in fig. 5. 

Sometimes, however, even one strong detonation suffices to cause 
dullness of hearing with symmetric remnants of hearing, though in such 
detonations the remnants of hearing are generally clearly symmetric. Thus 
a soldier of 37 became completely deaf immediately after a detonation, 
while before that he had a good hearing. When I examined him about 
a fortnight after the accident, the quite symmetric remnants of hearing 
represented in fig. 6 were found. The patient heard no bone-conduction, 


8) Cf. e.g. in DE WIT, G,: Gehoorbeschadiging door lawaai. Dissertation, A’dam 1940. 
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conversational speech was heard on both sides ad concham, the lower 
tone limit was at 128 d.v. . 

With the slow recovery, which J could not quite follow because of 
the departure of the patient, the symmetry was lost again and the left ear 
recovered quicker than the right. 
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IV. A professional illness, with an origin quite different from those 
just mentioned, is to be found in boxers. In all match-boxers examined 
by me up to now the perception for high tones was disturbed, This was 
very striking in one of our boxer-champions, a man of 39. 

The audiogram of both ears showed a striking symmetry. Som ten 
audiograms, taken in the course of half a year, all showed, with small 
variations, the picture of fig. 7. 


128 256 512 1024 2048 4096 8i92 9747 


of BEELER ERCTL LL 
EHH eee RTH 

| eer 
peer ETT TTT 


AR Ge @ 
a 
ae e 
ele a Peete delet TT te 
Baa 
AG 
Saal 
SER 


Fig. 7. 


V. In all examples mentioned up to now we were dealing with peri- 
pheral affections of the octavus system, either of the labyrinth itself or 
of the N. octavus. Fig. 8 clearly shows, however, that also in purely 
central acoustic affections nearly symmetric remnants of hearing can occur. 

The patient concerned, a man of 25, was suffering from the highly 
localised form of the disease of DucHENNE-ARAN and showed, beside 
a central dullness of hearing and central vestibular disturbances in the 
form of position-nystagmus, a readiness to nystagmus to one tide (Nystag- 
musbereitschaft) etc, disturbances of speech of a bulbar character and 
a central paresis of the NN III, VII, [X and XII. 

At further acoustic examination the following was found: 


nail | ie | | 
__ Convers. sp. |Lowertonelimit} RINNE | SCHWABACH WEBER 


| | | 
AD | 0.8 / 64 + | shortened | 

| —>R 
AS | 0.8 | 64 + __ shortened 


From the above-mentioned examples one can at once draw the con- 
clusion that if injurious influences act on both organs of hearing, the 
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right and left octavus-system are not seldom affected in exactly the same 
degree, however varying may be the effect of those injurious influences 
in each special case. The symmetric remnants of hearing are a clear 
proof of this. 

Even more curious, however, is the fact that several times we found 
these symmetric remnants of hearing in cases where the loss of function 
of the two ears had not taken place at the same time by the same 
cause, but with intervals of some years by different causes, 
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Fig. 8. 


In order to explain such observations one might suppose that a certain 
and bilaterally equal part of the two organs of hearing is more vulner- 
able than the remaining part and that if both ears are seriously damaged 
by whatever cause, it is only this more vulnerable part that loses its 
function. As in different patients not always the same symmetric remnants 
of hearing are found, the more vulnerable part would have to vary with 
the individual, as regards size, 

As examples we would mention the following cases: 

a. The clinical history of the patient already described (fig. 3) points 
already in this direction. This lady, who was suffering fron an otitis 
media on both sides, was for many years very dull of hearing in her 
right, radically operated ear, while the sharpness of hearing of her left 
ear was still sufficient. Gradually this, too, became less and less and at 
last reached a level that was completely equal to that of the other side. 

b. Another typical example 4) concerns a lady who became very dull 


4) Already mentioned in the preceding communication. 
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of hearing in one ear following upon a gravidity. Many years after- 
wards, after a malaria, there suddenly arose dullness of hearing in the 
other ear as well and that to such an extent that the remnants of hearing 
were quite symmetric (fig. 9). At the further acoustic and otoscopic 
examination the picture of a dullness of hearing of the middle ear-type on 
both sides was found (otosclerosis?). In the family no further cases of 
dullness of hearing were found. 
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Fig. 9. 
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c. Fig. 10 shows the audiogram of a man of 285) who had been deaf 
in the left ear as long as he remembered, In his family deafness did not 
occur. He was a hairdresser and as such he had to talk much with the 
public. He could do this without difficulty, because his right ear was 
quite normal, His family doctor also informed us that no dullness of 
hearing of the right ear had ever been observed in the patient. Some 
days before his admission into the clinic it appeared, when he awoke, 


5) See preceding communication, 
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that he was practically completely deaf. At an extensive internal, neuro~ 
logical and serological examination no cause of this sudden deafness was 
found. The remnants of hearing were also in this case quite symmetric 
(fig. 10), whispered and conversational speech were not heard. 

d. Finally, clearly symmetric remnants of hearing were also found 
in a man of 41, who in February 1944 got a heavy object against his 
right temple and after that became dull of hearing on that side. He had 
not lost consciousness when this accident happened nor had he vomited. 
On May 12th, without being able to indicate the cause of this, he had 
quite suddenly become dull of hearing in the left ear too, which before 
that time had been quite normal. 
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When he was admitted into the clinic, réntgenologically there appeared 
to be no starting-point for a labyrinth-fracture on the right. Internally, 
neurologically and serologically no anomalies were found, so that the 
occurring of the sudden dullness of hearing on the left remained com- 
pletely unexplained. 

Vestibularly there was a good excitability on both sides, Acoustically 
the following was found: 
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Fig. 11 shows the symmetric remnants of hearing. 
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Summary, 


1. The assertion made by LANGENBECK that symmetric remnants of 
hearing are so important for the judging whether a dullness of hearing 
is hereditary or not that one might speak of a "Symmetriegesetz der erb- 
lichen Taubheit” is wrong, according to us. 

2. It is a fact that if injurious influences act on the organs of hearing 
this often results in the lesions on the right and on the left side being 
equally large or in other words, that here symmetric remnants of hearing 
are left. 

3. Sometimes one finds, both in patients with a hereditary taint and 
in those without one, symmetric remnants of hearing, when the two ears 
do not lose a great part of their function at the same time, but with 
intervals of many years. 

4. Perhaps the last-mentioned fact can be explained by the supposition 
that a certain part of the organs of hearing, varying with the individual, 
but bilaterally equal, is more vulnerable than the remaining part and 
that if both ears are seriously injured, though this happens with great 
intervals and by different causes, it is exclusively this more vulnerable 
part that loses its function, The remaining part will then manifest itself 
in symmetric remnants of hearing on the left and on the right side. 


Medicine. Some remarks on audiometry. I]. The influence of the 
duration of the sound on the form of the audiogram. By A. DE KLEYN. 


(Communicated at the meeting of November 24, 1945.) 


At the meeting of the Dutch Oto-rhino-laryngological Society of Nov. 
24th 19401) vAN DAMME communicated the clinical history of a patient 
from our Clinic, who at the audiometric examination showed very curious 
phenomena, 

The girl, aged 18, had been admitted into the clinic for tonsillectomy 
and was a little deaf in both ears, on the right more than on the left. 
In her anamnesis nothing particular was to be found; deafness did not 
occur in her family. At the internal and serological examination no ano-~ 
malies were found. 

The tympanic membranes were a little retracted. The sharpness of 
hearing for whispered speech amounted to 3 M on the right, to 4 M 
on the left. The lower tone limit was heightened on both sides (256 d.v.) 
the upper tone limit lowered (6000 d.v. examined by means of the mono- 
chord of StTruycKEN). RINNE was indicated positively on the left, 
SCHWABACH strongly shortened. Bone-conduction was not perceived well 
on the right. At the test of WEBER the tuning-fork was lateralised to the 
left. At the audiometric examination the right ear showed a very curious 
phenomenon, which was absent on the left. 

1. Both for bone- and for air-conduction sounds, when acting a short 
time, were not heard. 

2. These sounds, when acting a long time, were perceived clearly, 
but only after a certain number of seconds. 

3. When the source of sound was interrupted regularly, the sound 
was only perceived after a certain number of seconds and this number 
of seconds varied in proportion to the intensity of the source of sound 
(summation), 

4, The longer a tone-sound acted continuously, the lower the tone- 
intensity, necessary to be perceived. 

v. DAMME put the question what was the significance of this perhaps 
pathological perception. Owing to a coincidence it had not been possible 
to make a more extensive neurological examination of the patient, so 
that this latter question had to remain unanswered. During the discussion 
v. DAMME also communicated that the patient had never suffered from 
tinnitus, 

In connection with a remark made by Waar that the observation of 
v. DawME should be considered as a stimulus-summation in general, | 


1) Ned. Tijdschr. v, Geneesk., 85, 2576 (1941). 


21 


thought I had to point out, during the discussion, that the explanation 
could not be so simple, as the above-mentioned phenomena are not found 
in normal persons and were only present on one side in the patient of 
v. DAMME. According to me something analogous is rather found in the 
abnormal pain-reactions which one can sometimes observe in _tabetici. 
In these cases the patients indicate, when pricked in an ordinary way 
by the point of a pin, that they feel no pain, if one continues the pressure, 
however, a sudden pain is felt. 

It was the original intention, therefore, to continue the examination of 
v. DAMME in deaf tabetici because, after what has just been communicated, 
the possibility did not seem excluded that in them corresponding dis- 
turbances of the senses of hearing would occur. This investigation did 
not take place, owing to war-circumstances. It has appeared, however, 
that a remarkably high percentage of another group of patients shows 
the phenomenon of v. DAMME, namely patients who became dull of 
hearing following upon a detonation. 

The audiometric examination was always made by us in the following 
way: At first the threshold-value for a certain tone was determined, this 
being slowly strengthened 2) until the tone was perceived by the tested 
person. Here, for purposes of control, the determinations were repeated 
some times, so that patients with whom the indications differed more 
than a few decibles, could be eliminated as tested persons who were not 
reliable, 

After such a determination the same tone was given again, but now 
lessened 5 decibles in intensity. Then normal persons do not perceive 
the tone, not even if it acts a few seconds (an action of up to 5 seconds’ 
duration was investigated). In patients who show the phenomenon of 
v. Damme this is the case, however. After the tone has acted a few 
seconds with them, they indicate that they hear it. Now a further in- 
vestigation was made, each time with an intensity 5 decibles lower, until 
an intensity was reached where the tone was not even perceived when 
it acted longer. In this way one obtains two audiograms of each ear: one 
in which the threshold-value for the different tones has been determined 
in the ordinary way and one in which the tones were only perceived after 
a longer action. 

A typical example, where the phenomenon of v. DAMME was observed 
after a detonation, is the following: 

St., a man of 40, heard very badly with both ears after a bombing- 
smash in his direct surroundings. For that matter, there had been very 
little sharpness of hearing of the right ear as a consequence of an otitis 


2) This strengthening slowly is absolutely necessary in order to obtain constaat results. 
Strengthening too quickly causes the threshold to be found varying and too high. The 
threshold-values for the following tones were always investigated: 128, 256, 512, 1024, 
2048, 4096, 8192 and 9747 dv. 
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media; accordingly, the tympanic membrane on this side was strongly 
and irregularly retracted. 

The left tympanic membrane showed various haemorrhages in the form 
of stripes. The bombing-smash took place on February 9th, 1945. Several 
eudiometric examinations always showed the phenomenon of v DAMME, 
but especially on the left. 

Fig. 1 shows the audiogram, taken at the last examination, of the left 
ear (March 30th, 1945). On that date the whispered speech, which was 
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not heard at the first examination a month ago, was perceived again at a 
little more than 5 metres, the lower tone limit was found at 16 d.v., the 
upper tone limit at g6, The tuning-fork c5, heard normally for 30 seconds, 
was only perceived for 9 seconds. 

RINNE was indicated positively, SCHWABACH shortened. WEBER was — 
localised medially. In fig. 1 the extended line means the audiogram 
obtained by examination in the ordinary way, the interrupted line the 
audiogram when the different tones act longer. 

It is seen that the two audiograms show a difference of not less than 
10—21 decibles. 

One find another example represented on fig. 2. 

C., man of 31, when there was a bombing-smash a year ago, got a 
rupture in both tympanic membranes, with two permanent big perforations 
down in front as a final result. There was no secretion, About 4 weeks 
ago another bombing-smash took place in his surroundings and now his 
left leg was also seriously injured. 
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The examination showed that the left ear was practically eliminated 
On the right the acoustic status was: 
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Fig. 2 refers.to the two audiograms of the right ear. It is curious that 
at repeated examinations the phenomenon of v. DAMME was absent at 
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the tone 8192 d.v., but was present at all other tones. Tone 9747 was 
not perceivd when the examination was made in the ordinary way. Only 
if this tone acted for some seconds at the maximum strength of our audio- 
meter did the patient indicate that he heard the tone. 

Not only this patient, but also several others showed the symptom 
that with them the phenomenon of v. DAMME could be shown for certain 
tones, but not for others. Thus, to mention only a few examples, it was 
found in 


Pat. W. 31 y 


/ hes Vv. DAMME 


Detonation |Tymp. membrane| Whispered sp. | absent pone 


Conv. sp. 


Tymp. membrane 
rupture down 
in front 


ad conch. Only for tones 


of 1024 d.v. 


for a week 


hse! of 512, 1024 


and 2048 d.v. 


0.2 


absent for tones 


For all tones, 


3 g except 52 d.v. 
Bh of 128, 256 
or, and 4096 d.v. 
Pat. St. 35. y. 
S AD no anomalies 4M of 128 dv. 
> 
i AS idem 0.75 M of 1024 and 
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It appears already from these few examples that when there is a 
detonation the two ears can be struck in a very different degree of 
strength. This difference was very pronounced in the following patients: 

Pat. S., 23, was examined two weeks after a bombing-smash which 
took place in a room in which there were 8 people. Four persons were 
killed and four seriously injured. A splinter of a shell seriously injured 
patient S. in the shoulder and less seriously in the head. After the accident | 
he lost consciousness for two hours. The tympanic membranes showed 
no anomalies. The acoustic status was: 
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AS only for tone 572 dv. 


Such a result was also obtained with patient K., 39, who more than 
three weeks before our investigation was wounded in the lung and became 
dull of hearing, when a bombing-smash took place. Only the right tym- 


panic membrane showed a haemorrhage down in front. The acoustic status 
was as follows: 
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At the audiometric examination the phenomenon of v. DAMME was clearly 
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present on the left ear (fig. 3 — and ——W—); on the right it was entirely 
absent (fig. 3 —.—.—). 
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Yet more symmetric lesions of hearing can also occur owing to de- 
tonation. In reality, as was described in part I of this communication, 
one finds all sorts of transitions, even completely symmetric remnants of 
hearing (p. 14). 
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In general I got the impression that the phenomenon is most strongly 
pronounced a short time after the detonation and that if it decreases or 
disappears, this happens first for certain tones and after that entirely. 

The phenomenon can also be observed when an examination is made 
of the bone-conduction, Generally speaking, however, the finds when 
there was air- and when there was bone-conduction were not in 
accordance with another. Thus patient S. (fig. 4), when there was air- 
conduction, showed the absence of the phenomenon at the tones 4096, 
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8192 and 9747 d.v., when there was bone-conduction only for the tone 
256 dv, (fig. 4 air-conduction, fig. 5 bone-conduction). Inversely, a 
patient W., a man of 25, who at a bombing-smash was injured in the 
face and in the head and who after having lost consciousness for about 
12 hours appeared to be very dull of hearing, showed the phenomenon of 
v. Damme for all tones when there was air-conduction, but for not a 
single tone when there was bone-conduction. 


Summary. 


1. In some patients the duration of the sound appears to have a 
clear influence on the form of the audiogram. 

2. As early as 1940 v. Damme found in a patient from the Amsterdam 
Otological Clinic that she did not perceive sounds when they acted a 
short time, but that she did perceive them when they acted longer, In 
this communication it could be shown that this phenomenon is observed 


rather frequently in patients who have become dull of hearing by a 
detonation. 
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3. In this latter group of patients the phenomenon of v. DAMME is 
tound both when there is air- and when there is bone-conduction, though 
the anomalies occurring with these two conductions do not run parallel. 

4. The phenomenon is often only to be found with certain tones. 
Generally speaking it seems to be most strongly pronounced a short time 
after the detonation and if improvement occurs it seems to disappear first 
tor certain and later for all tones. 

5. When the detonation occurs the two ears, in most cases, are not 
struck in an equal degree of strength. Yet, beside very strong asymmetric 
lesions all sorts of transitions occur to completely symmetric affections, 
expressing themselves in symmetric remnants of hearing . 


Medicine. — Some remarks about gargoylism (Typus E). By P. G. 
GerLINGS and A. DE KLeyNn. (From the Oto-rhino-laryngological 
Department, University of Amsterdam.) 


(Communicated at the meeting of November 24, 1945.) 


In 1936 Mrs. C. DE LANGE and L, Wotrtrinc 1) described two boys 
with a clinical picture resembling gargoylism, but with certain deviations 
from the typical picture. For this they used the name Typus E, this 
letter being the initial of their family name. One of the boys was later 
(1941) admitted into our clinic and died there after a bronchoscopy. A 
detailed publication by CoRNELIA DE LANGE, P, G. Geruincs, A. DE KLEYN 
and T. W. Lettinca about the clinical symptoms and the general post 
mortem findings appeared a short time ago in the same Acta. 2) In this 
communication the otological anomalies were not described in detail. As, 
however, as far as we know, this is the first time that it was possible to 
examine the ossa petrosa microscopically in a case of gargoylism and as 
in this case the central acoustic paths were examined in detail, it also 
seemed desirable to us to give a more detailed communication of tthe 
otological findings. 

In 1936 the past thistory ran as follows: (C. DE LANGE) 

Boy, aged 12, birth normal, walked at the age of a year, but after a 
short time left off walking and standing. Near the end of the second 
year the abdomen rapidly became protuberant. He resumed walking when 
214 years old. Two years later attacks of somnolence occurred of 3 to 
5 days duration, followed by headache and vomiting. Enuresis nocturna 
appeared at the age of six, The boy was not able to follow the lower 
school and was transferred to a school for mental defectives. The attacks 
of somnolence ceased at the age of 714 and did not return, In 1932 he 
was operated for an umbilical hernia. It cannot be stated with certainty 
when the retardation of growth set in, probably in the patient’s second 
year. As far as the mother can recollect, the boy showed a certain stiffness 
in both arms. There was a chronis otitis media for several years. 

On examination (1936): Length 1.19 m (—31 cm); weight 40 kg 
(— 1,5 kg). Dysproportionate dwarf of unwieldy build. Slight dolicho- 
cephaly: greatest circumference of the head 54 cm, no ridges, no bossing. 
Sutures and fontanelles closed. No hypertelorism. The features are with- 
out relief. Lips thick, nose broad, eyebrows thick and bushy, hair of the 
scalp thick and dry. Corneae clear, fundus oculi normal. The boy wears 


1) DE LANGE, CORN. and WOLTRING, L. Acta Paediatrica, 19, fasc. 1 (1936). 


2) Acta Paediatrica ,31, 398 (1944), 
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glasses for myopia. Limbs of coarse and broad build, hands short and 
thick, somewhat stiff and with limitation of movements. The patient 
cannot clench his fist. On both hands the little finger is curved in toward 
the radius, The fingers are in flexion-contracture, the interphalangeal 
articulations slightly swollen. The nails have watchglassform. There is 
a marked limitation of movements in the shoulder joints, movements being 
only possible with co-operation of the shoulderblades. If a hand is laid 
on the boy’s shoulder cracking of the joint can be felt. In both elbowjoints 
there is a flexion-contracture and the rotation is slightly limited. Thorax 
symmetric with wide lower aperture. 

No findings in the lungs, The heart dullness is normal on percussion, 
but over the ictus cordis a systolic murmur with accentuation of the 
second pulmonary sound is heard. 

Abdomen is enlarged, circumference 65 cm. The liver is very large, 
reaches to 1 A 2 cm below the umbilicus, surface smooth, non-tender. 
The spleen can just be felt when there is respiration, but when there is 
inspiration it reaches two fingerbreadths below the costal margin. The 
boy is mentally defective, he is shy and has an introverted nature. At the 
* age of fourteen he was only in the third form of the school for backward 
children. On the other hand he is fond of simple carpenting and drawing 
utig; °1). 

Neurological symptoms ‘are lacking. 

Bloodcount. Hgb. 90 %, R.B.C. 4.750000, W.B.C. 7300. Platelets 
290000, Sed. rate 1st hour 2 mm, 2nd hour 4 mm, Eosinophils 1, poly- 
morphs 49, 5 lymphocytes 45,5, mononuclears 4 %. No hypersegmentation 
of the polymorphs, no toxic granules. Urine nothing abnormal ;in particular 
no acetone in the morning portion. TAKATA-ArRa’s reaction. negative; 
Hiymans v. D. BERGH direct negative, indirect trace of bilirubin. Galactose 
tolerance test (40 g. per os): the blood galactose exceeds the normal limit 
of 40 mg% and the excretion of the galactose is lengthened. 

Radiological examination: Marked dolichocephaly, sella turcica normal. 
No impressiones digitatae. Occipital bone somewhat thin. Sutures with- 
out anomalies. 3) In the elbowjoints the proximal parts of radius and 
ulna are broad and coarse, especially the capitulum radii. Metacarpals 
and phalanges abnormally broad and stunted. The capitula of the first 
phalanges on both sides much deeper indentated than normal, Slight re- 
tardation of the ossification of the carpals not as to number but as to size. 
The distal parts of radius and ulna also broad and coarse. 

At the age of 19 the patient was admitted into the Otolaryngological 
clinic on April 4th 1941, as he did not get sufficient air and became 


’) As in this patient afterwards a diagnosis of craniostenosis and closed ‘sutures was 
made we have again examined the radiagram of his skull. There proved to be only a 
lateral view, the sella was certainly not enlarged at that time, the coronar suture is distiact, 
the lambdoid is less so. 
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short of breath especially when riding on a bicycle. His voice should 
also have changed, while at a distance an inspiratory stridor was per- 
ceptible. 

The patient had already been under policlinical treatment from 1931. 
In 1933 an adenotomy was performed. The clinical history of 2.9.1931 
said: on the right side the whispered voice is not heard, at the left at a 
distance of 0,5 m. Lower tone limit bilaterally at 24 d.v., upper tone limit 
18000 respectively 19000 d.v. (Monochord). RINNE positive on both sides, 
SCHWABACH shortened, WEBER no lateralization. 

From the family history it appeared that both parents were in good 
health and heared well, 2 children had also a good hearing, but one 
brother (acoustic examination see history), the great-grand-mother on the 
father’s side and three aunts of this latter were dull of hearing. Acoustic 
examination: both tympanic membranes were normal. In the beginning 
no exact examination with tuning forks was possible owing to the 
peculiar negativistic psychological condition af the patient. When he felt 
more at home in the clinic this examination could be performed much 
better, Then we found: 
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Audiogram: see fig. 2. 
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The examination of the 11~years old brother gave the following result: 
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Audiogram: see fig. 3. 
Therefore, both in 1931 (see previous history) and in 1941 the acoustic 
condition of our patient showed the picture of a labyrinthine diminished 
hearing. 
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A vestibular examination of the patient could not be performed as 
he died suddenly after a bronchoscopy. 


His brother, however, showed quite normal responses resulting from 
stimulation of both vestibular apparatuses. 
Rhinoscopia anterior: no disturbances; rhinoscopia posterior: did not 
succeed in consequence of the patient's thick tongue. 
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Where, owing to the same reason, the indirect laryngoscopy had not 
succeeded, the direct method was used which gave the following result: 
on the left vocal cord an irregular papillomatic swelling was found which 
was partly removed. The pathologist (dr. SCHOLTE) reported that the 
specimen removed for examination consisted of a piece of the vocal cord, 
covered with pavement epithelium under which cartilage was found. 
Slight edema was present also. 

On 6.12 a bronchocospy was performed under evipan narcosis. The 
left vocal cord was still thickened. For the rest the glottis was passed 
easily by the tube. The distance to the bifurcation was very short. The 
carina was abnormaly thick which seemed to be caused by a swelling of 
the mucous membrane at the entrance of the left main bronchus, This 
was the reason why this bronchus was only partly visible. The right 
main bronchus showed a normal picture. 

Another specimen was removed from the left vocal cord. This time 
microscopical examination proved that the vocal cord was covered with 
cylindric epithelium; only at one place pavement epithelium was present; 
in the depth sometimes cartilage, sometimes chondroid or mucoid alteration 
of the connective tissue was found, It was the same picture as known in 
cases of tracheopathia chondro-osteoplastica. 

On 18.12 the patient refused to stay in the clinic any longer and 
went home. 

In February he was readmitted as the stridor had become worse. 
Bronchoscopy under evipan narcosis was carried out and showed a 
thickening of the posterior wall of the thrachea just beneath the glottis. 
The trachea itself seemed to be narrowed. This time the right main 
bronchus was easily exposed; again a lumen image of the left main bronchus 
was not obtainable in consequence of the thickened carina. A portion of 
the carina was removed for microscopical examination. The pathologist 
(dr. SCHOLTE) reported: The removed tissue consists of connective tissue 
with nerve fibres and fat. A diagnosis cannot be made. 

The bronchoscopy was repeated on the 3rd of March under evipan 
narcosis. The trachea was still narrowed by the swelling of its mucous 
membrane so that even the bronchus-tube for women could pass only 
with difficulty, A portion both of the carina and the posterior tracheal 
wall was removed for microscopical examination. Directly after the 
bronchoscopy the breathing stopped suddenly and although a tracheotomy 
was immediately performed and the tube was again inserted, the heart 
soon stopped beating. Subcutaneous injection of lobeline and adrenalin 
into the heart had no result. A part of the mucous membrane of the larynx 
and of a part of the trachea were removed directly after death for mi- 
croscopical examination, 


The general pathological findings (dr. LerTinca) can be summarised 
as follows 4): 


4) See for details Acta Paediatrica 31. 
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In the liver there is slight cirrhosis and an accumulation of glycogen 
to such an amount that we may say the enlargement of the liver is mainly 
due to this last fact. In the heartmuscle and the kidneys, which, like the 
liver, were also fixed for over twentyfour hours in 10 % formalin, no 
glycogen could be demonstrated. The method of Lorrain-SmiTH-DiETRICH 
showed only traces of phosphatids in the liver and spleen. Beside these 
organs, the heart muscle, heart valves, aorta, kidneys, thymus, prostate, 
larynx, trachea, lungs and adrenals were also examined in this way. The 
result was negative except for the adrenals where, at several places, 
numerous black granules were found in the cells. 

In the spleen, beside faint signs of a chronic perisplenitis, there is a 
slight fibro-adenia as is often seen with a concurrent cirrhosis of the 
liver. The enlargment might be due to the action of the same noxae, which 
are also responsible for the cirrhosis of the liver. 

In the heart muscle we find signs of an acute myocarditis. The sclerotic 
valves showed chondroid changes. It was difficult to give a good ex- 
planation of these changes. As the result of an endocarditis the aspect 
is more or less uncommon. Very striking, however, is the resemblance 
to the changes in the perichondrium and contiguous connective tissue of 
larynx, trachea and vertebral column (neck), 

In the wall of the left main bronchus no explanation was found for 
the swelling observed there at bronchoscopy. 

As to the right elbow joint, the presence of nearly all the epiphyseal 
lines of humerus, radius and ulna at an age of over 191% years, indicate 
that there is a considerable retardation in growth, (There is nothing 
anomalous as regards the ossification.) The cartilage of the joint surface 
is somewhat thick, which corresponds to the relatively small bones in 
the epiphysis. 

Finally there was strong mucoid degeneration of the connective tissue 
in various parts of the body. 

The laryngological pathological findings were the following: Trachea 
and main bronchi: Trachea in antero-posterior direction somewhat flatten- 
ed. Musosa smooth, somewhat red. No narrowing of the main left 
bronchus at the bifurcation. At a distance of about 114 cm from the 
bifurcation there is a little defect caused by exploratory excision. Trachea 
and main bronchi contain some sanguineous mucus. 

The larynx is narrow. Some edema of the plica glossoepiglottica and 
the mucous membrane of the arytenoid cartilages. On the left, somewhere 
abount the vocal cord, there is a soft, irregular swelling of a blood-red 
colour with a diameter of about 1 cm. Joined with and distally from this 
swelling a defect in the mucous membrane of about 4 cm caused by the 
removal of tissue during life and after death. The left cord cannot be 
recognized here. Further below the right vocal cord there are some arti- 
ficial defects in the mucous membrane. The corpus ossis thyreoidei and 
the cricoid cartilage are slit in the middle. 
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Microscopical examination: 


Hematoxilin-eosin stains unless otherwise mentioned. 

Larynx at approximately the level of the left vocal cord: the boundary 
of the arytenoid and cricoid cartilage is irregular and not sharply defined 
in respect of the surroundings. The perichondrium is enlarged and shows 
several cartilage cells and chondroid and mucoid changes in the connective 
tissue, which stain red and partly violet with cresylviolet; the staining 
with mucicarmine is negative. Farther, at greater distance from the aryte- 
noid, on the outer side as well as in the mucous membrane of the larynx 
there are areas, not clearly circumscribed, where the cells begin some- 
what to resemble cartilage cells with mucoid degeneration of the hyalin 
connective tissue, There are no elastic fibres in this region. In the mucous 
membrane also rests of the epithelium, sometimes distinctly stratified 
squamous epithelium, mucous glands, nerves and some blood. At some 
places proliferation of elastic fibres. Nor is the boundary of the thyroid 
cartilage sharp. At a short distance there are also chondroid changes in 
the connective tissue. The cartilage cells of the arytenoid and thyroid 
cartilage are less flattened at the periphery than usual. The interstitial 
substance exhibits the so-called asbestos transformation. There are 
relatively many cartilage cells. These contain fat droplets staining orange- 
yellow with Sudan III, which are not birefractory. The cells of the 
perichondrium of the thyroid and arytenoid cartilage ‘have a finely 
granulated protoplasma often staining a pale brownish-yellow with Sudan 
III and containing no birefractory substances, even in a region with clear 
chondroid changes. On the same level in the right half of the larynx we 
find the same changes in cartilage and perichondrium, but no islands of 
cartilage or chondroid changes in the mucous membrane. Of the epi- 
glottis the boundary between cartilage and perichondrium at several places 
is not sharp and the perichondrium shows chondroid changes and mucoid 
degeneration in the partially hyalin connective tissue. The capsules of 
the cartilage cells are often broad and changed into very small violet- 
blue granules, which are also found in the enlarged cartilage cells, where 
the nuclei are partially lost. Neither is the cartilage of the trachea and 
left main bronchus sharply circumscribed, mainly on the outside and the 
perichondrium exhibits the same changes as in the larynx. At the place 
of the biopsy some granulation tissue, fibrin and slight bleeding. The 
mucous membrane exhibits no further anomalies, 

The brain was examined by Mrs. pE LANGE. The outcome of this in- 
vestigation was entirely negative, That part of the medulla which contains 
the auditory area, was divided into halves, one being stained according 
to WEIGERT-Pa1, the other with thionine-blue. No abnormal findings 
were present. ; 

Prof. DE LANGE thus summarised the clinical and the post mortem 
examination: Nowhere do the nerve-cells show the faintest resemblance 
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to those in the classic gargoylism, nor are there traces of a past meningo- 
encephalitis as one might suppose in view of the fact that attacks of 
somnolence occurred at the age of 414.” 

In our case, therefore, the clinical picture resembled in a large measure 
that of gargoylism or dyostosis multiplex Hurler, but without the histo- 
logical substratum of a lipoidosis or expressed differently: one might say 
that the macroscopical phaenotypus is present; but the microscopical 
one is absent. 

The microscopical examination of both ossa petrosa revealed: L. tem- 
poral bone. The petrous apex contains mixed lymphoid fat marrow, 
here and there perivascular bone-resorption in the corticalis, Clear im- 
pression of the ganglion GasseERI. The carotis canal shows some de~- 
hiscences, there is an extensive plexus venosus caroticus, no particulars 
on the A. carotis interna and rami sympathici. The sinus petrosus sup. 
and inf. contain little blood, the veins of the dura of the central cranial 
fossa are widened and filled with blood. 

There is nothing particular about the tube, one peritubar cell. The 
septum intermusculo-tubaris is largely wanting, the musc. tensor tympani 
is a little atrophic. 

In the middle ear there is a fibrous hyperplastic mucous membrane, 
the niche of the round window is partly filled with connective tissue, the 
tympanic membrane is thickened, A few connective tissue traits run 
through the tympanic recess. The malleus contains cartilage remnants, 
both malleus and incus have great spaces of marrow. There is a bony 
growth between malleus and tegmen tympani. The bottom of the tympanic 
cavity shows a great dehiscence, this is attended with a high position of 
the bulbus v. jugularis. The tegmen tympani also shows a great dehiscence 
and several impressions, with PAcCHIONIC granulations. Through the 
dehiscence this PAccHIONIC granulation reaches as far as the mucous 
membrane of the tymptanic cavity. (Fig. 4.) 

In the labyrinthine capsule one sees below the cochlea-turn a small 
focus of otosclerosis (fig. 5) with strongly dilated vessels, round which 
there is resorption, while against the basal cochlea-turn a focus with new 
formation of bone can be seen. — 

Before the oval window there is a rather large cartilage remnant 
("Knorpelfuge’’). 

In the facialis-canal there is a dilated vein, there is a small dehiscence 
in the bony canal. 

In the cochlea (fig. 6) the scalae vestibuli and tympani are normal. In 
the middle turn a little connective tissue trait runs in the scala tympani. 
In the ductus cochlearis, which has partly collapsed, the organ of CortTI 
has been changed into a little hill of cells, the membrane tectoria lies 
pressed against it. The ganglion spirale shows few ganglion cells in the 
basal turn, there is secondary glia-proliferation, (Fig. 7.) 

The sacculus has been partly torn, the macula sacculi also, the otolithic- 
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membrane loose above it, in the lumen of the sacculus. The utriculus is 
not dilated, the macula is intact. The ductus and saccus endolymphaticus 
are a little too wide. The aquaductus cochlea is normal. The semicircular 
canals have small cristae ampullares, the cupula of the anterior and 
posterior vertical canal is wanting. 

In the inner auditory canal, which is not too narrow, the crista trans- 
versa is somewhat blunt, some irregular contour near the fundus. In the 
ganglion vestibularis the number of ganglion cells seems small, as in the 
ganglion spiral secondary glia-proliferation. (Fig. 8.) 

There is a strong inhibition of pneumatisation. 

The crista pyramidalis sup. has developed strongly, with large spaces 
of marrow, in which fibrous marrow with wide vessels. The posterior 
vertical canal lies very superficially, the ampulla reaches as far as the 
bulbus-wall. 


R. temporal bone. Shows the same picture as left. The middle ear 
shows a strongly hyperplastic fibrous mucous membrane with exsudation 
containing few cells in the lumen, In the mucous membrane subepithelially, 
infiltration and small cysts. In the lower cochleaturn some rose-coloured 
precipitation. 

The otosclerosis-focus™is exactly symmetrical, still goes on in the 
promontorium, 

In the ductus cochlearis it is difficult to judge the organ of Corti. 


Summary. 


L. temporal bone. 

1. Strongly inhibited pneumatisation with fibrous hyperplastic mucous 
membrane. 

2. Otosclerosis-focus. 

3. Too small number of ganglion cells in the basal cochlea-turn with 
secondary glia-proliferation. 

4. Atrophy of the organ of Corti. 

5. Secondary glia-proliferation in the ganglion vestibulare, where the 
ganglion-cells have partly disappeared. 

6. "Knorpelfuge”. 

7. Dehiscences bottom of tympanic cavity and tegmen tympani with 
PACCHIONIC granulations. 


8. Congestion of the vessels of the dura of the central cranial fossa. 
R. temporal bone. 


Same picture as left, except 7. 
There is a catarrhal otitis media. 


It has often been observed that patients suffering from gargoylism 
or related illnesses 5) are deaf or dull of hearing. Thus the first described 


5) See a.o. HOWARD, E, and RUGGLES, E. Am. Jnl. Roentg. 25, 91 (1931). 
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Fig. 5. Focus of otosclerosis, 


Fig. 6. 
Connective tissue tract in scala 
tympani of the middle turn. 


Atrophy of the organ of CoRtty 


Fig. 7. 
Too small number of ganglion cells 
in the basal cochlea-turn with 
secondary glio-proliferation. 


Fig. 8, 
Ganglion vestibulare, the ganglion- 
cells have partly disappeared, 
secondary glia-proliferation, 
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little patient of Miss Hurxer 6) was deaf and this was also the case with 
one of the patients from the clinic of PFAUNDLER, described later by 
BINSWANGER and ULLRICH ‘). 

The first little patient of Miss Hurier died in a psychatric clinic 
when it was 7 years old. Obduction was possible. Here a hydrocephalus 
internus and externus were found, The Nn. octavi were macroscopically 
normal, microscopically the picture of the brain corresponded to that which 
is found when there is juvenile amaurotic idiocy (examination by SPIEL- 
MEYER). 

It is curious that just as was observed in our case the PACCHIONIC 
granulations were very deep: Das Dach des stark erweiterten, dolicho- 
cephalen Schadels is diinn mit tiefen durchtretenden PACCHIONISCHEN 
Granulationen, so dass sich an Stelle des Knochens, haufig nur hautige 
Verschliisse finden.” 

An exact examination of the ossa petrosa did not take place. Also, 
they are careful in giving their opinion about the cause of the deafness 
which the little patient showed. "Ob die Taubheit die wir auch beim 
Falle P. M. (BINSWANGER) wieder begegnen, auf Konto der Gehirner- 
krankung (Schlafenlappenatrophie?) zu setzen, oder in einer Anomalie 
des Innenohres begriindet war, muss offen bleiben.” 

ZiERL 8) who also described in detail the first little patient of Miss 
Hur er, seemed to incline strongest to the opinion that there was a 
central genesis of the deafness. For he wrote: '’ Auch bei den Hérdefekten 
des kranken K., die allmahlich zur Taubheit auswuchsen, war die Fest- 
stellung ihres fraglichen zentralen Ursprung durch eine periphere Er- 
krankung, die doppelseitige Mittelohrenziindung, behindert. Die Sektion 
ergab hier eine auffallende Atrophie beider Temporallappen die man fiir 
eine zentrale Schwerhérigkeit verantwortlich machen kénnte.” 

As far as our case is concerned, the serious auditory disturbances, 
which were found during life, were due to an atrophy of the organ of 
Corti and not to central lesions. This is in any case contrary to the 
opinion of DE RupDER 9) who thought that the deafness frequently observed 
as occurring with gargoylism was of a central origin and was due to a 
phosphatiddiathesis. In our case neither the one nor the other was in 
accordance with this opinion. One might ask if the scaphocephalus found 
in the patient might be connected with the deafness. With this form of 
the skull deafness has been observed more often, though it is more known 
and examined with the turricephalus 1°), If this connection should be 
assumed, in our case the deafness could not be explained simply as a 


6) HURLER, GERTRUD. Ztschr. Kinderheilk., 24, 220 (1919). 

7) BINSWANGER; E. und ULLRICH, O. Ztschr. f. Kinderheilk., 54, 699 (1933). 

8) ZIERL, F. Ztschr. f. ges. Neur. und Psych., 131, 400 (1931). 

®) DE RUDDER, Ztschr. f. Kinderheilk., 63, 407 (1942). 

10) A communication about the deafness occurring with turricephalus will appear 
shortly, by one of us (GERLINGS), 
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consequence of the obliteration of the skull-sutures, as, it is true, 
LETTINGA mentions in his obduction-report "the suture lambdoidea, sa- 
gittalis and sutura coronaris are completely obliterated. Of a part of the 
suture coronaris there is only a shallow groove left”, but Mrs. pz LANGE 
wrote as late as 1936 "sutures without anomalies’. At that time, even 
in 1931, when our patient visited the policlinic for the first time, a 
serious labyrinthine deafness, however, was already present. It is there- 
fore more probable that both anomalies, i.e. the obliteration of the skull- 
sutures and the dullness of hearing through atrophy of the organ of 
Corti are not directly dependent on each other, but both on the same 
clinical picture. 


Mathematics. — A theorem about ideals in commutative rings. By F. 
LoonstrRA. (Communicated by Prof, L. E. J. BRouWER.) 


(Communicated at the meeting of November 24, 1945.) 


Let A and B be two ideals of a commutative ring O. The greatest 
common divisor (abbreviated g.c.d.) “‘in idealsense’’ of A and B is the 
ideal (A; B) generated by the set of all elements p+q, if pc A and 
qc B. The g.c.d. of two principal ideals (a2) and (b) is to be written 
(a; b). When the ring O is an integral domain with a unity element, of 
which the elements have the property of the Factor Theorem of Algebra, 
each pair of elements a and b of O has a g.c.d.; that means an element c, 
such that all common divisors of a and b are also divisors of c, and con- 
versely all divisors of c are divisors of a and b. We write the g.c.d. in 
elementsense in this way: {a; b} = c. 

Let O be an integral domain with unity element, whose elements satisfy 
the Factor Theorem of Algebra; if we suppose a and b to be two elements 
of O with {a;b} —c, then generally the g.c.d. in idealsense of (a2) and 
(b) is not (c); in other words, the two notions of g.c.d. generally do not 
correspond with each other. (B, L. VAN DER WAERDEN, Moderne Alge- 
bra I, 2nd. ed. p. 66.) 


Theorem. In a principal idealring both notions of g.c.d. correspond 
with each other; conversely, if O is an integral domain with unity element, 
for which the basistheorem of HILBERT is satisfied and for which both 
notions of g.c.d. correspond with each other, O is a principal idealring. 


Proof. The first part is simple enough: let O be a principal idealring, 
then the g.c.d. of (a) and (6) is an ideal (c) = (a; 6b), generated by an 
element c and so, thatc =r.a+s.b, while a—g.c and b—h.c; this 
means, that {a;b} = c and both notions of g.c.d. correspond with each 
other. Conversely, if in a ring O both notions of g.c.d. correspond with 
each other, then for each pair of elements a and b of O: (a;b) = (c). 
Thus for every three elements aj, ay and az : (a1; ag; a3) = ((a1; ag); ag) = 
(c), and as this may obviously be extended to a finite set aj, ag, ..., ar of O: 
(iadoss..? ar) —-(c). 

On account of the supposition that O satisfies the basistheorem of 
HILBERT, each ideal of O has a finite basis (a,;...;a,) and if moreover O 
is an integral domain with unity element, then O is a principal idealring. 


Observation. It is possible to demonstrate by means of an example, if 
each pair of elements a and b of a ring O defines an ideal (a; b) = (c), 
generated by an element c, that this information does not include the fact 
that each ideal of O must be a principal ideal. 
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Therefore we consider a field K and a function w on K to an ordered 
valuationgroup I’. Then we define w(a) for every element a of K; the 
function w is said to define a valuation of K if w(a.b) = w(a) + w(b), 
w(a +b) >min(w(a);w(b)); to each a C I corresponds at least one 
element a C K with w(a) =a. The set of elements a with w(a) 20 we 
call the valuationring O of K. To each ideal A of O we attach a valuation 
w(A), being the lowest bound of the valuations of its elements. Further- 
more we say, an ideal A of O has the symbol f or i according to whether A 
has elements with the value w(A) or not. An ideal of the symbol f is 
always a principal ideal; on the other hand an ideal of the symbol i never 
has a finite basis. When we study a valuationring O of a valued field K 
with dense valuationgroup J’, then it is evident that the ideal B of all 
elements b with w(b)>0 is an ideal of the symbol i and B does not 
possess a finite basis, Of each pair of ideals in O at least one is a divisor 
of the other. Thus,when a and b are two elements of O with w(a) >0 and 
w(b) >0, then (a) must be divisor of (b) — or conversely. 

But this means that (a;b) = (a) or (b) for each pair a and b of O, 
while the prime-ideal B of all elements b with w(b) >0 is not a principal 
ideal because B has no element with a lowest positive value. The valuation- 
ring O, notwithstanding the fact that O is an integral domain with unity 
element and satisfying for each pair of elements a and b of O the 
condition (a;b) = (c), cannot be a principal idealring. 


Mathematics. — Ordered groups. By F. Loonstra. (Communicated by 
Prof, L, E. J. BROUWER.) 


(Communicated at the meeting of December 29, 1945.) 


§ 1. Definition. A set G of elements a, b, ... is said to form an ordered 
group if the conditions expressed in postulates I, II are satisfied: 

I. G is a group; 

II. Gis a simply ordered set, that is, for each pair of distinct elements 
either a<b or a>5B, while a) a<ib, b<c includes a<c and f) more- 
over a<b includes: ac<_ bec and ca<cb. So the ordering of a group 
implies the ordering of all its undergroups. 

From a topological point of view the ordered groups are to be considered 
as Hausdorff-spaces; their topological structure is simple on the ground 
of the property £): the ordered groups are homogeneous in this sense that 
topological properties of one element are adherent to all elements. If e.g. 
an element of G is a point of accumulation, then all elements of G satisfy 
this condition and the group is called dense in itself. 

If an ordered set O is dense in itself, then generally O need not be dense- 
ordered. (A set O is be called dense-ordered if for each pair of elements 
a and b of O there is at least one element c “between” a and b). For 
ordered groups however we prove: 

1.1. If£G is an ordered group dense in itself, then G is densely ordered. 
If there was namely between two elements a and b no further element, then 
every element had an immediate successor and predecessor and thus G 
was not dense in itself. Conclusion: An ordered group G is dense in itself 
if and only if G is densely ordered. If on the contrary one element is 
isolated, then every element is necessarily isolated; consequently: 

1.2. An ordered group G is either a discretely ordered group, which 
means that every element has an immediate successor and predecessor, or 
a densely. ordered group. The property of an ordered group as being 
discrete resp. dense is as a topological property invariant for a mapping 
preserving the order. 

If two ordered groups of the same ordering-structure are simply-isomor- 
phic, we call them ordered-isomorphic. 

1.3. An ordered group is not finite; neither a first nor a last element 
exists. For natural m: a” > a™-* for ae and a >e, in other words no 
element except e is of finite order. It follows from a> b thata.b-1.a>a, 
thus G cannot contain a last element a, neither a first element. 


§ 2. If for two elements a and b (a =>b>e) of an ordered group there 
exists a natural number n with b” > a, then b is said to be archimedian with 
regard to a. For b>e and a= b-'>e, then 6 will be called archimedian 
with regard to a, if b-1 is archimedian with regard to a; if a<e as well 
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as b<e and a-! => b-' e, then b is said to be archimedian with regard to a, 
if b-1 is archimedian with regard to a-1. If for each pair of elements a and 
b of an ordered group G a is archimedian with regard to b, then we say 
that G has an archimedian order and otherwise a non-archimedian order. 

If for two elements a and b (e<(a<b) a is archimedian with regard 
to b, then a and b are said to have the same “rank”. If e<(a<b and for 
all n: a* <b then a is said to be of lower rank then b, a< b. For a<e, 
b> e, we define a < b, if a-1< b and if a<e, b<e, we define a< b, 
ifte pe bee, 

Thus the elements of an archimedian ordered group — exept e — are of 
the same rank, The property of two elements as being of the same rank, is 
obviously reflexive, symmetrical and transitive. This enables us to divide 
the ordered group G into classes of elements: one class contains those and 
only those elements that are in respect to each other of the same rank. 
Thus every element of G is contained ‘in only one class, Except for the 
unity-class E, which contains only the unity-element e, we can state: 

2.1. A class C is not finite, because C contains with an element a also 
the whole cyclic group { a} except the element e. 

If A and B are two classes, aC A, b C B and a < b then it is obvious 
that this relation exists also between a’ C A and b’ C B. For this reason 
we define the class A of lower rank then the class B, A<B, if the 
elements of A are of lower rank than those of B. The relation A< B is 
transitive, in other words: 

2.2. The classes of an ordered group define an ordered set, called the 
class-set A of the ordered group G. The type or order of A we call the 
class-type of G. A has the property, that the unity-class E consisting of e 
precedes all other classes. The class-set of a discretely ordered group more- 
over has the property that the successor of e belongs to the lowest class 
after E. If we speak in the following about A, then we mean the class-set 
without the unity-class E, thus: 

2.3. The class-set of a discretely ordered group has a first element. 
Therefore A itself need not be a discretely ordered set. Archimedian 
ordered groups are of the class-type 1. 

We add to every element a of an ordered group a rank ra with the 
following conditions: 


1. var» if and only if a and b belong to one class; 
2. va < vo if and only if a belongs to a lower class than b. 


Thus the set of all ranks is a set witn the same order-structure as A. 
It is easy to see that 

2.4. a) t=; §) from, a< c< Bb follows: ty 1 —— 0) 
= max (tg;T») and only if tg <r, thea tay =); 6) we prove: Upg= 
=p1q if tp Ftq; if namely tp< tg, then tpg—=Tg; aS Vp—Tp4, sO 
also tpi< vg, therefore tp1g=Yg and tp1¢—=Upg. For tp ty there 
is a similar reasoning. For tp—rg the statement is generally noi valid. 
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2.5. The classes of densely ordered groups are at once open and closed 
sets. If a and b are elements of a class A, then ra = rv. If c belongs to the 
interval (a; b), then we conclude (on the ground of 2.4. 8) ta = 15 = te, 
in other words the interval (a ; 6) together with c also contains an interval, 
that c contains and that is contained in (a; b), on the ground of the dense 
ordering. Thus every class A is open and therefore A, being the com- 
plement of the sum of all the other classes, is closed. 

2.6. An ordered group is a topological group. 

a. The inverse element x-1 of an element x is a continuous function 
of x while the mapping a(x) = x-!1 presents an inverse ordering mapping, 
in other words, a is a topological mapping; 

b. The product xy of two elements x and y is a continuous function 
of x and y. Therefore it is sufficient to prove, that if x > x ) and y > yo 
that xy > xoyo. We have 


(xy) (Xoo)! = (x0) - [x0 (yp) x5"). 


The second term is the product of two elements approaching to e; and 
so the first term has the limit e and xy has the limit xoyo. 

2.7. If an ordered group G has a class A of lowest rank then A-with 
the exception of e-forms a group; if moreover G is discretely ordered 
then this group of lowest rank is a cyclic group. 

If a and 6 are elements of A, so ra = 1»; it follows that ras Sra. If 
Yao < Ya then necessarily ab = e and a and 5b are inverse elements. If a is 
not the inverse element of b, then tas = Ya and ab also belongs to the 
class of lowest rank. If G is discrete then this group of lowest rank is a 
cyclic one: if namely a is the immediate successor of e then the lowest 
class A contains — with the exception of e — the cyclical group {a}. 

If moreover A contained an element b not belonging to {a}, then b 
would, on the ground of the archimedian ordering of a class, be an 
element of an interval (a” ;a™+1) with the consequence that e<b.a-"<a, 
contrary to the definition of a. According to this theorem the discrete and 
archimedian ordered groups are cyclic groups. We shall return to this 
subject later on. 

2.8. A discretely ordered group G is archimedian ordered if and only 
if every Dedekind-cut defines a sault !). 


1) If we divide an ordered set N into two subsets Ny and Ne with the conditions: 
I. Eveiry element of N belongs to one, but only one of the sets Ni and No; 

II. Neither Ny nor Ne is empty: 

III. All elements of Ni precede those of No, 
then we call this division of N a Dedekind-cut N;| Nz in N. There are only the following 
cases that exclude each other: 

1. N; has a last, No a first element; then we call the cut Ni|Ne a sault in N. 

22, N; has a last, No no first element; r 

2». N, has no last, Ne has a first element; we call the cut in 2% and 2° a continuous cut. 

3. N; has no last, Ne has no first element; the cut is called a lacuna in the set N. The 
ordered set N is called continuously ordered, if no cut in N defines a sault or a lacuna. 
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Necessary. Suppose there be a cut that did not define a sault, then it 
followed that there existed two elements p and q (eS p<q), so that the 
interval (p;q) contained an infinite number of elements. Let a be the 
immediate successor of e then the series of elements that followed p 
would be: p, p.a, p.a’, ..., p.a", ... and for no finite value of n we 
should have p. a" = q, in other words the group would be non-archimedian 
ordered, 

Sufficient. Suppose that G was non-archimedian ordered then there 
would exist at least one pair of elements a and b (e<(a< 5b), so that 
for no finite n: a" > b. If we now divide G into two subsets A and B 
(with A +B=G): A contains all elements a -with aa" for all n; 
B contains the remaining elements. B is not empty while bc B. This cut, 
however, defines no sault, as A e.g. certainly has no last element. 
A discretely and archimedean ordered group has the properties: a) no 
first element, no last element; b) every cut defines a sault. Therefore 

2.9. A discretely and archimedean ordered group G is of the type 
w* + w of the set of all ordinary integers. 

Suppose e to be the unity element of G, a the immediate successor 
of e then G is the cyclic group {a} (see above) with the groupoperation 
a™.a™—a™+", a0 —e, a™>a" if m>n with m and n integer. If we 
add to e the number o, to a™ the number m, then we have: 

2.10. Discretely and archimedian ordered groups G are free cyclic 
groups; they are ordered-isomorphic with the additive group of all ordinary 
integers and therefore commutative. 

2.11. A non-archimedean ordered group is not continuously ordered. 

If the ordering was continuous then of every cut A|B either A had 
a last, B no first element, or just the reverse. We shall try to prove, 
however, that in every non-archimedean ordered group there is to define 
a non-continuous cut. Suppose e<.a<b and a non-archimedean with 
regard to b. Let the class A contain all elements Sa” for a positive 
integer n, B the remaining elements; B is not empty, as bC B. A has no 
last element, nor has B a first element, for B also contains the elements 
ba~1> ba-2>..., elements that precede b. Therefore a non-archimedean 
ordered group is never a continuous ordered set or directly: continuously 
ordered groups are necessarily archimedean ordered groups. Non-archi- 
medean ordered groups therefore are in a topological sense unconnected. 
If we complete a dense-ordered group then the ordering becomes con- 
tinuous. By completing such a group the original ordering is maintained. 
Therefore, non-archimedean ordered groups are not be completed in the 
usual way, but archimedean densely ordered groups can be completed, 
as van Dantzig proves us in this way that the transformed series of series 
converging to e are also e-convergent. 

2.12. A densely ordered group G has the property that to every 
element a>e there exists an element b>e, so that b2 <a. 

We divide G into two classes N, and N.; N, contains the elements b, 
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with bj Sa and Ny» the elements by with b3 >a. This division defines a 
Dedekind-cut, for eC N, ,a C Ng. Is the cut continuous then there exists 
an element b >e so that b? = a and for the elements e<_b, <b: b? <a, 
If the cut defines a lacuna then N, has no last element, N. no first 
element, in other words e is not the last element with e2 <a; there are 


other elements b, >e with b? <a. Without-a proof we pronounce the 
following theorem: 


2.13. Inacontinuous ordered group there exists to every element a >e 
one element b>e with b” = a. 


2.14. In an archimedean densely ordered group G we can construct 
a series of elements converging towards e. 

Suppose ag >e to be a given element of G. According to 2.12 there 
exists an element a; >e with a? <ao; further an element a, >e with 
a, <4, ..., generally an element an >e with a2 <an_,. We prove that 


the series (a;) (i= 1,2,3,...) penetrates into every interval (e; 6) 
with b>e. 


Suppose therefore e << by < ay and b" > ay; from the construction of a; 
follows: a? < ao, at <ao, a8< ap, ..., and thus am < ao and a® < bp or 
an <b, with which we proved the existence of a series of elements 
converging towards e. 

2.15. In an archimedean densely ordered. group G there exists a 
denumerable densely ordered subgroup R dense in G. 

We choose in G a series (ai) converging towards e, constructed as 
in 2.14. We prove that the intervals formed by the powers of a; form a 
cdenumerable system of neighbourhoods. We simply prove that in every 
interval (b;c) is found an interval (a?; a?*!). We choose namely an 
element an out-of (a;) so that a2 <cb-1, While G is archimedean ordered, 
there exists an integer number p, so that a?-!<b and a? >b, But then 
abt! = ah! a? = a? .b<c.b-1.b =c, in other words that the interval 
(a?; a?*') is contained in the interval (b;c). So we have proved: All 
archimedean densely ordered groups G have a denumerable dense subset. 
Then the continuously archimedean ordered groups G satisfy the con- 
ditions: 1) continuous ordering; 2) no first, no last element; 3) G contains 
a denumerable, in G dense subset R. This means: 

2.16. A continuously archimedean ordered group G is of the same 
_order-structure as the set of all real numbers, while G contains a denumer- 
able subset R dense in G, so that R has the orderstructure of the rational 
numbers. We prove finally that every continuously archimedean ordered 
group is ordered-isomorphic with the additive group of all real numbers 
and to prove this we show first: 

2.17. Every continuously archimedean ordered group G contains a 
denumerable subgroup R, dense in G and ordered-isomorphic with an 
additive group R’ of rational numbers. We construct the subgroup R with 
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the aid of a series (ai) converging in G towards e and so that 


alo = a, 8)° == ay, . +6, Any; — Ans ee 


which is possible according to (2.13). The group R now exists of all 
products of a finite number of ai; R is denumerable and is dense in G. 


We add 
a) +> 0, a, + 0, 1,..., ap <> 10-?, ap. ag <> 10-9 + 10 


So for R we get a group ordered-isomorphic with an additive group of 
rational numbers, namely the additive group of all finite decimal fractions. 

With this result we prove finally: 

2.18. A continuously archimedean ordered group G is ordered- 
isomorphic with the additive group G’ of all real numbers. 

We use the theorem that G contains a denumerable subgroup R, dense 
in G and ordered isomorphic with an additive group R’ of rational numbers. 
Further we use 2. 16, namely that G and G’ have the same orderstructure; 
if a and b are elements of G (a>e,b>e), a’ and b’ their mapping- 
elements in G’ then it is sufficient to prove: ab<+a’b’, Therefore we 
choose an element x >e of R, so thate<x<a and e<x<b. Then we 
have in G’: e’<x’<a’,e’ <x’<b’. According to the archimedean 
erdering of G there exist integer numbers n, and ny with x. Sa< xm! 
and x%<b< x™t+!, R and R’ are ordered isomorphic, thus x*<+ x’*. While 
G and G’ are of the same order-structure, x’"S a’ and x’%+! >a, For 
x and x’ the corresponding n, and ny are equal. From x%Sa< xt! jt 
follows eS ax-"<x and e<bx-™% <x. If now x —e, which is possible 
in R, then ax-%-—e, therefore 


a= lim x. and b= lim x™, but also a’= lim x’™ and b’/= lim x’™. 
x? e x= € bl cat dd elim ieU 
x>e x>e BH ere 


According to the continuity of the group 


ab = lim 2+" and a’ b! = lim 4/1 
xe x et 
x>e x es 
and therefore ab<-+ a’b’. 

Moreover we see ab = ba. Every continuously archimedean ordered 
group therefore is ordered-isomorphic with the additive group of all real 
numbers. 

2.19. Every archimedean ordered group is ordered isomorphic with an 
additive group of real numbers. 


Mathematics. — Some topological problems. By J. DE Groot. (Com- 
municated by Prof. L. E. J. BROUWER.) 


(Communicated at the meeting of November 24, 1945.) 


In this paper I shall give a survey about some topological problems; for 
shortness I am not giving any proofs; these are to be published later on. 
When mentioning a set or a space I always mean a separable set or 
space (regular space with countable base), i.e., topologically speaking, 
a subset of the HILBERT space R. or — when the space has a finite 
dimension — even a subset of the n-dimensional EUCLIDIAN space Rn. 


1. Topological classification of all microcompact countable spaces. The 
topological classification of a certain family of sets — often called the chief 
problem of topology — has been achieved for but a small number of 
special families, for instance the well-known family of all closed surfaces. 

It is, however, not very difficult to give all topological invariants of the 
family of all compact countable spaces A. By constructing the transfinite, 
but always countable sequence of the derived sets of A: 


Ash SAD ow Ai oig 


there is formed a last not-vacuous derived set Az, where 4 is an ordinal 
number of the first or second class. Az consists of a finite number — say 1 
— of points. Thus one may attach to each compact countable space A 
the pair of numbers (/,1) which we call the degree of A; conversely with 
every degree {/,/) there exists a compact countable space A (the degree 
of the vacuous set being (0,0)). It may be proved that the degree is a 
topological invariant. Hence: 


Theorem I. Two compact countable spaces are different in a topo- 
logical sense if, and only if, their degrees differ. By considering all possible 
degrees (4,1) one has a topological classification of the compact countable 
spaces, 

Secondly, let us consider a microcompact, not necessarily compact, 
countable space B. Denote by wu the first ordinal number (of the first or 
second class) for which the derived set Bu is compact. Bu is permitted to 
be vacuous. Let (4,1) be the degree of A = Bu; then we define (1, A, 1) 
as the degree of B. Thus we may prove: 


Theorem II. Two microcompact countable spaces are different in a 
topological sense if, and only if, their degrees differ. By considering all 
possible degrees (ju, 4,1) one has a topological classification of the micro- 
compact countable spaces. 
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In particular we have thus given a topological classification of all (e. g: 
in an Rn) closed countable sets. 

I have not been able, however, to give a topological classification of all 
countable sets, not even of all countable sets with a not-vacuous nucleus 1). 


2. Continuous classification of all countable and all compact 0-dimen- 
sional sets. 

Let us consider the following property of a countable set A: “A is 
compact and the degree of A is <(A,/) 2)”. Denote this property by 
(< 4,1). We may prove: 


Theorem III. All continuous invariants of the family of all countable 
spaces are given by (<A,1). 

Thus we have shown in particular: 19. given an arbitrary non-compact 
countable space A and an arbitrary countable space B, there exists a 
continuous mapping of A on B; 29. there exists a continuous mapping of 
a countable compact space A on a countable compact space B if, and only 
if, the degree of B is the same as or less than that of A. 

Considering compact 0-dimensional spaces one has 


Theorem IV. All continuous invariants of the family of all compact 
0-dimensional sets are the properties “countability” and “‘countability and 
(are : 

Thus we have shown in particular that every compact uncountable 
0-dimensional set may be mapped continuously on vey compact 0-dimen- 
sional set. 

Meanwhile I cannot give a topological classification of all compact 
0-dimensional sets. 


3. Topological characterisation of all subsets of the R,. "An M.K.-set 
(Moore-K ine) is defined as a set which 19. is compact, 29. whose 
components are points or (closed) simple arcs, 39. where no interior point 
of a simple arc-component S is limit element of the complement K—S. 

It is known (KLINE) that the M.K.-sets are identical with the compact 
subsets of the R,. Thus all compact subsets of the R, are characterised 
topologically. 

We now more generally define an M.K.-set as a set which satisfies the 
conditions 2’ and 3’: 2’. the components are points or open, half-open or 
closed simple arcs (i.e. the topological image of an interval O<x <1, or 
Osx<1, or 0Sx<1); 3’. no interior point of a component S which is 
not a single point is limit element of the complement K—S. 

Using a compactification-theorem of FREUDENTHAL and myself 3), saying 


1) The nucleus being the largest subset of the given space, which is sense in itself. 
2) (4,1) < (um), if A< uw ord = wy 1<m. 


3) See my thesis “Topologische Studién”, Groningen (1942), hereafter denoted 
by [1]. ; 


eS, 


that the semicompact 4) spaces M are identical with the spaces M which 
may be compactified by an O0-dimensional set N (ie. M=M-4+N), one 
may prove: 

Theorem V. The (generalised) semicompact M.K.-spaces are identical 
— in a topological sense — with the subsets of the set of real numbers. 


4. Topologically ordered sets. 

Sometimes a (topological) space S may be ordered (in the ordinary 
way), ie. one may define a relation of order between.the points of S 
“without destroying the topological structure’ of S. An example gives an 
arbitrary 0-dimensional space S: S is homoeomorphic with a subset of R, 
and therefore ordered. More in general Theorem V gives the possibility of 
ordering the generalised semicompact M.K.-spaces. 

On the other hand consider a given ordered set M. By defining the 
neighbourhoods of a point m C.M as the open “‘intervals” (ab), containing 
m (a<m<b), this relation of order induces a topology in M. This 
topology of the ordered set M we call the induced topology. 

There now arises the following question: is it possible to order a certain 
(topological) space S in such a way that the topology, induced (by the 
ordering) in S, concurs with the given topology of S? If such an ordering 
is possible we call S a perfectly ordered space. It is easy to see that every 
compact M.K.-space may be perfectly ordered. If a space can be ordered 
it is not yet always possible to determine a perfect ordering: e.g. the 
ordered space consisting of the points x with O<x<1, x=2. The 
ordered space OS x <1, x = 2 also is not perfectly ordered, but one-may 
determine a perfect ordering by taking the point x — —-1 instead of the 
Pout ot, 2. . 

We may now also give an exact definition of the term used in the first 
sentence of this number: “without destroying the topological structure’. 
We define therefore: a (topological) space S may be ordered if S is 
homoeomorphic with a subspace of a perfectly ordered space. 

One may prove 

Theorem VI. Any 0-dimensional set may be perfectly ordered. 

On the other hand a set of dimension > 0 may not always be perfectly 
ordered, as was already shown above. 

Considering well-ordered sets instead of ordered sets one may define 
perfectly well-ordered and well-ordered sets in just the same way. The 
theory of these sets is mainly exhausted by the following theorems. 

Theorem VII. The microcompact countable spaces are identical with 
those sets which may be perfectly well-ordered. 

Theorem VIII. The countable spaces.with a vacuous nucleus1) are 
identical with those sets which may be well-ordered. 


4) A space is semicompact if every point has arbitrarily small neighbourhoods with 
compact boundaries (ZIPPIN). 
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5. The problem of acontinuity. 

Two sets A and B we call continuously different if there does not exist 
a continuous mapping of A on B, and conversely. The family { A, B} is 
called an acontinuous family. An arbitrary family of sets {A,B,...,X, Y,...} 
is called an acontinuous family if any two sets X and Y of the family 
are continuously different. Then all sets of the family are called con- 
tinuously different. A simple arc and the set consisting of two points give 
us a simple example of two continuously different sets. 

It is easy to show that for every natural number n there exists an 
acontinuous family of n sets. To construct, however, infinite acontinuous 
families offers a far more difficult problem. Yet they exist, and by con- 
structing well chosen sets one may prove 


Theorem IX. There exist acontinuous families of the potency ® 5), 
the sets of which are all compact, connected and of dimension n (n being 
2 1)k 


Theorem X. There exist acontinuous families of the potency 28, the 
sets of which are all connected and of dimension n (n= 1). 
Because the potency of.all compact sets is X, and the potency of all sets 


is 28, it is impossible in this respect to give further-reaching results. 
Theorems IX. and X in particular show the existence of & topologically 


different compact and 2% topologically different sets respectively. 

Take a given arbitrary family of sets F. We form all possible acontinuous 
families F;, each Fi consisting of sets belonging to F. Let mi be the potency 
of Fi. If there exists an mj; with m; = mi for every index i, then mj is. 
called the degree of acontinuity of the family F. If the potency of Fi is 
finite for every i, but there does not exist an mj with m; =m; for every i, 
then the degree of acontinuity of F is w by definition. We may construct 
families with degree of acontinuity w. Therefore the degree of acontinuity 
of a family may be 


1,2, 145 Td eae Nee 


We denote the degree of acontinuity 


of the family of all by 
countable sets 64 
compact O0-dimensional sets do 
countable or microcompact 0-dimensional sets 63 
compact connected sets 04 
compact sets 05 
connected sets iis O06 
sets O7 


compact sets with an uncountable number of components dg 


5) No, are the potencies of the sets of all natural and all real numbers respectively. 
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Theorem XI. Otestda a= dy = 1 


Ages 2 
Oe = Ogee N 
asa tt Pam Aas 


I cannot, however, determine the degree of acontinuity 69 of the family 
of all 0-dimensional sets. I only know dy = 2. 

Consider an arbitrary family F and all acontinuous families Fi, con- 
sisting of sets belonging to F, each of them containing the same set AC F. 
One may define like we did above, the degree of acontinuity of A in respect 
to F: the local degree of acontinuity. 

It is not difficult to prove: 


Theorem XII. The local degree of acontinuity of a simple arc in 
respect to the family of all compact sets is 2. 


6. The extension of mappings. 


The problem of the extension of continuous and topological mappings 


has been studied extensively in topology. We shall add some new results 
to this extension-theory. 


Considering not only separable, but also more in general completely 
regular spaces we may prove: 


Theorem XIII. Any continuous mapping f of a completely regular 
(resp. separable) space R on a completely regular (resp. separable) space 


R’ may be extended to a continuous mapping f of a bicompact normal 
(resp. (bi)compact separable) space R on a bicompact normal (resp. 
(bi)compact separable) space R’; R and R’ are dense in. R and R’. 

Moreover it is possible to construct for any bicompact normal (resp. 
(bi)compact separable) space R’ (R’ lying everywhere dense in R’) a 
required R and f. 

The analogon of this theorem for RIESZ-spaces holds also true, but is 
less important. 


By using the method of topological products (LEFSCHETZ), the proof of 
Theorem XIII is fairly simple. 


This theorem does not apply for every bicompactification R of R; on the 
contrary: the bicompactification R of R depends on R’ and f. 

Therefore, if R is a subset of a given bicompact space R there arises 
the problem under what circumstances a continuous extension remains 
possible. 

With regard to metrical compact spaces R and R’ it is known that a 
continuous mapping f of R on R’ may be extended to a continuous mapping 


f of Ron R’ if, and only if, f is a uniformly continuous mapping. But the 
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property of uniform continuity is not a topological invariant and depends 
on the given metric; therefore it is of no use in not-metrical spaces and of 
little use in respect to topology at all. 

We shall now give (topologically invariant) conditions for f, R, resp. 
R’, with regard to the inbedding in R, resp. R’, on which continuous 
extension is possible. These conditions are: 

1°. f is a closed continuous mapping, i.e. a continuous transformation, 
mapping any closed subset of R ona closed (sub) set of R’; 


20. R is quasiconnected in respect to R—R. 


This implies: taking an arbitrary point pc R—R, there exist arbitrarily 
small neighbourhoods U(p/R) of p in R (U(p/R) apparently does not 
contain the point p), in which any two subsets having p for limit element 
are quasiconnected. Two subsets S, and Sy of a space S are quasiconnected 
(in this space), if any open and closed subset of S containing S, also, 
contains at least one point of Sy. 

30, R’—R’ is discontinuous, i.e. R’—R’ does not contain a subset being 
a continuum. 

One may prove 


Theorem XIV. In a (separable) space are given two compact subsets 
R=R+A and R' =R’+A’. If R is quasiconnected in respect to 
A = R—R and if A’ = R’ —R’ is discontinuous, any closed continuous 
mapping { of R on R’ may be extended to a (closed) continuous mapping 


f of Ron R’. 


Remarks. The analogon of this theorem for bicompact normal spaces — 


R and R’ holds true as well; in this case however condition 30. has to 
undergo a small change, — Because every topological mapping is a closed 
continuous mapping, the theorem holds true in particular for topological 
mappings f. — A special case of this theorem has already been proved in [1]. 
— In this theorem are given sufficient conditions for continuous extension. I 
have examined too how far these conditions are necessary. They appear to be 
fairly general, but not absolutely necessary. It appears in particular that 
it is necessary — topologically speaking — to involve special conditions 
1°. for the continuous mapping f, 2. for the inbedding of R in R, 3°. for 
the inbedding of R’ in R’, if for every f of the (by the given conditions 
determined) class of special continuous mappings there may exist a con- 
tinuous extension f. 


Let D be the discontinuum of CANTOR, in other words a perfect (ie. 
compact, dense in itself) 0-dimensional set. D is sometimes called homo- 
geneous, because for any two points d, and dy of D there exists a topo- 
logical mapping of D on itself, which maps d, on dy (or conversely). 
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How far is it possible to determine a topological mapping of D on itself 
which maps a given subset D, of D on a given subset D, of D? Of course ~ 
D, and D, must be chosen as homoeomorphic sets. The answer gives 


Theorem XV. D, and Dz are homoeomorphic closed proper subsets of 
the discontinuum D. A topological mapping t of D, on D, may be extended 
to a topological mapping of D on itself, if and only if, the boundary R[D,] 
(of D, in respect to D) is mapped by t on the boundary R[Dg]. 

This theorem is particularly of importance if the boundaries are identical 
with D, and D, themselves. This is the case when D, and Dy are coun- 
table or when D, and Ds, are nowhere dense in D. In these cases any 
topological mapping of D, on D, may be extended to D. 

Finally we are giving a generalisation of an extension-theorem of 
STOILOW. 


Theorem XVI. J] =1+A is a compact set. I is a set consisting of 
isolated points, the limit elements of which form the compact set A. The 


same conditions hold true for K = K + B. Any topological mapping of A 


on B may now be extended to a topological mapping of I on K. 


Mathematics. — Sur un principe de variation de GAUSS dans la théorie 
du potentiel. By A. F. MonNA. (Communicated by Prof. W. VAN 
DER WOUDE.) 


(Communicated at the meeting of November 24, 1945.) 


§ 1. Dans un article précédent 1) j'ai énoncé une propriété de maximum 
portant sur les distributions de masse positive sur la frontiére d'un 
ensemble ouvert Q a frontiére bornée entiérement extérieure. Dans ce qui 
suit nous donnerons une démonstration plus simple, d’ot résultera aussi le 
rapport avec un probléme déja traité. 


Théoréme. Soit 6 une distribution de masse positive dans Q avec 
potentiel V. Soit e(e) une distribution de masse positive sur S, dont le 
potentiel U satisfait a 


U=V dans Q+ 2 
U=V sur le complément de 2+ 5) 


Alors Vintégrale 


FU] = | (U—2 V) doled) Mme 


yy 
= 


atteint un minimum pour la distribution 9 = pw et un maximum pour o = mM. 


Ici « signifie la distribution sur X, résultant du balayage de 0 sur S, celle 
résultant de l’extrémisation de 0. On a 


e(e)= 4. Be) + (1—4) lela (Osta) 


Démonstration. Quant 4 la propriété de minimum et la relation (3) 
nous renvoyons 4 l'article mentionné et la littérature 1a donnée. Il s'agit 
donc de la propriété de maximum. Pour la, nous démontrons que, étant 
donnée une distribution g non identique a m, il existe une variation finie 
dg, dont la variation correspondante OF est positive. La variation do doit 
etre permise, c.a.d. le potentiel de la distribution @ + de doit satisfaire aux 
conditions (1). La variation 64, correspondant avec do, suit de (3): 2) 


dA 8 8 
Fue 


1) Sur un principe de variation de GAUuss dans la théorie du potentiel. Proc. 
Ned. Akad. v. Wetensch., Amsterdam, 44, 50—61 (1941). 


*) Il faut remarquer, que o = 0 sur tous les ensembles ou =m = 0; sur ces ensembles 
on a dpa 0, - 
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On trouve, aux termes du 2e ordre en 6/ prés, si l'on pose 


flea Aer aay 


PH (tn d1m)— 21 (810, 2p)—27 (an, 82n) + 2T(du, 82 a)}+ 
+121 (u, 047) —21(u, 924) +2 [ Vd (02.0) —2 [ Va (o2. 1) 
¥ 


= 6, F+ 6, F. 


I] suit de cette formule, que 6)F est égale a la variation de F pour 2 — 0, 
si la distribution «~ correspondant a 2 = 0 est variée par do (la question 
si 00, variation permise pour 0, est une variation permise pour uw, reste 
ouverte). Or, F atteint son minimum pour / — 0 et nous savons que ce 
minimum n’est atteint que pour la distribution uw 3). De plus, pour cela il 
n'est pas nécessaire d’imposer les conditions (1). Il s’ensuit 


Byes Ome wen ge, 25) So M9 th) 


Il ne reste donc que de déterminer une variation do telle que 6,F 20. Pour 
cela nous réduirons 6,F. Posons 


ee u diu 
U; ={ ath ’ Uh ={* = s 
J cr 55 y cE 


$6,F= | ((—UW)d(61.n)— | (H—U)d (di. yu). . . (6) 
J J 


= 


Il suit 


A cause de (3) ona 


c 


ms d du 
JB = (Stes ea RR: 
ct vr e c 


Aux points stables de Y le membre a droite de (8) est égal aux membre a 
gauche, de sorte que dans ces points 


Biel Pe ict na e122 SP 22°2(9) 


Le balayage n’apporte pas de masse sur l'ensemble des points irréguliers, 


2) . d 
Het | eect a Sala ira 


De plus (voir 1) ) 


c.a.d. la on a uw = 0. L’extrémisation n’apporte pas-de masse sur les points 


3) C, DE LA VALLEE POUSSIN. Les méthodes nouvelles de la théorie du potentiel et 
le probleme généralisé de DIRICHLET. Act. Sci, et industr. 578 (Paris 1937). 
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instables et 1a est 4 = 0. Puisque chaque point irrégulier est instable, on a 
= pw = 0 sur l'ensemble des points irréguliers. Il s'ensuit que dans (6) 
les intégrales ne doivent étre étendues que sur les points de S qui sont 
instable mais régulier. Pour cet ensemble E on a (sauf dans un cas qui sera 
exclu) = 0 et u>O0. En effet si l'on avait « =0 sur E, alors yp était 
+ 0 seulement sur l'ensemble des points stables et il résultera du théoréme 
d'unicité de l'extrémisation4) que a= sur tout X; la propiété de 
maximum n’existe alors pas. Ce cas excluant on a donc uw =0 et wu >O0 
sur E; en particulier E n'est pas vide (méme a une capacité > 0, puisque 
# = 0 sur les ensembles de capacité zéro). On a donc 


46,F= | (h—U)d 621. p). % 
J 


Puisque o n'est pas identiquement égal 4 uw sur S, sur E, @ nest certaine- 

ment pas égal é w. Autrement la distribution @ ne porterait que de la masse 

sur l'ensemble des points stables et alors on aurait 9 =u. II s’ensuit que 4 

n'est pas — 1 sur tous les sous-ensembles de E. On voit aussi quiil y a 

des sous-ensembles ot 2 =4 1 et w> 0. Autrement on avait en particulier, 

puisque uw (E) >0, 0(E) =p (E) = 0, 02 suivrait o=p et donc A= 1. 
Considérons, pour ¢ > 0 donné, Ja variation 


so=eGi—o) 
et 

OASe cade 

pH 


Pour tous les sous-ensembles de E on a 69 <0 et 6A2O0. A cause de (7) 
et (8) il suit que pour ce dg et ddona ; 
6, F=0. 

é(4—@) est une variation permise. En effet, c'est le cas pour w—g, qui 
donne l'accroissement de 9 aw. Le potentiel de la distribution « (u—@) est 
donc zéro sur le complément de Q + S, tandis que a fortiori U < V reste 
vrai sur 2+ JS. 

En prenant ¢ = 1, on voit que F pour pu est plus grand que F pour o. 
Il suit de ce qui précéde que F ne peut atteindre un maximum pour aucun 


ou. En variant ainsi, 9 tend vers uw sur E et donc (voir ce qui précéde) 
sur tout Y. Le théoréme est donc montré. 


Nous montrons encore que, si 44 1, l'ensemble des points stables de Y 
contient des sous-ensembles ot u > 0 et A + 1. Autrement on avait e = Mu 
sur tous les sous-ensembles de l'ensemble des points stables, sauf éven- 
tuellement sur ceux ot «4 —0. Alors l'ensemble des points instables ne 


4) °M. BRELOT, Critéres de régularité et de stabilité. Bull. Ac. Royale de Belgique 25, 
136 (1939). 
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portait pas de masse, puisque autrement le potentiel ne serait pas conservé 
hors 2+ 2. II suivrait du théoréme d’unicité déja mentionné qu’alors 
o=p sur S et donc 4= 1. 

La masse totale de la distribution-o est égale 4 celle de la distribution 0 
si Q est borné (intégration sur un surface contenant 2+ ). Si Q n’est 
pas borné on a une déperdition de masse 5). 


2. Dans ce qui suit sera supposé que Q est borné. Si l’on prend pour 6 
la masse 1, placée au point P de Q, on trouve sur S une distribution o?(e), 
fonction de P. Déja l.c.1) était considéré l'intégrale 


v(P)= { F(Q)de” ea) een 22 1) Ty 


ou /(Q) est une fonction continue sur +. Etant donné f(Q), a l'ensemble 
des correspond un ensemble de fonctions y(P), tous définies dans 2. Pour 
o? =u? cette fonction est égale a la solution du probléme de DIRICHLET 
généralisé »(P) pour valeurs-frontiéres {(Q) (WIENER); pour 0? = p?, 
gp égale la fonction @(P), que l'on construit a l'aide d'une approximation 
de + par une suite décroissante d’ensembles ouverts (KELDYCH— 
LAVRENTIEFF—BRELOT) 6). Dans ces cas spéciaux y(P) est une fonction 
harmonique de P; la question si c'est le cas en général sera traité plus tard. 
L.c.1) est montré que dans Q ona 


Pp (P)=¢e(P)=P(P) ou v (P) =o (P)=¢y(P) . - (12a, 125) 
Si f(Q) est tel, que f(Q) peut étre étendu a4 une fonction qui est sous- 
harmonique (super-harmonique) dans un ensemble ouvert contenant Q, 
alors on a la premiére (seconde) inégalité; dans le cas général on ne peut 
pas discerner entre ces deux relations. 

On peut étudier y(P) au voisinage de la frontiére, donc les propriétés 
de p si P tend vers le point-frontiére Q. On obtient une théorie analogue 
a celle, déja connue, de ¢ et ¢. 

Un point Q de & sera appelé o-régulier si on a pour chaque fonction 
continue f(Q) sur S que y(P) > f(Q) siP > Q. 

On a le critére suivant: 

Pour que le point Qo soit o-régulier, il faut et il suffit que pour une seule 
fonction f(Q) avec f(Qo) = 0 et f(Q) >0(Q ~Q,) on a pour la fonc- 
tion correspondante p(P) > 0 si P > Qy. 

La démonstration est analogue a celle dans le cas de la fonction de 
WIENER et repose seulement sur le fait que m dépend linéairement de [ 
et que de | f[(Q| << il suit que |p| <e. 

Nécessaire et suffisant pour que Qo soit o-régulier est que oP(e) tend 
vers la masse. 1 dans Qy si P > Qo. 


@ evo. Lc. *)op, sat. 
6) voir I.c, 4)’ p. 125—137. 
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Dans un point-frontiére stable on a 9(P) > f(Q) si PQ, dans un 
point régulier g(P) > f(Q) et puisque chaque point-frontiere stable est 
régulier, il suit de (12a, 126). 

Les points-frontiére stables de X sont g-réguliers. Les points 9-réguliers 
sont partout dense sur X. 

Par contre on a 

Un point irrégulier est o-irrégulier. 

En effet, soit R un point fixe dans Q; on a 


tae ee ie apt 1 
ROw ROie yi oe Se 
Si on avait 


do? 1 d uP 1 
—- = si P>Q, il suivrait | = >= 
jhe ae eh) RQ~ RQ 
de sorte que la fonction de GREEN de Q tendrait vers 0 dans Q; alors Q 
était régulier. 
Cependant on n’a pas que chaque point régulier est o-régulier. On le 
voit déja dans le cas o' 0? =u? ; la o-régularité est alors identique avec 


la stabilité. Sauf quand «= yu? ily a alors des points réguliers qui sont | 
instables. En effet si pP=uw?, alors y(P) —q(P) pour tout f(Q) et 
l'ensemble des points stables est identique A celui des points réguliers. 
Si inversement ces ensembles sont identique, les intégrale 


fara? 
et PS 
y Li ) ig 


»s 
= 


sont égales sur le complément de 2+ X et aux points réguliers (égal au 
potentiel de la masse 1 dans P). En vertu d’un théoréme d’unicité7) il 
suit alors uP = uP. 

Remarquons que o?(e) est resté indéterminé comme fonction de P (on 
peut prendre p. ex. oP =w?P dans 2, CQ et oP =u? dans Q—Q;,). Il 
est donc clair qu'il faut imposer des conditions 4 o?(e) afin de pouvoir 
obtenir des propriétés générales. Nous exigeons: 

Pour chaque ec X, oe? (e) est une fonction harmonique de P. 

Alors nous pouvons montrer 

Sauf quand 9?(e) est identique a w?(e), il y a des points réguliers qui 
sont 0-irréguliers, is 


Supposons, que chaque point régulier était o-régulier. Les fonctions 


Jit et [rae P 


*) M. BRELOT. Fonctions sous-harmoniques et balayage. Bull. Ac. Royale de Belgique 
24, 301—312, 421—436 (1938) en part. p. 421. 
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étaient harmonique dans Q, continues sur Y et y prenaient des valeurs- 
- frontiéres f(Q), sauf dans les points d'un ensemble de capacité zéro. Puis- 
que dans un ensemble ouvert il ne puissent pas exister deux fonctions 
harmonigques différentes qui prennent sur la frontiére, sauf sur un ensemble 
de capacité zéro, les mémes valeurs-frontiéres, il suit que »(P) = »(P) 
(Pe 2) pour toute continue f(Q). 

En vertu de la définition les potentiels 


d uP ir do? 
c cr 


sont egaux hors 2. Si nous montrons qu’ils sont égaux dans les points 
réguliers, il résulte du théoréme d'unicité (l.c.7) que uw? = o0?. Afin de 
montrer ceci, nous suivons une méthode de BRELOT (lc. 7) p. 424). Soit 
Q un point régulier de S et { Qn } une suite croissante d’ensembles ouverts 
réguliers contenus dans Q avec limite Q. Si w? désigne la distribution sur 
Xn, obtenue par balayage sur X, de la masse 1 dans P (P est fixe) et 
U,(R) le potentiel de cette distribution, alors si n > oo, Un(R) tend vers 
une fonction W(R), qui égale 1/PR sur le complément de Q et qui dans Q 
égale la solution généralisée pour valeurs-frontiéres 1/PQ; — W est pres- 
que-sousharmonique et égale a 


(ee) eR): 


Soit o une sphére de centre Qy et rayon ¢. On a (médiation spatiale) 


erie i 
[tn Ram= [am | Bate | oe 
5 a zn n c 


rd au 
Puisgue | e™ est une fonction continue partout, la limite pour n — oo 
r 


existe et vaut 


faut (20 = [aer [2% = [umam 
= c > o 


ot U(R) désigne le potentiel de o?. En désignant par Ms; la médiation 
spatiale sur o on a donc 


lim M, Li — M; U. 


n-> @ 


On en tire 
M, (— U) = M. (— W) 


et sie— 0, 
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ae 
et ceci est, Qy étant régulier, la valeur ae { dans Qo, ce qu'il faut 


montrer 8). 

L'inverse, c.a.d. si 0? = uw? les points réguliers sont g-réguliers et inver- 
sement, est évident. % 

La méme démonstration est valable pour le théoréme suivant plus général 

Sauf quand oP = yu?, lensemble des points o-irréguliers a une capacité 
positive. ; 

Il suit de ce qui précéde que la différence de w(P) et y(P) au voisinage 
de se trouve sur l'ensemble des points réguliers instables de S. 

Cependant la distribution générale 9? manque de quelques propriétés 
fondamentales de uw? et u?. Ainsi, ce n'est pas vrai qu'il n'y a pas de masses 
sur l'ensemble des points g-irréguliers, comme est le cas pour a? et u?. On 
le voit par l’exemple de ep? = 4 (uP? + uP). Alors les points o-irréguliers 
sont les points instables donc a) les points irréguliers et b) les points 
réguliers instables, Sur ce dernier ensemble u? et donc o? n'est pas identi- 
quement nulle. i 

De plus, le théoréme d’unicité du balayage et de l'extrémisation n'est 
plus vrai en général. Une distribution de masse sur S n'est pas déterminée 
par la valeur du potentiel sur le complément de 2 + S et aux points @- 
réguliers. P ex. les distributions uw? et 4(u?+u?), ont méme potentiel 
hors 2 + X et aux points stables, donc aux points qui sont réguliers pour 
les deux distributions. 


Remarque. On obtient des distributions o?, en appliquant le procédé 
de WIENER-BRELOT, que j'ai généralisé pour ensemble quelconques 9), a 
un sous-ensemble arbitraire de 2 + X avec frontiére ¥. La distribution 
ainsi obtenue ne porte pas de masse sur l'ensemble des points o-irréguliers. 
L'application de ce procédé n’épuise donc pas l'ensemble des o? permis. 


3. Il ya de la connexion entre l'étude de la distribution générale o? (e) 
et le probléme suivant, traité antérieurement et ne résolu que dans un cas 
particulier 10), 

A chaque ensemble ouvert borné Q avec valeurs-frontiéres f(Q) on 
fait correspondre une fonction y(P) harmonique dans Q tel que 

1. (P) est égal a la solution du probléme de DiRICHLET si celle existe; 

2. (P) est une fonctionnelle linéaire bornée de f(Q); 

3. Si Q; +2, C Q et y(P) corresponds a Q et f(Q), alors y(P) 
corresponds a 2’ = Q—(Q, + ,) pour valeurs-frontiéres f sur S et 
g sur 2. 


A 
8) Par W on désigne la fonction sous-harmonique, uniquement déterminée, qui est 
presque partout (c.a.d. sauf sur un ensemble de capacité nulle) égale a W. 
°) Extension du probléme de DIRICHLET pour ensembles quelconques. Proc. Kon, Ned. 
Akad. v. Wetensch., Amsterdam, 43, 497—511 (1940). 
10) A. F. MONNA. On the DIRICHLET problem and the’ method of sweeping out. 
Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 42, 491—498 (1939). 
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L’ensemble des y(P) n'est pas vide: y(P) satisfait aux conditions. On 
demande a montrer que c'est la seule solution. 
Il est déja montré, que chaque fonction » est de la forme 


9 (P)= i; f(Q) do? (eg), 


et il résulte des démonstrations I.c. 10) que la distribution 9? dans cette 
intégrale satisfait aux conditions, imposées aux distributions de § 111). 
Il suit alors de ce qui précéde dans le cas of Q n'a qu'une frontiére entiére- 
ment extérieure: 

Chaque fonction p(P) qu'on peut ajouter 4 Q au sens indiqué satisfait 
dans chaque point P a une des inégalités 


¢ (P)=¢ (P)=- (P) ou v(P)= v (P)= > (P). 


Remarquons que, a cause de la premiére condition — qui ne fut pas posée 
aux §§ 1 et 2— on ne peut pas avoir dans 2,9 = p(P), c.a.d. y n'est pas 
une fonction permise (sauf quand pg =). En effet, KELDYCH et LAVREN- 
TIEFF ont donné un exemple d’un domaine régulier pour lequel 9 ne 
coincide pas avec la solution du probléme de DIRICHLET 12). 

I] suit de ces inégalités que »(P) = q(P) si pour tout P dans 2 on a 
y(P)=¢(P). Or, ce dernier est vrai lorsque l'ensemble des points in- 
stables de Y a une capacité nulle. Puisque l'ensemble des points irréguliers 
a une capacité nulle, il suit: 

Le probléme posé a une solution unique si Q n'a qu'une frontiére exté- 
rieure et si lensemble des points réguliers instables a une capacité nulle. 

I] suit des propriétés géométriques des points instables que cette condition 
est moins restrictive que celle donnée l.c. 10). 

A ce probléme s’attache encore un autre. p(P) satisfait aux conditions 


du commencement de ce paragraphe et on a 
e(P)= { FQ)du?(Q). 
z 
La question se pose si ici w? est déterminé uniquement. C.a.d. de 
9 (P= a F(Q) de? (Q), 
z 


suit-il nécessairement 9? = uP? 


11) Il n'est pas indiqué I.c. 1°) que le potentiel de eP dans cette intégrale est <4/PQ 
sur 2; cependant, cela résulte immédiatement des autres inégalités a l'aide de la propriété 
que la valeur d'une fonction super-harmonique dans un point est égale a la plus limite de 
la fonction dans ce point sur tout quasi-voisinage. 

12) Voir: M. BRELOT. Probléme de DIRICHLET et majorantes harmoniques. Bull. des 
sci. math. t. 53, 79—96, 115—128 (1939), 
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La réponse est affirmative. Soit R un point dans le complément de 2 + &, 


alors on a gp = - si f(Q) = 1/RQ, de sorte que 


Lid bk eee 


JER Cama a 


=_ 


L'égalité de e? et w? suit alors du théoréme d’unicité déja utilisé, si nous 
montrons que cette égalité reste vraie si R est un point-frontiére régulier. 
On le démontre comme antérieurement (p. 59). 


Apeldoorn, aoit 1944. 


Mathematics. — Sur le probléme de la mesure. By A. F. Monna. (Com- 
municated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of November 24, 1945.) 


Soit E un ensemble infini. TARSkI a montré 1), qu'il est possible de faire 


correspondre a chaque sous ensemble V de E un nombre réel non-négatif 
tel que 


1. m(V) est additif au sens restreint; 
2. m(V) =0 si V consiste d’un seul point; 
3. m(V) est non identiquement nulle. 


En acceptant I‘hypothése du continu, BANACH et KURATOWSKI ont 
montré 2) qu'une telle correspondance n'est plus possible si on remplace 
ladditivité au sens restreint par l'additivité au sens complet et si E a la 
puissance du continu. 

Cependant il est possible de généraliser la deuxiéme condition. 

Soit S un systéme de sous-ensembles de E avec propriétés 


a. La somme et le produit dun nombre fini d’ensembles de S appar- 
tiennent a S; 


b. E nappartient pas aS, 

Alors il est possible de déterminer une mesure satisfaisant a 

1. m(V) est additif au sens restreint; 

oe rk ae Aa 

gent V) == 0: pour tout:V « S; 

4. —lsm(V)S-+1. 

Soit (M) l’espace le BANACH de toutes les fonctions réelles bornées 
définies sur EF, ot la norme est définie par 


|| F(x) || = fin sup | f(x)|. 
x€E 


Les fonctions bornées, qui sont partout nulle dans E sauf éventuellement 
aux points d'un ensemble appartenant a S, constituent un sous-espace 


linéaire A de (M). Pour f(x) € A, ona 
|| 1 — F(x)|| = fin sup |1— fF (x)|=1. 
x€E 


Par sera désigné la fonction caractéristique du sous-ensemble V de E; 
py € (M). Soit d la plus courte distance de y, a A. On tire de l'inégalité 
précédente d = 1. En vertu d’un théoréme connu il existe dans (M) une 


1) Une contribution a la théorie de la mesure. Fund. Math, t. XV, 42—50, 
*) Sur une généralisation du probléme de la mesure. Fund, Math. t. XIV, 127—131. 
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fonctionnelle linéaire F qui = 0 pour tous les éléments de A, qui = 1 pour 


y,et “ont la norme vaut — 13). Alors 


m(V)=F(9,) 


est la mesure cherchée. En effet, a cause de la linéarité de F, m est additif 
au sens restreint. Si V € S, on a y,€A, donc m(V) =0. De plus 
mE) SF (op, ji let 


|m(V)|=||F].1=1. 


Soit &, le nombre cardinal de E. Alors la troisiéme condition peut étre 
remplacée par la suivante: 

3*. m(V) =0 pour tous les sous-ensembles V de E dont le nombre 
cardinal est <.&,. 

Pour cela il faut montrer, que les ensembles avec nombre cardinal << N, 
constituent un systeme S comme ci-dessus. Soient Nz, et Nx, resp. les. 
nombres cardinaux de V, et Vo, et soit Nz, = Nz, alors on a 


Ra, —- Ra, =2 Na, = Ra, < Na 


de sorte que aussi V, + Vy appartient aS; le méme est vrai pour le produit. 
E lui méme n’appartient pas a S. 

Dans cette derniére forme, ot 3 est remplacé par la nouvelle condition 3", 
il est encore possible de remplacer 4 par: 


0=m(V)=1, 


et cela comme il suit. 
Posons pour tout V C E 


m,(V)= fin sup m(T). 
DEAN: 
On asi:V;7Ve== 0 
m, (Vi + Vi)= my (V;) + m, (V3). 


De plus 0< m,(V) <1 et m,(E) = m(E) = 1. Si le nombre cardinal de 
l'ensemble V est < Nx, alors chaque sous-ensemble de V a le nombre 
cardinal < X,, de sorte quem(T) = 0 pour tout T C V; donc m,(V) = 0. 


3) S. BANACH. Théorie des opérations linéaires (Warschau 1932) p. 57. Ce théoréme 
n’exige par que l’espace A est fermé, pourvu que l’élément, n’appartenant pas a A, a une 
distance positive de A. 


Mathematics. — Een betrekking voor de polynomen van LAGUERRE en van 
HERMITE. By O. BoTTEMA. (Communicated by Prof. W. VAN DER 
W OUDE.) 


(Communicated at the meeting of November 24, 1945.) 


1. Wij bewijzen voor de polynomen L) van LAGUERRE !) de volgende 


betrekking 
$ mites, L® (x) et 
n=0 


m 


1 yee yi | he, 
= (apmtita: © ae je EP i=). <y 


Het bewijs geven wij door middel van volledige inductie. Voor m = 0 


luidt (1): 


2h ol 


= = ieee e.. i=? plone WE colt, or bs (2) 


en wij krijgen dus de bekende formule, waardoor L'® met behulp van een 
voortbrengende functie wordt gedefinieerd. 

Veronderstellen wij dat (1) juist is voor een zekere waarde van m. Wij 
vermenigvuldigen beide leden met t”+1+% en differentiéren naar t. Links 
ontstaat dan 


s 1 
mnt yene S(T ET ET \ER ey. Age (3) 


In het rechterlid krijgen wij 


d t Rela" ©, x ras fa) xt 
od OS ee See L® ta 
dt eS Z 1—t) 

pmta xt 


: ree sts) 
= (I—pym tat? ° eit Lin of 2 ie a) ies = = Ef a ar = (Lay | i 


wat op grond van de betrekking 
tds | : : 
y gy Em y)=—(a+ m+ 1—y) Lm (y) + (m+ 1 Emly) 6) 


1) De notatie voor deze polynomen is niet overal dezelfde; wij nemen 


X 4. —& n 
28 d e-* x Re) 


(a) pe’ ie, 
ja (x)= n! en p30 


| 
Ms 
ae 
= 
+ 
RQ 
> 
| 
<2 
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overgaat in 


pte t 


a 
(m+ 1) Lines Ven 3 
Uit (3) en (6) volgt, dat (1) juist is voor m + 1. 


paw + ¥, 
(1 ia f)mt2ta By iy a 


2. Uit (1) kan men een analoge betrekking afleiden voor de polynomen 
van HERMITE door gebruik te maken van: 


Hn (x) = (— 1)" 2?" nI Ly” (x?) io 
Hons (x) = (— 1)" 22241 nl x LY (x2) ) 
Wij vinden respectievelijk: 
gq (mt+n—3\ (oie 
eek ( m ). Zin tila 
(8°) 
Pe 9 
—= 22m m](1—A™+4 e Fz m \ x Tate 
0 ET eer ey nee eee 
A | m t) . Srertay Hana (2) = 
(8°) 


_ (ye a Fhe 
— 22m+1 m1 (1 —fmei * © It Ama \ x pay 
3. Wij noemen enige bijzondere gevallen van (1) en (8). Voor t = 4 
gaat (1) over in 
3 (oh eee | 
n=0 


i eet 2mtite ox 10) (x) Let goctaieot9) 


terwijl men voor (8) vindt: 


$ (ees (—1)" (—1)" 


n—0 m c 231 | ny an (*) = am=¥ 7 6 * Ham (x) (102) 
© x —j)r —j)m ; 
2 (” th st 4 ; ae = Az n+1 (x) ph Coes -e-**, Hamas (x). (10°) 


n 


Voor m = 0 volgt uit (8) 


2 (=e Sees : 
~ “pan np Han ()= Taare I PY deni Oe 
ee) (—- 1)" ¢2 pet 
erie F ae Alans (x) = ian MO a army 6 


4. Hier volgt een toepassing der verkregen formules. Onlangs hebben 
TRICOMI en DoETSCH 2) de volgende betrekking afgeleid: 
5 oie (a) t" = et (xt)—#* J. (2 xt) >—1) (12) 
no T(afn+1) — a a ae da 


2) TRICOMI, Rend. Lincei 21, 332—335 (1935). 
DOETSCH, idem 22, 300—304 (1935). 
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Een oudere relatie, die verband legt tussen de polynomen van LAGUERRE 
en de Besselse functies is de formule van LE Roy 


nle* xi* Lio (x)= [et ertieje(2 Vxt)dt. . . . (13) 
0 


Wiij leiden (13) uit (12) af op de volgende wijze: 


fo.<) 


— : o L(x). | 
—t antia to =| ta o—2t gnta | Pp dt= 
fi t Tat Bo aay rat Reh 4 oo Tat pl) [= 


2 LS (x) f 
— +}3a P —2t gn a — 
5 SoM gc oy Sie Een ee 


0 


eA aS 1 riche 
Beira et eae) oe 
0 


Pantset en 'p 4a LS (x) 
Peete ose n ; 2 ae 
Op grond van (9) is dit gelijk aan 

nle-* xt* 1 (x), 


5. De betrekking (1) kan worden benut om zekere bepaalde integralen 
te berekenen, waarvan de integrand het product van twee functies van 
LAGUERRE bevat. 


See ES 
Stelt men je dus.f == ipa’ dan wordt (1) 
-ax 7) 1) 1 eS ee 02°) a” (a) 
eax a) ip ayasies =, = ‘Gaye bn (x) (14) 


welke betrekking opgevat kan worden als de ontwikkeling van de in het 
linkerlid staande functie naar polynomen van LAGUERRE. Hieruit volgt 


[x ,en(atiyx 7) (a x) epee *) (a+1)= 

0 (15) 
__T(m+1+<4) 1 
inal m! “(1 aye nhs 


of wel, als men ai ==") stelt 


m2) 


fx e218 de Petite Go ae 10) 


m! jmt+it+a 


0 
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Algemener krijgt men door beide leden van (14) met x*.e-* LW) (x) te 
vermenigvuldigen: 


@ 
f x%, e-atix 1 (ax). LS (x) dx= 
0 


m+p+a P i ‘i 
0 


of, daar de integraal in het rechterlid gelijk is aan ae 
Pp 


oO 


f= Le atnx 1) (ax), Pe (xbax= 


(17) 


0 
_\l(m Feta aP 
a p!m! ‘ + a)mtpti+e 


/ 


welk resultaat men nog schrijven kan in de meer symmetrische gedaante 


m4 
| x% eathx 1) (ax) LS (bx) dx= 
0 ; ee 
_F(m+ptet+)) aP.be 
— m!p! “(a+ bymtetatl 
6. Stelt men in (87) _f = aa ts eee oe , dan krijgt men 
1—t 1+ a? 


en" Aan (ax) 


22” m!(—1)m 5 aay a Han (a) (19) 


(I+ a2)™+t 2) Ke 2?" n!(1+-a?)" 
waatruit volgt 


(—1)"™ 22" > ml I'(m+4),-— 


J ott Hina) x= (I + a2ym*3 * m!IT'(4) Vi ee . (20) 


(—1)™ (2m)! ln 


= mi (1 + a2)" *4 


a?+1 


Stelt men nog ——,— = s, dan kan men, daar Hym(x) een even functie is, 
a 


(20) als volgt schrijven 


fo) 


| e~5*" Fo m (x) dx = 


0 
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Een algemenere formule wordt verkregen, door beide leden van (19) te 
vermenigvuldigen met e** .Hop(x). Men verkrijgt dan 


{ enla+ixt Hn (ax) . Hap (x) dx = 


(— 1)" 2?" m!/m+p—+4 (—1)? a2? 22 
a (1 + a2)m+3 ( e "appt tep | ° | H2p(x)}? dx 


—a 


of, daar de integraal in het rechterlid gelijk is aan 22? . (2p)!|a: 


ee Fz m (ax). Arp (x) dx = | 
af | | (22) 
a?P 
= (—1)™+P , 22(m+P) Fim+tpt+ ee. 
welke betrekking men nog schrijven kan in de symmetrische gedaante 
fetes : Hom (ax) v H2>p (b x) adx= 
; azP b2™ 
=(—1)"P , 22("4—) , F' (m+ p+ 4). (a? + b2)ptm+) 


Een overeenkomstig resultaat voor een integraal waarbij het product van 
twee polynomen van HERMITE van oneven index voorkomt, wordt met 
dezelfde methode van (8°) verkregen. Men heeft 

oo 
spree Alama (ax). Azpy1 (bx) dx= 
gs re! ba} 


= (—1)*tP, 220"+Pt) P(im+ p+ 8), q2Pt! p2mt+! 
2°" (at + b?)ptm+3 


7. De in de beide vorige paragrafen verkregen uitkomsten kunnen op 
hun beurt gebruikt worden om met behulp der relatie (1) integralen van 
nog algemeene vorm te berekenen. Wij vermenigvuldigen daartoe beide 
leden van (14) met x%. e-(?+1)* ty (bx). Na toepassing van (17) ontstaat 
dan 


[oe] 


[ ectasovm xt ele (a x\a ‘ay (bx\ d= 


Pa 1 s m+n+a a” I'(p-+n-+a+1) 5 amt 
142 (ih -+ a)@+1t@ mn 4 (1 + a)” 4 n!p! x (1--b)ptntett ~ 
1 $ (m-++n-+a) ! (p-++n-+a) ! (a b)" a 


~ ml p!(1-Fay™* #4 (1--b)P #4 <5 ni(n-+a)! (1 + a)*(1-+ 5)" 
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PF (mta+1). P(pta+) 
~ P(a+l).m! p! (1-a)mt'+=(1--b)eti+e 
ab 
F (m+a-H. patio, ace 
waaruit met behulp der transformatieformule voor hypergeometrische 
functies: 


x 


F (a, b, c, y) = (1—y)*-*-° F (c—a, c—B, c, y) 
volgt: 
| eratbtix ye | 7) (ax). Ne (bx) dx = 
0 ; 
_ I'(m+a+1). I (pt+a+l) . (i-+-a)? (1+5)" w 
‘a m! p! I'(a+1).(1+a+b)y™tetett 
ab 
F(—m path gears): 
Zonder moeite kan men deze uitkomst schrijven in de meer symmetrische 
gedaante: 


fee] 


if e*® 30% T°) (ax). LS (bx) dx = 


0 


I'(m+a+1).I(p+a+1) (4—a)"™(A—b)P >)... (25) 
m! p! I'(a+1) *Jm+ptati* 


ab 
F (—n. arog 2 a+ 7 aden) 
Voor de polynomen van HERMITE vindt men overeenkomstige resultaten, 
b.v. door in (25) resp. a = —+4 en a=} te substitueren en de betrek- 
kingen (7) toe te passen. Na enige herleiding ontstaat 
fat Azg, (ax) tiep (OX ax 
0 
—= (—1)™*P R Q2m+2p-1 P I'(m +E >) L'(p ae +) i . . (262) 
Ves 
(12—a2)™ (22—b2)p alba 
j2m+2p+i . F | —m, —p, 4, ean) 


jste Ao mi (ax). Hz p41 (bx) dx= 
0 
= (—1)"+P , 22m+2p+1 | P'(m + 4). T'(p + 3) ies (26°) 
I'(3) 
ab (A?—a?)™ (12—b?)P F ( a? bt 


j2m+2p+3 —m,—p, 4, (42—a?) (12—b?) 
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De hypergeometrische functies in de rechterleden van (25) en (26) zijn 
polynomen van het vierde argument en van een graad gelijk aan het kleinste 
der getallenm+J1 enp+1. 


8. . De betrekkingen (25) en (26) schijnen wel de meest algemene be- 
paalde integralen te bevatten, die men met behulp van de betrekking (1) kan 
berekenen. De vorige formules (14, 16, 18, 21, 23, 24) zijn daarvan bijzon- 
dere gevallen. Formule (21) werd het eerst afgeleid door DoETSCH 3) uit 
een beschouwing over de eigenschappen van de differentiaalvergelijking 
van de lineaire warmtegeleiding; dezelfde leidde ook nog een bijzonder 
geval af van (26), nl. dat waarbij 4 — a. De relaties (25) en (26) zijn 
echter op hun beurt bijzondere gevallen van de nog meer algemene betrek- 
kingen, die door MAyr #) zijn afgeleid voor de integralen 


@ 


[ete exvelpbxldas o.. auir (279) 
0 


[e827 Hh (ax) Holbx) dx ae edt 
0 


die als oplossingen van bepaalde differentiaalvergelijkingen uitgedrukt 
kunnen worden door polynomen van APPELL. Onze resultaten (25) en 
(26) komen, afgezien van een door hem niet nader expliciet bepaalde 
constante factor, bij MAyr voor (l.c. pg. 601, 603). Dezelfde merkt op dat 
zekere integralen van de gedaante (27%) voor de golfmechanica van be- 
tekenis zijn. Bepaalde gevallen van deze door SCHRODINGER 5) beschouwde 
uitdrukkingen kunnen dus ook met (25) worden berekend. 


3) DOETSCH, Integraleigenschaften der Hermiteschen Polynome, Math, Zeitschr. 32, 
587—599 (1930). 

4) MAyr, Integraleigenschaften der Hermiteschen und Laguerreschen Polynome, Math. 
Zeitschr. 39, 597—604 (1935). 

5) SCHRODtNGER, Ann. der Physik 80, 847 (1926). 


Mathematics. — Een (2,2) congruentie, die een tweevoudig oneindig stelsel 
van quadratische regelscharen bevat. By O. BOTTEMA. (Com- 
municated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of November 24, 1945.) 


1. Indertijd hebben wij met behulp van de afbeelding van de lijnen- 
ruimte op de punten van R; en op grond van de stelling van DARBOUX— 
SEGRE voor het oppervlak van VERONESE, de stralencongruenties onder- 
zocht welke een tweevoudig oneindig stelsel van quadratische regelscharen 
bevatten 1). Afgezien van het triviale geval van de lineaire congruentie 
(die 003 regelscharen bevat) vonden wij in hoofdzaak twee typen: 

a. de koordencongruentie (1.3) van een cubische ruimtekromme en de 
duale congruentie (3.1). 

b. een speciale (2.2) congruentie, nl. die der rechten, welke een qua- 
dratisch oppervlak Q raken en een rechte / snijden, die Q_raakt; de con- 
gruentie is zelf-duaal. 

Daarbij voegen zich dan nog een (1.2) en de duale (2.1) congruentie, 
die echter beschouwd kunnen worden als bijzondere gevallen zowel van 
type a als van type b en waarbij de cubische ruimtekromme ontaard of 
wel het oppervlak Q singulier is. 

Naderhand hebben wij kennis genomen van een publicatie van BALDUS 2) 
over hetzelfde onderwerp, waarin met behulp van de methodes der syn- 
thetische meetkunde eveneens de congruenties worden bepaald met ©? 
_regelscharen. Aangezien bij dit onderzoek alleen het type a (met het 
bijzondere geval) gevonden wordt, komen wij hier op de opgave terug, 
wijzen de oorzaak aan van het onvolledig resultaat van BALDUS en maken 


nog enige opmerkingen over de congruentie b), die naar het schijnt minder 
bekend is. 


2. De gedachtengang van BALDUS is in het kort de volgende. Als een 
congruentie co? regelscharen bevat, zal een willekeurige rechte g van de 
congruentie tot col dezer regelscharen behoren en deze 091 regelscharen 
zullen tezamen de gehele congruentie (die irreducibel verondersteld wordt) 
opbouwen. In een brandpunt van g wordt g door een consecutieve rechte 
van de congruentie gesneden; deze laatste rechte behoort dus tot een der 
genoemde 1 regelscharen, zeg R, waar g zelf toe behoort. Een niet ont- 
aarde regelschaar bevat echter slechts rechten, die elkaar onderling kruisen. 


1) BOTTEMA, Strahlenkongruenzen mit einem zweigliedrigen System von quadratischen 
Regelscharen, Proc. Ned. Akad. v. Wetensch., Amsterdam, 43, 1276—1281 (1940). 


2) BALDus, Uber Strahlensysteme, welche unendlich viele Regelflachen 2. Grades 
enthalten, diss. Erlangen (1910). 
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De regelschaar R is dus een ontaarde regelschaar. Er zijn, afgezien van 
verder gaande degeneratie, twee vormen van ontaarde regelscharen, nl. de 
quadratische kegels en (duaal) de krommen van de tweede klasse. 

BALDUS onderscheidt nu twee mogelijkheden: de ontaarde regelscharen 
R, en Ro, die bij de beide brandpunten van g behoren, zijn allebei kegels 
dan wel allebei -krommen van de tweede klasse. Het verdere onderzoek 
doet dan zien, dat de congruentie een koordencongruentie (1.3) van een 
cubische ruimtekromme, resp. de duale (3.1) congruentie is. De gevallen 
waarbij R, of Ry verdere ontaarding vertonen, leiden dan tot de (1.2) of de 
(2.1) congruentie, die als bijzonder geval van de algemene oplossing te 
beschouwen is. 

Het is wel duidelijk, dat hier de mogelijkheid over het hoofd gezien 
is, dat van de beide regelscharen R, en Ry de ene tot een quadratische 
kegel, de andere daarentegen tot een kromme van de tweede klasse ont- 
aatd is. Deze omstandigheid doet zich bij de congruentie b) zoals wij 
dadelijk zullen zien, inderdaad voor. 


3. In-ons bovengenoemd artikel, waarin het vraagstuk analytisch is 
behandeld, hebben wij het codrdinatenstelsel zo gekozen, dat het quadra- 
tisch oppervlak Q de vergelijking 


gree ee Agha Ue Mages oe ese ys) (1h) 
verkrijgt, terwijl de singuliere rechte / door 
ECE eT ek. Sah ea a) 2) 


wordt voorgesteld. De rechte J raakt Q in het punt P = (0001). De con- 
gruentie der rechten, die aan Q raken en / snijden, kan dan worden weer- 
gegeven door 


Pi2=? » ps=r"AQ—pm . pu=wrt+H wane (5 
PP, py =v (4+) .- p23 =0 


waarin pi; de Pliickerse lijncodrdinaten en 4, wu, » drie homogene para- 
meters aanduiden. In de afbeelding van KLEIN correspondeert met de 
congruentie een op de fundamentale variéteit 2 = pyop34 + PisP42 + 
+ P14P23 = 0 gelegen oppervlak van de vierde graad V, dat ontstaan kan 
door een oppervlak F van VERONESE te projecteren op een Ry uit een punt 
dat gelegen is in een vlak, dat een op F gelegen kegelsnede bevat, maar 
niet op F zelf gelegen is. Het oppervlak V bevat, evenals F, «2 kegel- 
sneden en deze kegelsneden zijn de beeldfiguren van de 2? tot de con- 
gruentie behorende regelscharen. Men verkrijgt de analytische voorstelling 
van een dergelijke regelschaar door in (3) de substitutie 


Panwa etl tel ees Laas. \ Lcus.ve a ests) 


uit te voeren, waarbij de niet-homogene parameters a en b niet beide gelijk 


Ge 


aan nul zijn, Voor de vergelijking van het quadratische oppervlak, dat deze 
regelschaar draagt, vindt men ; 
2 (a+b) x; x2—(a?—b?) x, x3+2 Cpt (a—b) xz x3—(a+ b)? x2 x4 + ? 
+ (a? + b?) x2 =0$ 
en uit het feit, dat men deze vergelijking schrijven kan in de vorm: 
{(a+b) x, +2 x,—(a—b) x3}?—(a+b)? (x?—x2+22x,x,)=0 (6) 
volgt, dat dit quadratisch oppervlak de rechte 1 bevat en aan Q raakt 
volgens een kegelsnede, die door P gaat. De oo? quadratische oppervlak- 
ken zijn omgekeerd door deze voorwaarde bepaald. Van elk der opper- 
vlakken behoort tot de congruentie die regelschaar, welke de rechte / 
bevat. 


(5) 


4. De beide brandpunten van een rechte g der congruentie zijn haar 
snijpunt met 7 en haar raakpunt met Q. Voor de rechte (A, w, ») zijn dit 
resp. de punten 


G,={7,0,0,2 + w} en Go = {—7(A + p), v2, v(A—n), — 2d}. 


De beide ontaarde regelscharen R, en Ro, die bij deze punten behoren, 
zijn resp. de kegel met G, tot top, welke Q omhult en de kegelsnede welke 
de doorsnede is van Q met het vlak door | en g en die dus in Gy aan g 
raakt. De aldus béschreven regelscharen vormen tevens de gehele ver- 
zameling ontaarde regelscharen, die de congruentie bevat. Immers de 
discriminant van (5) is 

D= (a+ b)t la— by} 3. ae eee ee 
Voor a+b=O ontstaat (x,—axs)2 = 0, dus een kegelsnede waarvan_ 
het vlak door / gaat; voor a—b = 0 de kegel (ax, + x2)2—a®(x?—x2 + 
+ 2xox4) = 0, die Q omhult en het op 1 gelegen punt (2001) tot top heeft. 


5. De co2 quadratische oppervlakken (5), die de regelscharen der 
congruentie dragen, bevatten elk nog een tweede regelschaar. Onderzoekt 
men de verzameling der rechten van deze toegevoegde regelscharen, dan 
blijkt deze niet een congruentie maar een complex te zijn en wel het 
tangentencomplex van Q. Men kan de overeenkomstige vraag stellen voor 
de onder a) genoemde koordencongruentie; ook daar vormen de toege- 


voegde regelscharen een complex: het secantencomplex der cubische ruimte- 
kromme. 


6. De (2,2) congruentie welke bestaat uit de rechten, die een qua- 
dratisch oppervlak Q raken en een willekeurige rechte 1 snijden, is in de 
lijinenmeetkunde welbekend 1), Aangezien er steeds een projectieve trans- 
formatie bestaat, die Q invariant laat en twee punten van Q toevoegt aan 
twee willekeurige andere punten van Q, zijn alle congruenties, waarbij / 
met Q. twee verschillende punten gemeen heeft, onderling projectief. Het 
geval, waarbij / aan Q raakt, schijnt niet de aandacht te hebben getrokken. 


1) STuRM, Liniengeometrie, II (1893), 328—329. 


Mathematics. — Hexagonal three-webs. By J. HAANTJES. (Communicated 
by Prof. J. A. SCHOUTEN.) 


(Communicated at the meeting of November 24, 1945.) 


Summary. In “Geometrie der Gewebe” by BLASCHKE and BOL!) the 
necessary and sufficient condition is given, which has to be satisfied in 
order that a 3-web be hexagonal. But this condition is ony usable when 
the three vector fields of the tangent vectors of the curves are known. This 
paper deals with the case that the 3-web is given by a cubic differential 
form, which coefficients are functions of the coordinates, and gives the 
condition which has to be satisfied by these coefficients in order that the 
3-web involved be hexagonal. 


A 3-web in a two-dimensional space is defined as a triple infinite system 
of curves with the property that through every point of a definite region 
passes one curve of each system. Let the curves through an arbitrarily 
chosen point P of the region belonging to the first, second and third system 
be denoted by C,, Cy and Cz respectively. Consider a point A of C,. Let 
B be the point of intersection of the (3)-curve through A and Cs, C the 
point of intersection of the (1)-curve through B and Cs, D the point of 
intersection of the (2)-curve through C and C, and so on till we get the 
points A, B, C, D, E, F and G, where G lies just as A on C,. If this point G 
coincides with A for every choice of P and A the 3-web is called a 
hexagonal 3-web. 

In the following we consider the 3-web given by the null directions of a 
cubic differential form 


Pnij dy" dy‘ dy/, LE se FA ES SUN pleat ia § g 
which is supposed to have in each point of a certain region three different 
real null directions. The purpose of this paper is to derive the conditions 
which has to be satisfied by the pai; (y1, y2) in order that this 3-web be 
hexagonal. 

We shall arrive at the following result: 

The (symmetrical) tensor pri; determines a tensor g” up to a multi- 
plicative factor by the equation 

Par ee ie Oe bata | 65 eee a (2) 

We choose one of the solutions of this equation (different from the zero 
solution), which has always the rank two. Therefore there exists a covariant 
tensor gni defined by 
=0,hFi 


jin (3) 


gis git =Al 


1) Springer, Berlin 1938, par. 17. 
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The g*’ and gin are used for the raising and lowering of indices. Then a 
covariant derivative can be defined by the equation 


V 7 Gni = Pyni o: et, ase las, ms) Biel elem (4) 


If the curvature affinor of this covariant derivative is denoted by Niji, 
we may write 


Nyi= Niji'=naphi tngin fo POS eS) 


which equation determines the coefficients n; and n uniquely. 
A hexagonal 3-web is characterised by the relation 


0; n,—02n,=—0 . . . . ee Me . . (6) 


which means that ni has to be a gradient. 


In order to prove this theorem we choose the coordinate system so that 
the curves y! — constant and y2 = constant form two of the three systems. 
Then the directions (1.0) and (0.1) satisfy the equation 


Pri; dy” dy! dyl.==0, aie le geese 
from which it follows py1; = p222 = 0. As pi12 ~ O, because the three 


null directions are supposed to be different, and the 3-web only depends 
on the ratio of the components pni;, we may take 


Pi = P22 = 90 Piu2z—1 Por =—PFO .. . (8) 
From this we see that the vector (f, 1) is a tangent vector of the curve of 
the third system. Now a 3-web is hexagonal if the third system has an 
equation of the form 


oy) =v GO) FG... ee 


where C is a parameter of the system 2). If (f, 1) is the tangent vector of 
this system we have 


_ vy’) 10) 
B a hon ee tee 
In this case f is the product of a function of y1 and a function of y? and 
therefore 


0; 0; log 8 == 0.0 wits Ligaen 


Conversely if f satisfies the equation (11) it can be written in the form 
(10) from which (9) follows by integration. Thus (11) is a necessary and 
sufficient condition that the 3-web be hexagonal. 


From (2) and (8) we obtain the ratio of the components of the tensor g”. 
We choose 


: 1 2 
Cea Te 9° = by ; : , . (12) 


2) See f.i. W. BLASCHKE und G, BOL, lc. pag. 17. 
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from which it follows 


2 1 2 
Gui = 3 92=— 7h. 92n= 3 P. Ss eS) 


The parameters IT}, of the covariant derivative are on account of (4) 
h Hoth 


Fey eoafae i 


Ij; — 
where Rae the CHRISTOFFEL symbols belonging to the tensor gai and 
i 


Dip O Phikee wie es bes (15) 


With respect to the chosen coordinate system p%, has the following 
components 


1 2 1 
Phi Sy ag aie 1, p}, =— 28. pi, ge Pi2— Pn |e (16) 


whereas the components of p/! are 
2 


3 3 3 
ee ae i a ge ge 


The IT, computed from (14) are 


1 B 1 4 1 4 
Ty =— 35 — 35 Fi 3A — 9° Ue =— 3h B +B Bi = 918) 
2B 1 4B 1 B 2 1 (18) 
By ash el NE pf es hd totes 2 it i ertes = 
M1 3B? B" IT, 3 B 1 2B nieedy, 3 +5 
Then the Nji can be found from 
Nji = 02 7}, — 0; Hf, + Of, Wj, — W}, Oh, ae eed 1419) 
This leads to 
Seen Ait ee hit te rips pa’. Pie SO 1 
MOS SNe Deep OOS a ma AON 
Nie thes, 3. 31 
Na = 3 e' B 3 p? 2 p B Ay een . (20) 
4 2 2 1 %, 
Na=— 3 Pu B—3 Pat 3 go — 5g +2 Pi — 3. 
From 
ie he Aah et OH eae 
pip), =IAT 3; I= =. +e ss] (21) 
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and (5) it follows 


1 . 
ni = 7 Naj Pi! . ae or War ee ee . (22) 


This equation enables us to compute the components of ni. They are 


1 
n,;=— 0, log P + n2= 5 02 log p yen cede eee) 
from which it follows 
6 = 0, ma — 92m, = 5 d, de log eR aay 


And as we have seen is a hexagonal 3-web exactly characterised by the 
vanishing of this expression. But with these considerations the proof is not 
yet complete. It is true that the result is independent of the special choice 
of the coordinate system, the left hand side of the equation (24) being an 
affinor, but we still have to show that 6 remains unaltered when pai; and 
gij are multiplied by arbitrary factors, for only the ratio of the components 
of these tensors are determined by the 3-web. 
If gij is multiplied by o? and pi’, by A, the 1", will change into 
Th >" + 7", w 3 ae 


with 
Th, = Aho; + Ato; —gij 0% — 5 (Q—1) phy. Qi =i logo). (26) 
As a consequence we have 
Nij > Nis + Va Ti — Vp ne eee 
For the calculation of this expression the following relations are useful: 
Vi gti pe lee ee 
Vie Pi = 9" Vie Pim — Pie Pjim = 9"™" Vine Vi Fim — 
km ais km (29) 
7 Pu’ Ein = ee (Nijim + Nijmi) — Pit’ Prim 
from which 
Vaph = S2Nahegy) i yo 


where the coefficient c need not be indicated more precisely. It turns 
out that 


Ny > 4Nji + ph, (—hon— 5 On 4) + C gyi each oC (31) 
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Consequently 


ni > ni — 01 — 3 On log A, Stace) ues) 


which shows that the new ni is obtained from the first one by addition of a 
gradient. So the expression 


C=, Nz—On, Or a aS | aire lee es ee We (33) 
is invariant and our special choice of gni and pri; has had no influence upon 


the result: 
6 = 0 characterises a hexagonal 3-web. 


Botany. — The importance of the ion activity of the medium and the 
root potential for the kation-absorption by the plant. By A. C. 
SCHUFFELEN and R. Loosjes. (Communicated by Prof. H. R. 
KRUYT.) 


(Communicated at the meeting of November 24, 1945.) 


1. For the study of the absorption of kations by the plant, we have 
previously constructed a working hypothesis, (1), starting from the 
physical chemical diffusion process and discussing the factors which have 
a direct influence on the absorption of the ions. 

In the absorption we distinguish intake and outgo: 


absorption = intake — outgo. 


The two parts of the process may now be separated, which, in fact, is 
experimentally possible, through the application of artificial radio-active 
elements (2). 
Our hypothesis led to the construction of two formulae, which are here 
given in a corrected form: 
—nF 


Intake = K20: inne eee Me 
Outgo” = K.0.(a)) 7. 


Here K is a constant, 0 = the root area, (ai)m = the activity of the ion 
in the medium, (ai)» = the activity of the ion in the periphery of the 
root, n — the valency of the ion, E = the electric potential difference 
between root and medium, R = the gas constant, T = the absolute 
temperature and F — the Faraday (96500 Coulombs). 

Qualitatively it has been possible to confirm these relations (2, 3). 


2. On further investigation, however, it was found that the formula 
given for the intake of the kations is too simple. In deducting this 
formula, we did not reckon with the fact that there is absorption on the 
surface of root and medium, as on any other surface. Owing to this 
accumulation of ions on the root wall another correction is necessary, apart 
from the one given in (I) for the electric potential difference. Only then 
is it rightly possible quantitatively to apply the law of the diffusion on the 
absorption of ions by the plant. 

From the investigations of CERNESCU (4) of the velocity of the esta- 
blishment of the absorption equilibrium with porous adsorbentia, and from 
those of HOAGLAND and BROYER (7) on the influence of the temperature 
and the oxygen pressure of the medium on the absorption of potassium 
ions by the plant root we may conclude that the adsorption equilibrium is 
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established many times more rapidly than the intake of the ions from the 
surface in the plant. From this it follows, that for the calculation of the 
concentration in the surface of the root we may apply an adsorption formula. 

By transposing the formula of LANGMUIR into a suitable form, the two 
corrections may be made simultaneously. For the adsorption of gases the 
original form is: 


(II) 


in which J’ = the quantity of gas adsorbed, b = a constant, a = the 
concentration of gas in the gaseous phase and c = also a constant (the 
maximal quantity that can be adsorbed). 

This formula, which applies to gases, so to uncharged particles, may 
according to HERMANS (5), be developed for ions, so for charged particles, 
as follows. 

HUCKEL (6) shows that b is proportionate to an e power of the energy 
which is liberated on adsorption. If we call this energy Q, then calculating 
in mols we may write: 


_Q. 
een eee cS LVY 


Formula IV applies to gases as well as to ions. For gases Q is a constant 
with a certain gas and a certain surface. This is not the case with ions, as 
here the energy which is liberated on adsorption also depends on the 
electric potential difference between the surface and its medium. As a 
rule this potential difference is not constant, but varies and depends among 
other things on the composition of the medium. 

But Q may be divided into a part Q’, which is independent of the 
potential difference mentioned, and another part, which does depend on it. 

For the adsorption of kations we may then write: 


Qa OH ouie Bile tri ve el lV) 


If we introduce V into IV we get: 
Ki yey 
b=k.eRT eRT* 


As Q’ is constant we may also write a constant for the e-power of Q’ 
(T is assumed constant). If we call it bo it follows that . 


sar, 
Beige ee ae cetamtr pit) cin | Poss. CV A) 
Introducing VI into III we get a formula suitable to our purpose: 
SER 
RT 
sidebar SESE a a Aig 


sre 
P- dbysaiv'e. FE 


xere 


If in VII we replace a by (ai) m, and introduce the form found for I’ into 
the one-sided diffusion formula (intake part), we get the formula for 
the intake of the kations, corrected for the electric potential difference 
and the adsorption (VIII). It is here assumed that the intake is pro- 
portionate to the quantity adsorbed on the surface of root and medium. 


aie sy 
bp tance. 


Intake= Ke FF cof ay a Waa 
1 + bo . (ai)m ene 


If the second term of the nominator become small with regard to 1, 


then VIII will be identical with I, and our original formula applies. This will 
only rarely be the case, as on decreasing (ai)m the potential difference 
between the root and its surroundings will always increase (E becomes 
more and more negative). The product of (ai) m and the e power of E will 
therefore remain great. 

For the experimental testing of the formula it is desirable to modify it a 
little more. If the results of the experiment are reduced to equal root area, 
0 becomes constant. K and c are constants, so that we may introduce a 
new constant for K.c.0. 

As a rectilinear relation is more easily checked than a hyperbolical one, 
we also write VIII in the reciprocal form. Calling the intake i we get: 


ey 1 ; 
Ct Ce eee ae 


(ai)m re 


1 
—nF 
oo le 
(adm -e RT 


possible to draw a straight line through the measuring points. 


; 1 , 
So if we make a diagram from — against it must be 
i 


3. We have checked the above theory by taking measurements con- 
cerning the absorption of potassium ions by oat roots. The oats (Mansholt 
III) for the experiments were grown according to HOAGLAND and BROYER 


TABLE 1. 
Data for the absorption experiments. 


Period Average root | Composition 
Date of Batetot of _ | weight per of root at 
Series ' : Solution ab- biel experiment commencement 
edit Sere em sorp- | rature mg dry mg aeq. K/100 


tion matter g dry matter 


II 1 June 1943 | 30 June 1943 | KNO3;—600 cm3| 8 h | 18—20°C 325 Myr 
Il 1 , 1943} 2July 1943 | KZO,—600cm3| 8 h | 19—21°C 303 vik e) 
IV 6 July 1943} 27 , 1943|KCl —600cm3| 9 h |23—26°C 210 22.5 

VIL | 27 ~,, 1943) 17 Aug.1943 | KCl —700cm3| 73 h |19—22°C 143 517 
VI | 27 | 1943] 18... 1943| KO] —700icm3| 8° &121—22°C 158 38.2 
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(7), as described before (3). The absorption experiments were made in the 
same way as described before for oat plants (3), but now only the cut roots 
were used (also according to HOAGLAND and BROYER). 

Besides the potassium absorption we also measured the root potentials 


TABLE 21), 


Experimental data of the absorption, 


Root Absorption: 
Series Nr Medium (4;)m >< 10° | pH eee mg aeq K a 3-7) 
per 100 g i | (ay) me RT 
mV dry matter ae 

II | 3) KNOs-sol. 58 4.25) —23 26.1 5285 692 
4 R Belt 4.24\— —21 25.6 3.91 562 

5 is 96 4°24| 2=20 2551 3.98 467 

6 ‘s 190 4.27| —15 30.0 Sheu 280 

7 z 372 45 l5) y—11 34.8 VY | 173 

8 SIH AON 9 30.9 3523 127 

9 728 415, —"8 SV fap? 2.69 100 

10 900 4.14\\> — 7 26.9 Pei Al 84 

Il | 4) K2SO«4-sol iS 4.73| —91 11.9 8.40 170 
5 is 31 4.67; —82 14.2 AOR 122 

6 7 Clee E40 521 pe Z Vad. 5.65 92 

7 122 4.44; —60 19°1 5.23 1S 

8 “A 239 4.33| —46 1907 5.07 67 

9 469 4.33| —37 23.5 oid) 49 

10 906 2&5) ee Fass) 3.86 32 

IV | 3| KCtl-sol. 39 4072) \—44 4153 ete 446 
4 s 77 4.58} —35 38.6 2.59 321 

5 ie r52 4.46 —25 46.9 Dias 245 

6 299 4.41; —16 43.9 2.38 176 

8 is 1138 4251 — 6 6373 58et 69 

9 2210 4.53; — 3 76.3 1631 40 

10 55 4150 4.51 0 85.8 1.17 24 

VII | 3} KCt-sol. 31 5.36} —56 22S 4.48 280 
5 Mf 150 BAG 37 30.6 Boor 152 

7 ™ 588 5.24| —20 26.9 3272 76 

9 .; 2200 5.35; —13 26.3 DD 27 

Vill | 3| KCl-sol. 38 5.05; —38 Silay 3.16 578 
5 y 150 4.98| —17 36.0 2.78 338 

7 +i 588 4 GLB veri 5 39.3 2:54 140 

9 2200 5.02; — 4 2 Ba Zao 42 


BS 


10 determinations, i is the average of 2 determinations. 


The numbering of the experiments has been retained. As the absorption from 
mixtures was also examined, only certain numbers could be used for our purpose in this 
investigation. The first numbers of a series had to be omitted, as so much K was absorbed 
from these solutions that (a;) m did not remain sufficiently constant during the experiment. 
(a;) m was calculated from the concentration and activity coefficients, e is the average of 
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in the various solutions, according to LUNDEGAaRDH (8). For this purpose 
we used the roots of plants from the same medium as those used for 
the absorption experiments. The war made it impossible for us to experi- 
ment with artificial radio-active potassium. Therefore it was impossible to 


g — m 


100 200 8 300 400 $00 600 700 ey) 


Fig. 1. 


determine the actual intake. But owing to our selecting for the experi- 
ment roots with a very low activity of the potassium ions in the periphery, 
the outgo was very slight. Therefore we assume that we may neglect it, 
and that we may take the intake to be equal to the absorption. 

The data and the results of the experiments are collected in Tables 1 
and 2. 

In Figure 1 the relation of equation IX has been set out. It is seen to 
agree with the relation quite reasonably. We may conclude that the theory 
can describe the absorption of a single ion. 


4. The application of the adsorption equation to the absorption of sub- 
stances by living matter is not new. As far back as 1910 Gros (9) applied 
the. absorption formula in accounting for the haemolysis of blood corpuscles 
through ammonia. In 1934 VAN DEN HoNneERT (10) obtained good results 
with the formula of FREUNDLICH in describing the absorption of phosphate 
ions by sugar cane. In amplification of these investigations we think we 
have now found a base which supports the application of the adsorption 
formula for the absorption problem of plants. 
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We have, however, used an adsorption formula entirely different from 
the one used by these investigators. Although our formula has a theoretical 
base, it is yet worth while to see, if our material can also be described with 
other adsorption formulae. For this purpose we chose LANGMUIR’s formula 
for gases (III), which is occasionally also applied to ions (11), the 
corrected formula of LANGMUIR (VII) and the empiric formula of FREUND- 
LICH (lg i= lg (ai)m + C). 

In principle it appears that all three can be used, so that we have asked 
ourselves which gives the best description. To answer this question we first 
adjusted the lines which can be drawn through our measuring points, 
according to the method of the smallest squares. Next we determined the 
deviations of the points measured from the line (as i) and calculated the 
differences in percents as standard error. 

As the value of (ai)m is many times more accurate than those of i and 
E, we only adjusted for these two data. This means that LANGMUIR’s 
formula for gases and that of FREUNDLICH were only adjusted for i, 
and LANGMUIR’s formula for ions for i and E. The results of these calcula- 
tions are found in Table 3. 


TABLE 3. 


=A 
The standard error{ o = iets ia procents. 
n— 


Series Freundlich 


Observation Langmuir Langmuir 
for gases 


numbers for ions 


NOwOUD 


The standard error of LANGMUIR’s formula for gases is evidently 
the greatest. Only case II is an exception. Here, however, the difference in 
E is not great (see Table 2), so that the correction to be made is small. 
FREUNDLICH's formula and the corrected formula of LANGMUIR give about 
the same result. If, in judging the standard error we also reckon with 
the fact that the corrected formula of LANGMUIR had to be adjusted not 
only for i, but also for &, it is evident that the former formula is best. From 
other experiments we know that the standard deviation for the deter- 
mination of i is 8.5 %, which is entirely in keeping with the figures found 
here. Hence we think that we have found in our formula the right base for 
the description of ion intake. It would also seem to us that the formula 
given will be very suitable for the adsorption of electrolytes to other 
adsorbentia. More especially we expect that it will be applicable on a larger 
sphere than LANGMUIR’s formula for gases, because the influence of the 
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potential difference between dispersion medium and disperged phase have 
been taken into account. 


Summary. 


Our working hypothesis, in which the diffusion law was only corrected 
for the electric potential difference between root and medium, had to 
be amplified by a correction for the adsorption of the ions to the root wall. 
The two corrections can be made simultaneously with the formula of 
LANGMUIR for ions, as deducted by HERMANS: The experimental results 
were in agreement with the theory within the limits of error of the 
determinations. 

We wish to express our thanks to Dr, J. J. HERMANS for his help in 
the development of our working hypothesis. 


Résumé. 

Notre hypothese de l’absorption des ions pour les racines des plantes 
corrigeant la loi de diffusion seulement pour la potentiéle électrique entre 
le racine et le milieu (formule I), doit étre completé avec une correction 
de l’adsorption des ions sur le surface des racines, Avec la formule de 
LANGMUIR pour les ions réalisé par HERMANS nous pouvons appliquer les 


deux corrections 4 méme temps (formule VII et VIII). Les resultates 
experimentelles sont en rapport avec la théorie entre les limites d’erreurs 
(fig. 1, table 3). 
Wageningen, Laboratory for Agricultural Chemistry 
of the Agricultural College. 
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Palaeontology. — Corals from the Upper Kalibeng beds (Upper Pliocene) 
of Java. By J. H. F. Umscrove. (Communicated by Prof. L. 
RUTTEN.) 


(Communicated at the meeting of December 29, 1945.) 


The name Upper Kalibeng beds was introduced by members of the 
Geological Survey of Java to indicate a series of strata of Upper Pliocene 
age in the Kendeng region between Trinil and Surabaya. They were 
mapped as such by J. DuyFjeEs on the sheets 109 (Lamongan), 110 
(Modjokerto), 115 (Surabaya) and 116 (Sidoardjo) of the Geological map 
of Java 1 : 100000 published in the year 1938. The same author published 
a sumary of the stratigraphy of the whole region in 19361). 

In the western part of the region the locality Sonde, which is well known 
for the Pliocene Molluscs described by K. MArrIN, belongs to these Upper 
Kalibeng beds. Corals from the neighbourhood of Sonde and Trinil were 
described by J. FELIx. At present Dr. C. O. VAN REGTEREN ALTENA is 
studying the Mollusca of the Kendeng region. In the publication of the 
first part of his results a complete list is given of localities from which the 
collection of fossils were made by the Geological Survey 2). 

I am publishing here the results of my examination of the corals collected 
from the Upper Kalibeng beds by members of the Geological Survey. 
Consequently the numbers of the localities mentioned in the list below 
correspond to those of VAN REGTEREN ALTENA’s table I. They are the 
following localities. (Sheets 93 and 99 have not yet been published! They 
are situated to the West of the sheets 109, 110 mentioned above.) 


Locality M. 6, sheet 99B, W. of Sempol, Limestone 


mt M. 250, ,, 93B, Soloriver near Gadjah, Limestone 

“ M251) 3, 3». »  » N.W. of Padasmalang, sandy marl 

¥ Wie lee: Fey Me Tes cena Mie : i ORES x 

PP 2 ee ban 8g ny oF 9f CB IdG RET ae lied i , , Limestone 

ae SL es Pe eae ar nt ae e Paarl. ¥2 

as NE 2575) oi; » > » » & Of the mouth of R. Alastoewa 
near Sonde, sandy marl 

¥ Bio 55: 1S: eM hich Ee idem 

»  M.260, , 4, = »  » near Bangoenredjo Kidoel 


The list gives a review of 35 corals from the Upper Kalibeng beds. The 
species of 29 could be identified. Twenty of these belong to still living 
species, i.e. 69 percent. This percentage figure agrees with the figure 68,8 
resulting from my revised list of the corals described by J. FELIX from the 
region of Trinil and Sonde. 


1) J, DUYFJES. Zur Geologie und Stratigraphie des Kendenggebietes zwischen Trinil 
und Soerabaja (Java). De Ingenieur in Nederl. Indié 3 (1936). 

2) C. O. VAN REGTEREN ALTENA. The marine Mollusca of the Kendeng beds 
(East Java). Gastropoda, part I. Leidsche Geologische Mededeelingen, Vol. X (1938). 
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In the accompanying list of corals nos. 5, 16, 33 and 35 belong to well 
known fossil species; no. 1, 2, 3 and no. 30 will be amply described in my 
papers on the corals from the Lower Pliocene reef of Prupuk and the 
Lower Pleistocene Putjangan beds (Both the manuscrips are ready for the 
press).-Nos. 7; 8, 9, 10,11, 12, 13, 14, 15,17, 16519523) aside22 yee 
identified without doubt by comparison with large suites of recent corals. 
Nos. 20 and 21, though probably still living species, could not be identified 
as the specimens are too fragmentary. It is not necessary in my opinion to 
give full descriptions of the twenty-four coral species enumerated above. 
Therefore we may restrict ourselves in devoting only paleontological 
descriptions or taxonomical comments on the remaining 11 species. 


eee Coral species from the Upper Kalibeng beds Recent piss a 
1 Acanthocyatus spinosa nov. spec. ‘ 251 
2 grayi E. H. = 251 2a eo 
3 Heterocyathus aequicostatus E. H. + 252, 257, 260 
4 Seriatopora micrommata Felix, var. 252, 258 
5 Pocillopora Jenkinsi Reuss 252, 260 
6 Stylophora solida nov. spec. 253 
7 Aatillophyllia: constricta (Briigg.) =e 252, 260 
8 Cyphastraea seraila (Forsk.) ar 260 
9 Leptastraee purpurea (Dana) + 253 
10 :; transversa (Klunz.) + 260 
1 Galaxea clavus (Dana) + 260 
12 Favia speciosa (Dana) + 253 
13 »  favus (Forsk.) 
14 Goniastraea retiformis (Lam.) + 253254 
15 , hombroni (Reuss) =) |, 253 
16 +3 simplicitexta Umbgrove 260 
17 Coeloria lamellina (Ehrenb.) — 253, 260 
18 "i daedalea (Forsk.) == 253, 260 
19 Platygyra phrygia (Ell, et Sol.) + 253 
20 Merulina spec. (cf. ampliata Ell. et Sol.) Wey) 
21 Lobophyllia spec. 260 
22 Symphyllia recta (Dana) + 253, 260 
23 Diploastraea heliopora (Lam) os 250,293 
24 Fungia cyclolites Lam. oo 257, 260 
25 1» sibogae v. d. Horst + 260 
26 » . somervillei Gard. a 260 
2H » costulata Ortmann ae 260 
28 » . inaequicostata Gerth 6 
29 »  echinata Pallas — 260 
30 » cf, repanda Dana etme 
Bl cf. concinna Verrill © 6 
32 Pachyseris curvata Martin 6 
33 Cyathoseris lophiophora Felix 252, 260 
34 Pavona microstoma Umbgrove 252 
35 Dictyaraea anomala Reuss. F 260 
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Seriatopora micrommata Felix var. javana nov. var. 


Pl. I, fig. 7 and 8. 


The branchlets resemble Seriatopora micrommata which is known from 
the Upper Miocene (Tertiary f and g) of Borneo and Java. They differ, 
however, by (1) a greater diameter of the branches, up to 5mm, (2) a 
greater number of longitudinally arranged calices, (3) the absence of a 
columellar papilla on the directive septa, (4) the calices being less prominent. 

Perhaps some Seriatopora fragments from Gunung Linggapadang, 
Prupuk may also belong to the present variety. 


Stylophora solida nova spec. 
Pl. Il, fig. 9 and 10. 


The single specimen is a fragment of a large massive growth; it is 125 mm 
high and has a diameter of 100mm. The calices are circular and have a 
diameter of 1 mm or slightly more. Corallites crowded, up to 1 mm distant, 
usually less. Six thin equal septa reach the columella, secondaries and 
tertiaries extending only as low ridges along the calicular walls. Coenen- 
chyma formed by a loose dissepimental structure. Upper surface of the 
colony not preserved. 


' Leptastrea transversa (Klunzinger). 


PES fg to: 
1913 Leptastrea transversa Klunzinger, Felix, Java, p. 348 
1918 4 f Py , Vaughan, p. 94, plate 31, fig. 1, 


la (with synonyms) 


A figure is here given of part of one of the specimens, showing the 
septal arrangement which is characteristic of this species. 
Distribution: Recent: Indo-Pacific; Pliocene of Duku Pengkol, Java. 


Symphyllia recta (Dana). 
1913 Symphyllia cf. sinuosa Quoy et Gaim., Felix, Trinil, Palaeontogr. 


60, p. 343. 
1913 x acuta Quelch, Felix, Trinil, Palaeontogr. 60, p. 343. 
1915 - Molengraaffi Felix, Palaeont. v. Timor II, p. 10. 
1928 r recta (Dana), Matthai, Catal. Madrep. corals British 
Mus. vol. 7, p. 227 Pls (with synonymy). 
1940 ‘dl recta (Dana), Umbgrove, Zoolog. Meded. 22, p. 288 


(with synonymy). 


The specimens are all fragments of large colonies undoubtedly belonging 
to the still living species S. recta. The Siboga specimen is from a pleistocene 
reef limestone 80 metres above sea level. I restudied a syntype of S. Molen- 
graaffi Felix in the Institute of Mining at Delft. From a comparison with 
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a suite of recent specimens of Symphyllia it is obvious that FELIx’s species 
belongs to S. recta (Dana). The differences mentioned by FELIX fall within 
the limits of variability of that species. From the description of Symphyllia 
acuta FELIX it may be deduced that FELIX studied not Symphyllia agaricia 
E. H. (= S. acuta Quelch according to Matthai, 1928, p. 233) but S. recta 
Dana as defined by MATTHAI (1928, p. 277). 


Fungia sibogae Van der Horst. 
Pl. I, fig. 1 and fig. 2. 


The specimen is damaged; especially the edge of the disc is preserved in 
only one spot. However, the undamaged part allows an identification. The 
description of the recent Siboga specimen given by VAN DER HORST 
(Siboga Exped. Monogr. XVI 6, 1921) is in every respect applicable to 
the fossil specimen; only in the Javanese fossil the central part of the lower 
surface is slightly convex, whereas the recent specimen has a slightly 
holowed aboral surface. 

Moreover the recent specimen shows an individual prominence of the 
septa round the axial fossa which is absent in the fossil one. 


Fungia somervillei Gardiner. 
Pl. I, fig. 3 and 4. 


1921. Fungia somervillei VAN DER Horst, Siboga Exp. Monogr. XVI 6, 
(with synonyms). 


Although only one fragment of a disc is present, the specimen shows so 
many highly characteristic features that they must be described at some 
length. The disc had an elliptical shape. From the fragment it may be 
inferred that it must have had a length of about 140 mm, a breath of 80 mm; 
thin along the edge of the disc (10 mm) but much thickened in the centre 
(40mm). The lower surface is very irregularly undulating. Wall 
imperforate. Costae low, subequal; those of the first cycle slightly more 
prominent. All costae covered with small spinose and sub-equal granules. 
Costae near the centre of the disc interrupted; in the centre loosing them- 
selves in an irregular pattern, Septa rounded along the edge of the disc; 
the first cycles thickened towards the central fossa and more prominent 
than those of the thinner septa; densely and finely granulate. Some of the 
septa showing an arrangement of grains in lines perpendicular to the edges 
of the septa. Edges of the septa locally with small teeth. The axial fossa is 
40 mm long. 

The species has the characteristics of F. somervillei as described by 
GARDINER but it is more elongate. In this respect the specimen described 
by VAN DER Horst is an intermediate form, but that specimen is only 
20 mm high. Without studying a large suite of this species it is impossible 
to form an idea of its variability. There is, however, no reason to describe 
the present specimen under a new name, as it agrees in all principal 
characteristics with F. somervillei. 
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Fungia costulata Ortmann. 


Pl. I, fig. 5 and 6. 


1902. Fungia costulata Déderlein, Abh. Senckenb. Naturforsch. Gesellsch. 
vol. 27 (with synonymy). 


The lower surface of the specimen is undulating, showing a concavity in 
the centre. Costae subequal, many times interrupted, running nearly straight 
to the centre of the disc, where they form an irregularly winding pattern. 
Costae covered by small and some larger irregular spinose granulations. 
Septa of subequal height, in their peripheral part strongly granulate even 
on their upper and outer gently rounded and free edges. Only the youngest 
cycle of septa very thin and low. Septa not dentated. Diameter of the 
disc 60 mm, height 18 mm. 

Distribution: Recent: Ceylon, New Britain, Blanche Bay. 


Fungia inaequicostata Gerth. 


1925. Fungia inaequicostata Gerth, Java, Leidsche Geolog. Meded. I, 
p. 41, plate 6, fig. 1, la. 


The sepeal edges are not well preserved. It may, however, be seen that 
they are crowded with fine granules, which bear distinct teeth (8 per 
centimeter). In the specimens studied the theca is imperforate. The species 
seems to me allied to Fungia decipiens (MARTIN, 1880, Pl. 25, fig. 3) which 
appears to have less prominent costae. 

It is, however, very difficult to compare the two as in MARTIN’s specimens 
the marginal parts are not preserved while in GERTH’s and in my specimens 
of F. inaequicostata the central area is either covered or worn off. 


Fungia echinata Pallas. 


A worn off specimen of an elongated, rather flat Fungia, length 115 mm, 
breadth 65 mm, shows on its lower surface spines which have suffered much 
by diagenetic processes. The habitus of the corallum, the strong granulation 
of the septa and the shape and arrangement of the spines show this species 
to belong to Fungia echinata. The specimen was broken in several parts 
along the longer axis. After reconstruction the length of the axial fossa 
could be estimated at about 30 mm. The upper surface is worn off. It seems 
to me, however, that there is no reason to doubt the specific identity with 
the recent F, echinata. 

I mentioned this specimen and Thiel’s F. brachystoma when. discussing 
the recent corals from Togian. 


Fungia cf. repanda Dana. 


A fragment of a large disc (diameter 130 mm) shows the characteristics 
of a Fungia belonging to the repanda group. I am inclined to consider the 
specimen Fungia repanda Dana on account of the perforations, which 
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(apart from openings due to erosion) occur in the peripheral area of the 
underside. : 

However, the greatest part of the lower side is covered by strongly 
attached rock material. It may therefore be doubted whether we are dealing 
with F, repanda or with the closely allied F. concinna. That is the reason 
for placing a ‘‘cf” before the species name. However, it is a question of no 
great importance, because transitional forms between F. repanda and 
F. concinna have often been found among recent corals. 


Fungia cf. concinna Verrill. 


Aboral surface imperforate. Diameter of disc. 73 mm. The strongly 
developed costae of the first cycles bear very distinct rough granules; the 
thinner costae of the higher cycles show smaller but distinct blunt 
spinuliform granules, which occur also in the central part of the disc. The 
form must be considered closely allied to Fungia concinna Verrill, a well 
known recent species, which has been found in Neogene strata as well. 

The septal edges are badly damaged, but small parts are preserved and 
show dentations as in F. concinna. 


Pavona microstoma Umbgrove. 


Pl. II, fig. 11 and 12. 


1925. Pavona microstoma Umbgrove, Gerth, Nias, Leidsche Geol. Meded. 
bud eee 

1926. Pavona microstoma Umbgrove, Sumatra, Wetensch. Meded. Nr. 4, 

p. 43, Plo Ib cig. &. 


A description will be given here, summarising moreover the characteristics 
as described in the papers mentioned above. Corallum irregularly noduliform 
or branched. Diameter of branches irregular ellips-shaped or round. Surface 


EXPLANATION OF PLATES. 


Fig, 1—2. Fungia sibogae Van der Horst, natural size; loc. 93B, 260. 

Fig. 3—4. Fungia sommervillei Gardiner, natural size; loc. 93B 498, 
no. 260 B. 

Pig. 5—6. Fungia costulata Orthm, natural size: loc. 93B 498, 260B. 

Fig. 7—8. Seriatopora micrommata Felix, var. javana nov. var. X 3; 
fig. 7, loc. 99B no. 9 (Putjangan beds), fig. 8. loc. 93B no, 258 
(Kalibeng beds). 

PLU: 

Fig. 9—10. Stylophora solida nov. spec., X 3, loc. 93B no. 253; fig. 10 
upper view, fig. 9 lateral view. 

Fig. 11—12. Pavona microstoma Umbgrove, loc. 93B, 373, no. 252; fig. 11, 
X 5; fig. 12, natural size. 

Fig. 13. Leptastraea transversa (Klunz.), Joc. 93B, no. 260, X 3. 


J. H. F. UmpcGrove: Corals from the Upper Kalibeng beds (Upper 
Pliocene) of Java. 
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crowded with small calices. Calicular openings $ mm in diameter. Distance 
between calicular centra varying from 1—2.5 mm. 

Septa mostly in two complete cycles, sometimes the second cycle is 
incomplete. Septa locally developed alternately more strongly and more 
weakly, elswhere subequal in size. Collines flattened, (no crests) crossed 
by the septcostae, which are continuous between the calices and often 
slightly gyrose. Primary septa joining the columella deep in the calice, 
columella not distinct from the surface. This species can be easily 
distinguished from other fossil and recent species of the genus Pavona, 
by its very small calices. 

Distribution: Plio-Pleistocene, Nias and Atcheen (holotype, North 
Sumatra). 


Anatomy. — The nucleus of BELLONCI and adjacent cell groups in 
Selachians. II]. The nucleus of BELLoNcI. The nucleus commissurae 
hippocampi (eminentia thalami). By J. L, ADDENS. (Communicated 
by Prof. C. U. ARIENS KAPPERS.) 


(Communicated at the meeting of November 24, 1945.) 


The nucleus of Bellonci. 


In the unmyelinated part of the stria medullaris, as it reaches the front 
end of the ganglion habenulae, cells begin to appear, which caudally 
become more and more numerous, and continue into the commissura 
habenularum. These cells form two nuclei, separated by a small gap. The 
foremost of them, oblong in shape, extends caudally in the stria until it 
turns medially to form the commissure (figs. 1, 2, 7, 8). The hindmost 
nucleus is an unpaired median cell mass, lying in the commissure and 
filling it up almost entirely (figs. 3, 5—8). 

The foremost nucleus, in accordance with BERGQUIST (1932), is inter- 
preted by me as nucleus commissurae hippocampi or eminentia thalami 
(BERGquisT uses the latter term), the hindmost unpaired nucleus as the 
fused nuclei of BELLONCI. 

The latter, which we now shall deal with in detail, as just said, almost 
entirely fills up the commissura habenularum, and consists of small cells 
of the same size and type as the habenula cells. They are, however, far 
more loosely arranged (figs. 3, 5, 6). These cells have not been described 
before. They may be seen, however, in the figure BurckHarpT (1907, 
fig. 15) gives of a sagittal section through the origin of the epiphysis of 
Spinax niger, and in that of Kappers (1920, fig. 41) of a similar section 
through the epithalamus of Scyllium canicula. 

In Cyclostomes, where likewise it lies entirely embedded in the stria 
medullaris, the nucleus of BELLONCI is paired. In Petromyzonts, on the 
right side, it is situated as a separate cell group immediately beneath the 
ganglion habenulae, while, on the left side, it has fused with this ganglion 
to the structure generally described as left habenula (ApDENs, 1943a). 
Thus the nucleus of BELLONCI, paired in Cyclostomes, according to our 
interpretation, in Selachians, has shifted dorsomedially in the stria, right 
and left nucleus having fused to a single cell mass in the median plane. 

It is natural to suppose that the nucleus of BELLONcI, whose cells all 
of them are embedded in the compact unmyelinated stria medullaris, 
mainly is supplied by this bundle. This is opposed to JOHNSTON’s regarding 
the unmyelinated stria as exclusively a hippocampus commissure, since 
the nucleus of BELLONcI always chiefly is supplied by the stria medullaris, 
the tractus olfacto-habenularis lateralis especially. But above we have 
already set forth as our opinion that also the commissura telencephali 
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superior of KAPPERS, and moreover, unmyelinated fibres of the various 
telencephalic habenular tracts may course in the unmyelinated stria. 

In addition to the unmyelinated stria, the unpaired cell mass in the 
commissura habenularum, interpreted by us as the fused nuclei of BELLONCI, 
is supplied by myelinated fibres. When analysing the stria medullaris, 
we reported myelinated fibres crossing in the posterior part of the un- 
myelinated commissura habenularum, lying partly as small bundles at its 
periphery, and partly as widely scattered single fibres inside this bundle 
(figs. 3—8). The peripheral bundles appeared to be the decussating part 
of the tract interpreted by JOHNSTON as tractus septo-habenularis 1), while 
the internal fibres, which came forth medial to, and. from the inner layers 
of the optic tract, were held by us to belong to the tractus olfacto-habenu- 
laris medialis. Since they pass between the most posterior cells of the 
nucleus of BELLONCI, it is quite possible that they synapse with these. 
In addition to the decussating fibres there are, however, also direct 
myelinated fibres of the tractus olfacto-habenularis medialis to the nucleus 
of BELLONCI, and very probably also an unmyelinated part of this tract 
joins the stria medullaris in this region. The myelinated fibres would 
then run scattered among these. 

Something must be said here yet about the part of the tractus olfacto- 
habenularis medialis, already mentioned in the first part of the paper, 
which runs forward and joins the tractus strio- and amygdalo-habenularis. 
There is a separate medial bundle of it, which traverses the crescent- 
shaped bundle depicted, but not labelled in figs. 1—3 which JoHNSTON 
calls optic radiation in his figures 9 and 101) (Scyllium canicula), and 
also in his figure 23 (Scyllium stellare). This bundle of the tractus 
shaped bundle depicted, but not labelled in figs. 1—3, which JOHNSTON 
designates in his figure 44 (Acanthias vulgaris) as tractus septo-habenularis, 

At first we have interpreted the crossed and direct myelinated fibres 
of the tractus olfacto-habenularis medialis going to the nucleus of BELLONCI 
in a different way. We regarded them as the homologues of collaterals 
of the so-called fibrae tectales nervi optici of KRAUSE (1898) in Teleosts. 
JANSEN (1929), confirmed by CHARLTON (1933) and MEapER (1934), 
demonstrated these fibrae tectales to be a component of the supraoptic- 
commissure. : 


1) The interpretation of this tract is by no means sure. The fibre bundle JOHNSTON 
depicts in his figure 44 (Acanthias vulgaris) as arising from the medial forebrain bundle, 
probably is a part-of the tractus olfacto-habenularis medialis mentioned below. The 
fine fibre bundles described by BACKSTROM as given off by the medial forebrain bundle 
to the stria medullaris (see Part I), more probably belong to the combined tractus strio- 
and amygdalo-habenularis and olfacto-habeaularis medialis, In Acanthias vulgaris the 
decussation of the so-called tractus septo-habenularis is much stronger developed than in 
Scyllium canicula, in that here also fibres of the tractus olfacto-habenularis medialis 
partake in the formation of the decussation, 

2) In this figure the designations tractus septo-habenularis and optic radiation are 
interchanged. 
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Now JEENER (1930) described in Idus idus horizontal myelinated fibres, 
already observed by B. HALLER (1898) and SHELDON (1912), connecting 
the cell group he interprets as eminentia thalami with the fibrae tectales. 
He suggests these horizontal fibres to be collaterals of the latter. As I at 
first supposed that the eminentia thalami of JEENER might be in reality the 
nucleus of BELLonci, I was led to homologize the fibres coming forth 
medial to, and from the inner layers of the optic tract, in Scyllium, with the 
collaterals of JEENER. MEADER (1934) calls the fibrae tectales commissura 
intertectalis ventralis. Hence the abbreviation c.i.v. in our figures. 

JANSEN (1929) has come to about the same view we originally held, 
since he homologizes the rostral part of the dorsal thalamus of Teleosts 
with the nucleus of BELLoNcI of Amphibians. In this he bases himself 
principally on the statement of Ho~mGREN (1920) that collaterals of the 
medial optic tract end in the eminentia thalami1) of Teleosts, Probably 
these collaterals are the same as the horizontal fibres of B. Hatter, 
SHELDON and JEENER. On their possible significance we shall return in 
the section on the nucleus commissurae hippocampi. 


The myelinated fibres of the tractus olfacto-habenularis medialis to the nucleus of BELLONCI 
have not been specifically described. They are depicted, however, in the figure KAPPERS 
(1920, fig. 40) gives of a sagittal section through the epithalamus of Scyllium canicula. The 
tractus olfacto-habenularis medialis as a whole, probably combined with the tractus strio- 
and amygdalo-thalamicus, has been several times observed by the older authors. It is the 
accessory optic root from the ganglia habenulae described by VIAULT (1876) in Trygon, 
as is apparent from his fig. 21. Further it is the tractus descendens ganglii habenulae of 
EDINGER (1892) and KAPPERS' (1906), of which HALLER (1898) maintains that part of 
its fibres go into the optic nerve. It must be mentioned here that DUMERIL (1865) generally 
is misquoted as having stated that, in Selachians, the optic root, partly or even entirely, 
arose from the ganglia habenulae. He regarded these ganglia themselves as uncrossed optic 
roots (his “racine postérieure ou supérieure et principale du nerf optique’), arising, like 
the crossed roots (racine antérieure), from the optic tectum and joining the latter. 

It may be pointed out that the optic fibres from the habenula of VIAULT and HALLER 
have nothing to do with the small bundle of the tractus olfacto-habenularis lateralis, closely 
resembling an optic bundle, we described in the first part of the paper. This lies farther 
forward. 


The supply of the nucleus of BELLoNcI, in Selachians, exclusively by 
habenulo-petal tracts, is at variance with the current view that the nucleus 
in question receives an additional supply by optic fibres. I will not give 
now a survey of the supply of the nucleus throughout Vertebrates, but 
will only point out that also in Mammals (1938) and Cyclostomes (1943, 
'43a) I could find no optic fibres going to the nucleus. In Reptiles (1938) 
and Birds (1940)-I must leave this point undecided, 

Closing the discussion of the nucleus of BELLONcI and its connections, 
it must be remarked that no efferent tracts could be found in the pre- 
parations at our disposal, 


1) It must be remarked that HOLMGREN uses the term eminentia thalami in a much 
wider sense than usual (cf. KUHLENBECK, 1929; JEENER, 1930). 
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Nucleus commissurae hippocampi (eminentia thalami). 


The foremost of the two nuclei embedded in the stria medullaris, the 
nucleus commissurae hippocampi, begins, as aforesaid, approximately at 
the same level as the ganglion habenulae and extends caudally in the 
stria until it turns medially to form the commissure (figs. 1, 2, 7, 8). In 
cross-sections through its hindmost part, close to its medial side, the 
nucleus of BELLONCc! begins to appear, always, however, separated from it 
by a small gap. 

Like those of the nucleus of BELLoNcr the cells of the nucleus com- 
missurae hippocampi are of the same size and type as the habenula cells. 
They lie very scattered, however, still more so than those of the nucleus 
of Bettoncr. Thus the nucleus is less well circumscribed than the latter, 
it especially being difficult to say where it begins exactly, Moreover, part 
of its cells lie outside the stria, ventral to it, and these are not easily 
differentiated from their surroundings. In the reconstructions it is not 
tried to indicate this, the nucleus, for the sake of clearness, being re- 
presented as lying entirely inside the stria. 

As with the nucleus of BELLONCI we may safely assume that the nucleus 
commissurae hippocampi, embedded for a large part in the unmyelinated 
stria, chiefly is supplied by this bundle. This, however, is no proof of 
JOHNSTON’s contention that the unmyelinated stria is exclusively a hippo- 
campus commissure. According to Herrick (1933), in Urodeles, the 
nucleus commissurae hippocampi, besides from the commissura hippocampi, 
which here has freed itself from the commissura habenularum, also receives 
impulses from the stria medullaris s. str. 

There is still another connection of the nucleus commissurae hippo- 
campi. When describing the tractus olfacto-habenularis lateralis in the 
first part of the paper, we mentioned in a note that, in addition to the 
principal tract, there is present a separate posterior part of this tract. 
The principal tract ascends to the stria medullaris just in front of the 
ganglia habenulae. The posterior part lies at the level of the foremost end 
of these ganglia. Its fibres come forth from the outer layers of the optic 
tract and, bending horizontally, pass beneath the unmyelinated stria. 
Here they cross the ascending fibres of the tractus olfacto-habenularis 
medialis. How they end could not be made out with certainty, but possibly 
they do so medial to the stria medullaris, in the region of the nucleus 
commissurae hippocampi. These fibres may be seen, but are not labelled 
in fig. 1, They closely resemble the horizontal fibres connecting, in Teleosts, 
the eminentia thalami with the so-called fibrae tectales nervi optici, and 
may be their homologues, As the horizontal fibres of Teleosts, according 
to B. HALLER and SHELDON, are efferent, it is more probable that the fibres 
considered by us as a posterior part of the tractus olfacto-habenularis 
lateralis are not such, but an efferent tract of the nucleus commissurae 
hippocampi (eminentia thalami). 
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In Petromyzonts the nucleus commissurae hippocampi was described 
by us (1943, '43a) as a cell plate, lying at the boundary between tel- and 
diencephalon and separated from the ventricle by the primordium hippo-~ 
campi and nucleus of BELLONCI (see especially our figure of a horizontal 
section; 1943a, fig. 1). According to Herrick and OBENCHAIN (1913), and 
Bercquist (1932), who also described this nucleus in Petromyzonts, it is, 
however, adjacent to the ventricle, being intercalated between the pri- 
mordium hippocampi in front and the nucleus of BELLONcI behind. In 
Myxinoids, where the nucleus also is present as a well-defined structure, 
it lies medial to the ventral thalamus, between this and the median plane 
(1943a: fig. 4). 

Comparing the reconstructions of Scyllium (figs. 7, 8) with those of 
Cyclostomes and Necturus (1943: figs. 6—8; ‘43a: fig. 2), it appears that 
the nucleus commissurae hippocampi, as also the nucleus of BELLONCI, 
occupy the same level in Petromyzonts, Selachians and Urodeles, the 
former lying always close in front of the latter. In Myxinoids, on the 
contrary, the nucleus commissurae hippocampi lies at the level of the 
nucleus of BELLONcI of the other groups and the latter on that of the 
nucleus commissurae hippocampi of these, the relationship of the two nuclei 
being reversed. No doubt this is a secondary condition, but how it has been 
brought about, I am not prepared to say. 


Although it lies outside the scope of this paper, something may be said 
here about the two sulci designated in the figures as sulcus telo-dien- 
cephalicus internus and sulcus praeopticus (figs, 5—8). 

Our sulcus telo-diencephalicus internus is the sulcus intra-~encephalicus 
anterior of VON KupFFER (1906). This is a vertical groove extending from 
the preoptic recess dorsally into the region of the velum transversum. It 
is present in all Vertebrate classes, in the embryonic state at least (VON 
YuPFFER, 1906; V. HALier, 1922, '29, ’34; KuHLENBECK, 1929; BERG-~- 
quisT, 1932; Herrick, 1933). 

I have been led to name this groove sulcus telo-diencephalicus internus 
in the following way. In my figures of adult Petromyzon fluviatilis 
(1943, '43a) I designated as sulcus telo-diencephalicus internus the groove 
between the primordium hippocampi and nucleus of BELLONCI, considering 
it as the internal boundary between telencephalon and diencephalon. It 
is the sulcus limitans hippocampi of JoHNSTON (1912), the first thalamic 
sulcus of Herrick and OBENCHAIN (1913) and the sulcus thalami anterior 
of Bercquist (1932), There can be no doubt that this groove between 
the primordium hippocampi and nucleus of BELLONCI in the adult Petro- 
myzon is the dorsal part of the groove which in the Ammocoetes is called 
by von Kuprrer (1906) and V. HaLrer (1922) sulcus intra-encephalicus 
anterior. 

The sulcus praeopticus is a vertical sulcus of the telencephalon 
medium, lying at its beginning, considerably in front of the sulcus telo- 
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diencephalicus internus (figs. 5—8). It has not been reported before in 
Selachians and is homologized by us with the similar sulcus described 
under this name by KUHLENBECK (1929) in Amphibians. 


Summary. 


A description and discussion are given of the ganglia habenulae, the 
nucleus of BELLONCcI and the nucleus commissurae hippocampi (eminentia 
thalami) of Scyllium canicula, which, in essence, apply to Selachians 
generally, of all of whose three groups, Sharks, Rays and Holocephali, 
representatives were examined. 

Contrary to the prevailing notion, the right ganglion habenulae is larger 
than the left, though only to a small extent, and gives rise to a stronger 
and more myelinated fasciculus retroflexus. 

Right as well as left ganglion habenulae are divided into a medial and 
a lateral nucleus, of which the latter is subdivided into a pars dorsalis 
and a pars ventralis. The pars dorsalis of the right lateral nucleus consists 
of large, loosely arranged cells, embedded in a dense myelinated network. 
The pars dorsalis of the left lateral nucleus is only differentiated from 
the rest of the ganglion by the possession of scarce myelinated fibres. 

The myelinated part of both right and left fasciculus retroflexus ex-~ 
clusively arises from the pars dorsalis of the lateral habenular nucleus. 

An analysis is given of the stria medullaris and commissura habenularum. 
The existence of a tractus tecto-habenularis is confirmed and, as a new 
finding for Vertebrates generally, a tractus tegmento-habenularis is 
reported, 

The nucleus of BELLONcI was demonstrated. Right and left nucleus 
have fused to a median cell mass, lying in the commissura habenularum. 
No optic connections of the nucleus could be found. 

The nucleus commissurae hippocampi (eminentia thalami) lies on either 
side, in front of the nucleus of BELLONCI, partly embedded in the stria 
medullaris and partly ventral to it. A fibre tract, probably efferent, con- 
nected with the nucleus commissurae hippocampi is described, which 
comes forth from the outer layers of the optic tract and is homologized 
with the horizontal fibres connecting, in Teleosts, the nucleus commissurae 
hippocampi (eminentia thalami) with the so-called fibrae tectales nervi 
optici of KrAUSE (commissura intertectalis ventralis MEADER). 

The sulcus intra-~encephalicus anterior of VON KupFFER is named sulcus 
telo-diencephalicus internus, as it is homologized with the groove so 
designated by us in Petromyzonts. 

A sulcus praeopticus is reported for Selachians. 
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Zoology. The osmotic properties of the egg of Limnaea stagnalis L. 
By Cur. P. RAVEN and H. Ktomp. (From the Zoological 
Laboratory, University of Utrecht.) (Communicated by Prof. G. 
KREDIET. ) 


(Communicated at the meeting of November 24, 1945.) 


It has been observed by one of us (RAVEN 1945) that the eggs of 
Limnaea stagnalis in the 4—5 hours between oviposition and Ist cleavage 
show a considerable increase in volume. Increases of 36—56 % (average: 
+ 45%) have been observed in different egg-masses. When volume is 
plotted against time, one gets no quite regular curve (l.c., fig. 6), A rapid 
rise during the formation of the Ist polar body is followed by a nearly 
horizontal part, in some cases even a slight drop, shortly afterwards; 
similar irregularities are found during the formation of the 2nd polar 
body and (to a less extent) about one hour before Ist cleavage. Though a 
similar course has been found in many experiments, these fluctuations 
have, perhaps, no real significance, and must be attributed to systematic 
errors in the volume determinations. The eggs show, shortly after the 
extrusion of either of the polar bodies, some amoeboid activity, by which 
the outline of the egg becomes rather irregular; therefore, the calculation 
of volume from the measured longest and shortest diameter (using the 
equation V = 1/, 2 ab2) will yield, at this moment, too high results. 

The swelling of the egg is due, apparently, to the absorption of sub- 
stances, especially water, from the surrounding egg capsule fluid. It 
seemed important, therefore, to study the osmotic properties of the 
Limnaea egg. 


1. The swelling in distilled water. 


When the eggs are prepared out of their capsules shortly after ovi- 
position and transferred to distilled water, a considerable swelling, much 
exceeding the normal increase in volume in the egg capsule fluid, takes 
place. Fig. 1 gives an example. 

Experiment PD. Oviposition at.9 h. 25. 10 Minutes later 6 control eggs (Co), in the 
egg capsule, were measured; average volume = 653.000, u*. Then, 12 eggs were prepared 
out of the capsules and transferred to distilled water at 9.52 (A). The first measurement 
of this sample took place at 10.01, then at regular intervals of 6}—7} minutes measurements 
were taken till 10.22; at 10.26 the controls were measured again. The further course of 
the experiment may be taken from the figure. The controls reached after 145 minutes a 
volume of 1.009.000 ~* (swelling: 55%); the eggs in distilled water after 190 minutes a 
volume of 1.336.000 uv? (swelling: 105%); in the controls at this moment cleavage 
had begun. 

The further development of the eggs in distilled water is as follows: 
The first cleavage takes place nearly always, be it often somewhat 
delayed as compared with the controls. It shows a number of peculiarities 
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which will be treated below. In some cases development comes to a 
standstill at the 2-cell stage; mostly, however, the 2d cleavage takes 
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Fig 1. 
Experiment PD, Swelling of Limnaea eggs in distilled water. Abscissae: time, Ordinates: 


average volume of eggs in 10° *, A: eggs in distilled water. Co: controls in egg capsule. 
Ist p.b., 2nd p.b., 1st cl.: time of Ist polar body, 2nd polar body, Ist cleavage. 


place also, .Development does not proceed beyond the 4-cell stage, even 
when the eggs are transferred to distilled water after the 1st or even the 
' 2d cleavage. Apparently, the susceptibility of the egg to hypotonicity 
is great at the 4-cell stage. 

The blastomeres swell further until cytolysis begins. The moment of 
cytolysis is very unequal even in the blastomeres of one egg; it varied 
from 8—28 hours after oviposition. When cytolysis occurs late, vacuoles 
become visible in the egg, which can protrude far from the egg surface. 
Immediately before cytolysis sets in, they sink somewhat back into the 
egg, probably because one of the vacuoles has broken through to the 
exterior and expelled its fluid contents; soon afterwards, the yolk 
granules begin to pour out. This vacuolization process reminds that 
described by LeircH (1936) in eggs of Echinometra lucunter swelling in 
dilute seawater, which occurred also shortly before the eggs underwent 
cytolysis. 

In eggs, which have been transferred to distilled water with a slight 
addition of CaCly, and, therefore, show a normal cleavage with formation 
of a cleavage cavity (cf. below), these vacuoles are not formed. This 
may be due to the active fluid output by the periodic contraction of the 
egg, with expulsion of the fluid filling the cleavage cavity (cf. CoMANDON 
and DE FONBRUNE 1935). 
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2. The osmotic pressure in the egg immediately after oviposition. 


In order to determine the osmotic pressure in the recently laid eggs 
they were transferred to solutions of sucrose and urea of different con- 
centrations. The equilibrium volumes, reached after some hours, were 
found to depend only upon the molar concentration of the solution; in 
isotonic solutions of urea and sucrose, equilibrium volumes were equal. 
This shows that the swelling of the egg is an osmotic process, 

In solutions above 0.10 M the eggs shrink; in solutions below 0.09 M 
they swell; at the concentrations of 0.09 M and 0.10 M the volume remains 
nearly constant, It may be concluded that the recently laid eggs are 
isotonic with 0.09—0.10 M solutions of non-electrolytes. (The average 
internal osmotic pressure of the egg, as calculated from our experiments, 
equals that of a 0.093 M solution; cf. fig. 3). 

In solutions of 0.03 M, the rapidity of swelling equals that of the 
controls in the egg capsule fluid. This observation does not prove, of 
course, that this fluid is isotonic with a 0.03 M solution. We have to 
zeckon, in fact, with an influence of the composition of the external medium 
upon the permeability of the eggs; therefore, the rapidity of swelling can 
be no measure of the osmotic pressure of the medium. The equilibrium 
volume was not reached in these solutions, as the swelling continues till 
the entrance of Ist cleavage, after which an accurate volume determination 
is no longer possible. 


3. The non-solvent volume. 


Fig. 2 gives an example of an experiment, in which eggs of one egg- 
mass have been transferred to various concentrations of urea, 
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Experiment OR. Swelling of Limnaea eggs in’0.08 M (A), 0.10 M (B) and 0.15 M (C) 
urea solutions. Explanation cf, fig. 1. 
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Experiment OR. Oviposition at 14h. 10. After 5 minutes volume determination of 6 
controls in the egg capsule (Co): 833.000 43. The controls show normal swelling: 56% in 
3 hours. A number of eggs was prepared out of the capsules, and transferred at 14.35 to 
0.08 M. (A: 4 eggs), 0.10 M. (B: 6 eggs) and 0.15 M. (C: 11 eggs) solutions of urea. 
The equilibrium volumes after about 3 hours were: A = 967.000 u?, B= 862.000 v3, 


C = 728.000 wu. 


These figures show that the product of volume and external osmotic 
pressure is by no means constant; the swelling and shrinking are less 
than inversely proportional to the osmotic pressure. This must be attri- 
buted to the presence in the egg of substances which are osmotically inert. 
By means of the equation P(V—b) = Py)(V»—b), in whicht P is the 
osmotic pressure, V the total egg volume and b the volume occupied by 
these osmotically inactive substances (‘‘non-solvent volume’), the latter 
can be calculated (cf. Brooks & Brooks 1941). In the above-mentioned 
experiment the non-solvent volume, as determined in this way, is 
453.000 “3, constituting 54 % of the original egg volume. ' 

In other experiments, similar values have been obtained. In fig. 3, the 
observed equilibrium volumes (reduced to percentage of original volume) 
have been plotted against the reciprocal of the relative pressures; a straight 
line is fitted to the points and produced to the ordinate at 1/M —0O, 
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Fig. 3. 

Graph representing relation between egg volume and osmotic pressure. Abscissae: reciprocal 
of molar concentration. Ordinates: equilibrium volumes in percentage of original volume. 
Crosses: urea experiments. Dots: sucrose experiments, 
—..—..—..— swelling, ———— — shrinking. ———————— both combined. 
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where the average non-solvent volume can be read off (Mc.CurcHEon. 
LuckE and Har Line 1931). It is found to equal 57 % of the original egg 
volume. 

This non-solvent volume is exceptionally high. In marine eggs, the 
osmotically determined non-solvent volumes range between 0 % an 48 % 
(Brooxs & Brooks, p. 68); the higher of these values are already unduly 
high, as compared with the analytically determined dry weights, which 
range from 13 % to 30,% with a distinct crowding between 18 % and 
23 %. Although the latter determinations concern only echinoderms and 
worms, it seems very improbable that the volume of dry matter in the 
egg of Limnaea will much exceed these values. Therefore, the unduly small 
osmotic volume changes of this egg must be due to other factors, In this 
connection, it is of interest to note that in our experiments the calculated 
non-solvent volume for swelling alone (68 %) exceeds considerably that 
for shrinking (41 %; cf. fig. 3); this means that the eggs swell less than 
would be expected on the basis of shrinking experiments, This may be due 
to a resistance of the egg surface or vitelline membrane to stretching 
when swelling occurs. Possibly, the vitelline membrane ‘offers, in a less 
degree, also some resistance to shrinking; that it is rather inelastic in 
these solutions is shown by the fact that it is thrown into folds in 
shrunken eggs. 


4. The permeability constant. 


The permeability constant for swelling in distilled water has been 
calculated using the formula 


dV 1 
Scary Syin: he.\, 


in which the quantities have been expressed in the standard units of 
GM.cm—2.sec—1. (GM.1—!)—1 (cf. BRooxs & Brooks 1941). 

In the case of fig. 1, for the period between the first two measurements 
(9—15'4 min. after the eggs have been transferred to distilled water) the 
increase of volume dV = 31.200 #3 = 31.2 XK 10—9 cm3 = 1.73 X 10—9 
GM; the time dt = 614 minutes = 390 sec. The surface Spo, as calculated 
from the diameter of the eggs, is 428 X 10—6 cm?, while the activity 
gradient (a; — ae) equals the internal osmotic pressure of the egg = 
0.093 GM/1. This yields for the permeability constant P the value 
1.13 X 10—7, In another experiment, a permeability constant for swelling 
in distilled water P = 2.14 X 10—7 was determined. This suffices to 
show that the permeability constant in Limnaea is of the same order of _ 
magnitude as in various marine eggs (mostly echinoderms) ,where most 
of the values lie close to 2 X 10—7 (Brooxs & Brooxs 1941, p. 86). In 
view of the difference in systematical position and natural external medium 
the agreement is rather remarkable. 
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5. Development of the eggs in urea and sucrose. 


In a 0.15 M solution of urea, the eggs extrude one or both polar bodies, 
but do not cleave. In a 0.10 M solution, however, the eggs undergo the 
Ist and, as a rule, also the 2d cleavage; the 3d cleavage can be indicated 
in some of the blastomeres, but is not finished. Therefore, in most eggs 
development stops at the 4-cell stage; soon, cytolysis sets in. In all weaker 
solutions of urea employed (0.03—0.10 M), the same behavior of the 
eggs has been observed: cytolysis at the 4-cell stage. Apparently, the 
susceptibility of the egg to the action of urea is great at the 4-cell stage. 

It has been shown above that at this stage there is also an increased 
susceptibility to hypotonicity. The influence of weak urea solutions cannot 
be attributed, however, to their hypotonicity. In the first place, the eggs 
behave in the same way in a 0.10 M urea solution, which is nearly isotonic 
to the egg or even slightly hypertonic. Secondly, the natural external 
medium of the eggs, the egg capsule fluid, is, evidently, also strongly 
hypotonic. Finally, the behavior of the eggs in sucrose solutions is quite 
different. 

In a 0.15 M sucrose solution, both polar bodies are formed, but, as a 
rule, the eggs do not cleave; only in some cases a Ist cleavage groove 
appears. With falling concentration development improves; in 0.07— 
0.08 M solutions, on an average, a stage of about 30 blastomeres is reached; 
then, with still weaker solutions development gets worse again (end stage 
in 0.03 M solutions: + 8 blastomeres). Hence, the injurious action of 
sucrose on the eggs differs in its effects from that of urea; probably, the 
chemical properties of both substances play a part. 


6. The influence of Ca’’-ions on cleavage. 


Both in distilled water and in sucrose and urea solutions, the eggs 
show a remarkable deviation of the normal course of cleavage. 

In normal cleavage, the cleavage groove, beginning at the animal pole, 
extends around the egg to the vegetative side; then, it deepens from all 
sides, the blastomeres pull apart, until they are entirely separated, remain- 
ing in contact in one point only. After that, the blastomeres begin to 
flatten against each other, with formation of a cell boundary between 
them; finally, the cleavage groove disappears altogether, the outline of 
the egg becoming nearly spherical again (fig. 4). Soon thereafter, a lens- 
shaped cleavage cavity becomes visible between the two blastomeres; its 
contents is extruded periodically to the exterior, as described by CoMANDON 
& DE FONBRUNE (1935). At the next cleavages, this cycle of events is 
repeated: deepening of the cleavage grooves, pulling-apart and rounding 
off of the blastomeres; then, flattening of the blastomeres and dis- 
appearance of the cleavage grooves, followed by formation of a wide 
cleavage cavity. 


In eggs cleaving in distilled water or in solutions of sucrose or urea, 
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the first phases of the division process proceed normally: deepening of 
the cleavage groove, pulling-apart of the blastomeres, After the daughter 


Figs: 4, 
Normal cleavage in Limnaea stagnalis. e.—c. First cleavage. d.—e. Formation of cleavage 
cavity. f. Second cleavage. g. Reappearance of cleavage cavity. 


cells have maximally rounded off, they beginn to flatten against each 
other; however, this process stops soon, and the blastomeres remain 
connected by a rather narrow stalk, the whole egg being dumb-bell- 
shaped (fig. 5). No cleavage cavity is formed. This state of things lasts 


Big. 5. 


Cleavage in Ca**-free media. a. 2-cell stage. b. 4-cell stage. c. Later cleavage stage. 


till the next division, which leads to the formation of four contiguous 
spherical cells, soon losing every connection. When cleavage advances 
further (in sucrose solutions), each of these cells divides independently 
in the same way; finally, a loose aggregate of spherical cells is formed. 
This mode of cleavage is reminiscent of the abnormal cleavage of sea 
urchin eggs in Ca’’-free sea water, as first described by HERBsT (1900). 
It seemed probable, therefore, that the lack of Ca’’-ions in the external 
medium was the cause of this deviation of cleavage in Limnaea, too. 
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This was proved by the fact that the addition of a small quantity of 
CaCl, to the medium leads to normal cleavage. In distilled water with 
CaCly, the swelling of the eggs is like that in pure water. Cleavage 
proceeds normally, the blastomeres flatten against each other, and a 
cleavage cavity is formed, which is wider than in control eggs in egg 
capsule fluid. Development stops at the 4-cell stage, but cytolysis is some- 
what delayed as compared with eggs in pure distilled water. 

In sucrose solutions with addition of CaCl,, the eggs die at the same 
stage as in the corresponding solutions without CaCl; but cleavage, as 
far as it occurs, is normal; the blastomeres remain in connection and 
‘cleavage cavities are formed. The minimum concentration of CaCle, 
which had an appreciable effect, was 0.005 %; in 0.01—0.08 % CaCl. 
the effect is clearly observable, 

Apparently, the lack of Ca’’-ions brings about a change of the egg 
surface, by which the coherence of the blastomeres is seriously disturbed. 
Our observations give some indications as to the point of attack of this 
influence. 

The uncleaved egg is surrounded by a fine plasmatic lamella, the vitelline 
membrane. In normal cleavage, this membrane remains in contact with 
the egg surface throughout; it folds inwards with the cleavage grooves. 

In eggs cleaving in Ca’’-free media, already at the Ist cleavage the 
vitelline membrane loses its ¢ontact with the egg surface in the region 
of the cleavage groove; it does not fold inwards, but bridges the cleavage 
groove from one blastomere to the other (fig. 5). At the 4-cell stage, 
the membrane surrounds tightly the spherical blastomeres. At later stages, 
it detaches itself still more from the blastomeres, at last forming a loose - 
envelope surrounding them. 

It is probable, therefore, that a change in the properties of the vitelline 
membrane is the primary cause of the abnormal cleavage in Ca ‘-free media. 


Summary. 


1. The eggs of Limnaea stagnalis, in their egg capsules, show a 
swelling of 36—56'% between oviposition and Ist cleavage. 

2. In distilled water, swelling exceeds considerably that in egg capsule 
fluid. The eggs reach the 4-cell stage, then they cytolyse. 

3. In urea and sucrose solutions, the equilibrium volumes depend upon 
the molar concentration of the solution. The recently laid eggs are, on an 
average, isotonic with 0.093 M solutions of non-electrolytes. 

4. The average non-solvent volume, as calculated from the osmotic 
volume changes, is 57 % of the original egg volume. This thigh value is, 
probably, due to a resistance to swelling and shrinking by the vitelline 
membrane, 

5. The permeability constant for swelling in distilled water lies close 
to 2'X 10—7, 
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6. In 0.03—0.10 M urea solutions, development stops at the 4-cell 
stage. With sucrose, in 0.07—0.08 M solutions a stage of about 30 blasto- 
meres is reached; in stronger and weaker ‘solutions, development comes 
to a standstill at an earlier stage. 

7. In Ca’’-free media, cleavage has an abnormal course; the blastomeres 
- remain spherical in shape and lose connection at an early stage. Addition 
of a small quantity of CaCl, leads to normal cleavage. The primary action 
of the lack of Ca’’-ions seems to be a change in properties of the vitelline 
membrane, which loses its contact with the egg surface in Ca’’-free 
solutions. 
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Physics. — Hyperboloidical cooling towers. By F. K. TH. VAN ITERSON. 
(Communicated at the meeting of January 26, 1946.) 


Recourse is taken to cooling towers at industrial plants, mainly electric- 
power stations, where river water in sufficient quantity is deficient. Cooling 
towers are used for transmitting the heat of the water to the atmosphere so 
that the water may circulate over and over again. 

For this purpose it is pumped on hurdles or fitlings of other type, built 
in the lower part of a wide chimney provided with openings near the 
bottom. Natural draught is obtained by the warming of the air and the 
difference (five eights) in specific weight between -vapour and _ air. 
(Figure 1.) 

In this communication we shall not deal with the theory of heat 
transmission, the physical basis of the apparatus, we shall mainly describe 
the principles which lead to the adoption of a hyperboloidical shell for the 
chimney, but in order to arouse the interest of the reader in these huge 
engineering structures, we briefly mention their utility. 

As long as the use of atomatic energy remains outside his scope of action, 
the conversion of the combustion heat of coal into power, remains the chief 
task of the mechanical engineer. The efficiency of this process although 
much improved during two centuries is still low. The highest theoretical 
T, — T, 
Dy 
where JT, is the highest temperature to which the acting medium can be 
heated and JT. the temperature of the waste heat. But we generally work 
with steam engines under the RANKINE cycle which limits the efficiency to 


HA, 


efficiency could be obtained by the CARNOT cycle and is ye = 


NR ys Rag ie which H3 is the total heat (enthalpy) of the superheated 


steam, Hz the total heat of steam after adiabatic expansion to condensor 
temperature and H} the heat in the condensed water. (By extracting steam 
from the turbine and progressive heating of the feed water, the RANKINE 
cycle may be somewhat improved.) 

Working at a pressure of 20 atmospheres and 700° Kelvin (absolute 
temperature) of the superheated steam and 300° Kelvin in the condensor, 
the theoretical efficiencies are 


Nc = 57 YF at the CARNOT cycle 

Np — 34,4 % at the RANKINE cycle 
This latter figure would be raised to 7p = 37 % in summer if, in-stead of 
working with cooling towers, we should dispose of an ample supply of 


natural cooling water with about 10° centigrade lower temperature. In 
winter the difference in.temperature is even about 20°. Therefore the use 


, 
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of cooling towers seems to be prejudicial. But in engineering practice things 
are often complicated by events of economic order. It is extremely costly 
to use steam of low temperature and the corresponding high vacuum. If we 


VERTICAL SECTION 
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SECTION A-B 
Fig. 1, 


reach 20°C, in-stead as for instance 40° C, the volume of the steam 
increases threefold and the density drops to one third. The economic 
consequences on the construction and running of the steam turbine are: 

1°. Some large turbine discs must be added to the low pressure part 
of the turbine. As the circumferencial velocity of the turbine blades is 
prescribed by the criterium of safety, the result is, that at a given weight 
and floor space a greater output can be obtained with warm cooling water 
than with cold; a rather paradoxical achievement. 

2°. The largest turbine parts, namely exhaust connection and 
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condensor are much reduced in size when cooling towers are used. The 
feed water is warmer. 

39, Mechanical efficiency is improved and blade erosion much lessened. 

However, the use of cold cooling water remains an advantage. If possible 
large electric power stations ought to be errected at lake-sides, river or 
canal banks. In summer the water temperature may then be about 25° C in 
stead of 35° to 40° with cooling towers. In practice with cooling towers the 
steam and coal consumption are about 2 % higher and it depends on factors 
of quite another magnitude whether preponderance must be given to a dry 
site for the erection of a power plant. Cheap supply of fuel as on coal or 
lignite fields and better and cheaper building space are often decisive. 
Experience in England, for instance Ham's Hall Power Station near 
Birmingham, has shown that electricity with cooling towers may be 
produced at the same price or cheaper than with natural water. This has 
been realized by our invention. Formerly cooling towers were built from 
timber. This is not only more expensive than concrete, but the cooling effect 
suffers by leakage and warping. In consequence of putrification many 
cooling towers were destroyed by a gale within 15 years after their erection. 
The conditions of humidity and warmth to which these structures are 
subjected are most deleterious to their preservation. During the many and 
long periods of inaction for repairs the enormous risk of an unextinguishable 
fire was so prominent that for this reason alone the application had to be 
excluded. 

We shall now deal with the incentives which led to the construction of 
the unifoil concrete cooling towers, which in the first place were invented on 
behalf of the exigencies prevailing at the Dutch State Mines, where the 
building site is subjected to subsidences. Notwithstanding the preservation 
of a substantial shaftssafety pillar, the possibility of an irregular subsidence 
of the surface near the coal pits had to be taken into account. 

From experience and theoretical investigations on gasholder frames and 
other three dimensional frame-work we were aware that mantlelike frames 
open at the top may follow uneven subsidences of their foundation and we 
soon were conscious that the same freedom of coactions exists in thin walled 
unifoil structures open at the top, as we had long ago demonstrated with 
gasholder tanks. 

We experimented with paper and tin-plate models and found our 
prediction confirmed. In our days of thorough investigation into the strength 
of unifoil aeroplane wings this deformability has become common know-~ 
ledge. We read in FLUGGE, Statik und Dynamik der Schalen p. 56: “‘is 
the shell open at its top, then we may prescribe two of the displacements 
u, v and w at one edge, or one at-each edge (u is the component of dis- 
placement along a circle of latitude, v along a meridian and w the displace- 
ment normal to the shell). 

That our assumptions were justified has been proved in a remarkable 
manner. Figure 3 shows a cooling tower at mine Emma severely deformed 
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by soil subsidence. It is the second cooling-tower from figure 4. As the 
reinforcement of the concrete can freely bend and is not subjected to pull 
or compression in the sence of the shell surface, the concrete is only cracked 
but the structure presents no danger and still resists the strongest gales. 


Fig. 2. Equilibrium of main tensions om and of in thin wall. 


Another reason for the adoption of a thin shell of reinforced concrete, 
without buttresses, beams or ribs was our desire to realise a shrinkproof 
construction. In order to prevent the occurrence of shrinkage cracks large 
structures of reinforced concrete must be built in sections. But the unifoil 
shell may unevenly shrink to any amount without giving rise to shrinkage 
stresses. 

Not enough emphasis can be laid on the fact that concrete hardening in 
the air shrinks about } mm per m for a mortar of one part of cement on 
two parts of sand (see Eisenbeton 1926 Graf p. 46). The addition of 
gravel alleviates the evil, which is one of the gravest preoccupations of 
manufacturers and users of cement. It is not generally known, that the 
shrinkage of concrete not only can give rise to large visible cracks 
detrimental even to the reinforcement but quite generally causing 
microscopic fisures making illusory the partaking of the concrete in tensile 
stresses. Moreover the reinforcement cannot be utilised up to the permissible 
stresses in the iron. The surprising success of prestressed concrete is due 
to the surmounting of these defaults. But in our construction we had also 
already conquered these evils in the most simple and natural manner. The 
cooling towers are gradually built up while the concrete shrinks. The wall 
of double curvature is so thin, that the stru¢ture may be compared to an 
egg shell or a paper structure, which is stiff as a whole although not 
resisting to bending stresses in the wall proper. It is clear that at each circle 
of latitude the compressive stress along the meridian carries the overlaying 
weight of the structure. This compensates the shrinkage stresses and puts 


F. K. Tu. vAN ITERSON: Hyperboloidical cooling towers. 


Fig. 3. Cooling tower at coal-pit Emma deformed by soil subsidence, 


The second cooling tower has been deformed to the shape 


represented in fig. 3. 


117 


more load on the reinforcement. But the most particular property of the 
construction is, that also in the other principal direction i.e. perpendicular 
to the meridian and therefore in every sense in the plane of the wall we 
only meet compressive stresses to which our material resists in the most 
remarkable way. We have now to explain this rather unique disposition of 
the hyperboloidical shell. 

Let r in figure 2 denote the radius of curvature of the shell normal to the 
meridian and R the curvature of the meridian itself. Compared to the 
stresses the air pressure on the wall may be neglected. Let om and o¢ stand 
for the meridional and the tangential stress in the thin wall, then the 
equilibrium in the direction normal to the wall for an element rdaRdo 
and a wall thickness ¢ prescribes 


6, Rdfdat=o, rdadft or “=p Gar. 


We first calculate om. The main stress in the wall results from its weight 
above the section under considerations The computation is done with the 
expression om X 2 ar cos2pt = W. q denotes the angle between tangent 
and vertical. And om being a compressive stress so is also ot. This is really 
a remarkable result of the hyperboloidical shape, for in domes and egg- 
shaped shells ot and om are of opposite sign, which reduces considerably 
the permissible load. In a spherical dome o¢ = —om. 

But our construction shows other merits. Although of minor importance 
we must now proceed to the consideration of the stresses by wind pressure. 
We have for 40 years, since the first days of aerodynamical investigations 
submitted our largest structures to model tests in wind-tunnels. But for our 
cooling towers such tests were considered as superfluous. We know enough 
of the repartition of the windpressure by our gasholder experiments !). As a 
first approximation we consider the windpressure as a sine function of the 
centerangle, i.e. pressure at luff and suction at lee. If desifed we can add 
further terms after harmonic analysis of the distribution of the wind- 
pressure. All the stresses vary according to the same sine-laws. 

The main outline of our construction was conceived after a study of 
EIFFEL’s famous lecture in the French Institution des Ingénieurs Civils on 
his tower of 300 meters. We also applied the underlying principle in a project 
of masts 300 m high proposed during the first world war to be built as thin 
walled steel shells of circular section intended for wire-less communication 
with the dutch East Indies 2). This principle may be expressed as follows 
(see figure 5): If the center of wind-pressure on the part of the tower above 
the section under consideration, is situated at the intersection of the two 
tangents to the meridian the section is exempt of shearing stresses because 


1) Winddruk op cylinders in het algemeen en op gashouders in. het bijzonder, De 
Ingenieur 1930 No. 27. Bouw en Waterbouwkunde 10, 

2) Stresses in thin shells of circular section Engineering Nov. 14, 1919. 

Berechnung diinnwazdiger Drehkérper:auf Biegung Zeitschr. d. V. d. I 1922, p, 211. 


Windpressure on part above a—a. 


Fig. 5. EIFFEL’s shearless construction. 


Fig. 6. Computation of meridian Tension om and shearstress t in thin wall. 
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all the meridional stresses act in this point of intersection. In the case of 
figure 6 representing our cooling tower the conditions are only slightly 
different. 

The center of windpressure W is in the under part of the tower a small 
distance a lower than the point of intersection of the tangents. With the 
notations given in the figure we have to calculate with the horizontal force 


a 
wil —>,) acting in the point of intersection and with the shearing force 


a : : ; : : 
Ww; acting in the section under consideration. The lower part of the shell 


is by far the most ponderous. Here a is almost equal to b, so that the 
shearing stresses are negligible. But also the circumference and the wall 
thickness are such that the meridional stresses which counteract the 
horizontal force WAGs) are very small. The meridional compressive 
stresses due to the weight are the only charges of some importance. But as 
already mentioned, reinforced concrete, especially that which is built up 
under a growing load and compressed in both main directions is very 
resistant to this kind of stress. The result of the accurate strength comput- 
ation of our cooling towers is that our aim is overreached. For practical 
reasons we cannot make the shell thin enough to make full use of the 
strength of the chosen material of construction. Mr. CHR. GROOTHOFF, 
civil engineer of the State Mines, who took a great part in the development 
of our cooling towers suggested to build the thin shell of masonry, and 
indeed this would be possible. The reason which withheld us from 
executing this proposition was our fear of deterioration by frost of our 
somewhat porous brickwork always thoroughly wetted by a continual 
internal shower. 

With regard to the foregoing remark we must mention a peculiar conse- 
quence of the laws of similitude applied to cooling towers. At comformable 
enlargement of the structure the stresses due to windpressure, both tension 
and compression stresses remain the same. The far more important com- 
pression stresses due to weight increase in proportion to the height of the 
cooling tower but are independent of wall thickness and even for the 
highest towers they remain small. The higher these stresses are the better. 
The largest cooling towers, several of which have been built (1) have a 
capacity of 5 million gallons = 22,500 m3/h, height 320 ft — 98 m, diameter 
at ground level 220 ft — 67 m. These apparatus are the best in every respect 
and a further enlargement will be profitable. The reason for this is that 
the wall-thickness needs not to increase conformably and the larger units 
are the cheapest per million of gallons of circulation. The choice of the 
wall-thickness is a matter of experience. The reinforcement is only wanted 
in order to prevent cracking due to local irregularities in shrinkage. 


1) Engineering, Febr. 1, 1946, p. 97. 


120 


For a full understanding of the conditions to which the concrete shell is 
subjected, we must also pay some attention to temperature stresses. 
Although considered as a whole the unifoil is free of such stresses which 
property may be considered as its chief merit, so that. it may be exposed to 
frost at the shadowed side and be more than handwarm on the sunny side, 
there are conditions for which the temperature stresses must be taken into 
account.. 

Wen during a severe frost the air openings become partly clogged by 
ice, temperature differences of the order of 30° may arise between inner- 
and outer surface of the wall. But the state of compression reigning in the 
wall is extremely beneficial in this case and it is a fact that the cost of 
upkeep during a quarter of a century has been nil for concrete towers. 

We have hardly to mention that the reinforcement of the concrete 
consists of straight bars placed according to the descriptive lines of the 
hyperboloid. During erection the exact shape of the shell is simply 
controlled by a string. 

The buckling strength of cylindrical chimneys can re chequed by 
computation, but this theory has hitherto not been extended to double 
curved shells. Although rather superfluous, we took the precaution of 
experimenting the,,strength to buckling by a tin plate model, nailed to a 
timber scaffold and loaded by means of a strong string round its neck. 

We could not produce any deflection under a load surpassing largely 
the highest possible buckling pressure equivalent to wind load. 

The hyperboloidical shape, the smoothness of the interior, the absence 
of crossbeams prevail in the performance of the apparatus. Every aero- 
dynamical expert will acknowledge that we have realised the conditions 
for potentical flow, ie., the streamlines converge and diverge evenly. The 
thoroughflow in the stack is free from eddies and vortexes, there is no loss 
of energy. 

The external smoothness reduces the windpressure to less than a half of 
what it should be on a cooling tower of the usual rectangular section and 
the same vertical area of projection. 

As these large structures would predominate in the silhouette of the 
industrial plants for which they are intended, attention had to be paid to 
their becoming appearance. Our aesthetical expert, the architectural engineer 
W. FE. Fonrein, had to make perspective sketches of our projected power 
stations and everybody was pleased by the prospect. We came to the 
conclusion that large but simple mathematically shaped bodies like 
pyramids, spheres, cones, hyperboloids give satisfaction to the eye. To day 
hundreds of these towers built on an ever increasing scale are erected all 
over the world and are generally admired. In our mining district they 
became an emblem of the industry. 

When the idea of constructing these simple shells free to contract and to 
deform in case of subsidence was first presented for execution, the 
prominent contractors of reinforced concrete works refused to tender. They 
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lacked confidence in the righteousness in our contrivance for meeting 
shrinkage and setting stresses totally differing from their conceptions. 

An enterprising and very competent friend of ours, the civil engineer 
G. Kuypers without hesitation built the first one in 1918 and took an 
active part in the development of design, shuttering, scaffolding and other 
details of execution. His assistent and later successor Ir. H. H. Kupers 
is still foremost in this branch of engineering in our country. KUYPERS in 
later years was worried by the patent law cases fought in England against 
infringement on of our patents under an absurd and costly system of 
procedure. In that country it was the firm L, G. MOUCHEL and Partners, 
who in the early stage of their application have shown full confidence in 
the exactness of our assertions. They enjoyed the benefit of their enterprise 
and built not only the many hyperboloids which are caracteristic of the 
English inland power stations, but in our days they charm us by pictures 
of large scale application of our invention in France, Belgium, India, 
Germany, Egypt, Manchuria, Iran, Italy, Morocco, Rumania, South Africa 
and by the proofs of their lasting friendship. 


Appendix. 


As a posthumus homage to Mr. G. KuyPers civil engineer, the talented 
designer and contractor of reinforced-concrete constructions we want to 
divulge his amendment to our above mentioned formula. 

We had neglected the proper weight of the element in computing the 
equilibration of stresses. If we take this into account calling the specific 
weight of the reinforced concrete y, we find for the equilibrium in the 
direction. of the normal to the element (see figure 7). 


OmtrdadfB—o;tRdBda+ytrdadf sin p=0 


or 
C7 == 6 as + yr sin y 
E=—— Om R Y Y 
for the part of the cooling below the neck and 
Cp —— 6 he VE Ste 
ee ik R id U 


for the part above the neck. At the top of the cooling tower, where om is 
unimportant we find a very small tension stress in stead of pressure in every 
direction. And also when R becomes very large compared to r it is clear 
that the correction, although small, surpasses the first term of ot. 

The same story may be told in regard with local windpressure w per 
unit of surface; Let om be the meredional stress: which can be easily 
calculated as exposed before. 
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Then 
r r 


CATO ere, 


The additional term although very small may be larger than the first. 
But compared to the incalculable shrinkage, subsidency and temperature 


stresses it is insignificant. 


Fig. 7. Equilibrium of stresses and weight foran element of tower-wall. 


Mathematics. On Unities and Dimensions. I. By H. B. DorGELo and 
J. A. SCHOUTEN. 


(Communicated at the meeting of January 26, 1946.) 


§ 1. Introduction. 


In the following we deal with some questions, discussed often in the 
literature of the last decennaries and in several committees: 


I. Is it allowed to look at electric field strength F and electrical displa- 
cement D and in the same way at magnetic fieldstrength H and magnetic 
induction B as “essentially identical” quantities? 

II. Can it be recommended to call B the magnetic fieldstrength and to 


look upon H (in the same way as D) only as an auxiliary quantity for 
calculating purposes? 

III. Has the rationalized or the not rationalized form of GIORGI's system 
of units to be propagated? 

IV. Have the dimension formulas to be expressed in 3, 4 or 5 fun- 
damental units and which fundamental units are most favourable? 

After some preliminary considerations on physical and geometric 
objects and their absolute and relative dimensions in § 2 and § 3, in § 4 
the electromagnetic equations are formulated independent of the choice of 
the fundamental units and these general equations are specialized for the 
four usual systems. We will see, that there exist only two methods of 
rationalization and that one of them (the method of GAuss) leads to units 
unfit for use. In § 5 the dimension formulas are formulated independent 
of the choice of the electromagnetical fundamental units and these formulas 
are specialized for the four usual systems. From these general formulas we 
will see that, using 8 fundamental units, it is always possible to formulate 
dimension formulas valid for every possible system, but that it is practically 
not profitable to use more than 4 fundamental units. Some examples 
illustrate the relation between the relative dimensions and the possibilities 
of measuring. In § 6 the equations are made independent of the coordinate- 


system and this leads to the geometrical representations of F, D, H and B 
and to their absolute dimensions. We illustrate with a number of examples 
how these absolute dimensions are related to the possibilities of the con- 
struction of the geometric images. In § 7 the equations are brought on a 
fourdimensional invariant form. In this form the absolute dimensions only 
contain electric charge and quantum. § 8 contains a survey of the answers 
on the questions put in § 11). 


1) Cf, for the historical development of electric and magnetic systems of units and the 
names of electric and magnetic units E. BODEA, Das Kalantaroff-Giorgische Maszsystem 
(Ch. III); JuLtus WALLOT, ,,Die Physik in regelmassigen Berichten”, 1, 5 and 10; 
H. B. DorGELO, Handleiding Electriciteit, third edition 1944 (Ch. V). 
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§ 2. Physical and geometric objects and their dimensions”). 


If physical phenomena are described in a quantitative way, there occur 
numbers as results of measurings and calculations. To get these numbers 
it is in general necessary to introduce a coordinatesystem and a system of 
objects for comparison, called units. If we have to deal with scalar quanti- 
ties no coordinatesystem is necessary, and if the measuring can be per- 
formed by counting only (f.i. the counting of electrons) no unit has to be 
introduced. A unit has to be of the same kind as the object to be measured. 
But it is possible to relate different units by introducing a certain number 
of fundamental units. Then the other units are called derived units. For 
instance the unit of velocity can be defined as the velocity of a point 
advancing over the unit of length in the unit of time. The choice of the 
fundamental units is free. Usually the units of mass, length and time are 
used and often also the unit of electric charge 3). The numbers obtained 
in general change if the coordinatesystem or the units or both are changed. 
Then we see that there exist always sets of numbers with the property 
that the change of every number of the set depends on the values of the 
other numbers of the set but not on the values of the numbers of some 
other set (f.i. the three components of a vector with rotations of the 
coordinatesystem) /' The existence of these sets gives rise to the notion of 
physical object, defined as follows: 

By a physical object we mean in the following an adjoining of N num- 
bers (the components of the object) to every allowable coordinatesystem 
and every system of fundamental units, satisfying the condition that for 
every choice of two systems of coordinates and fundamental units the 
numbers belonging to one system can be computed using only the numbers 
belonging to the other system and the formulas of transformation of the 
coordinates and the fundamental units. Two physical objects are said to 
have the same kind of transformation if their transformations depend in the 
same way on the transformation of coordinates and fundamental units. 

In the following we use only objects, coordinates and transformations 
satisfying the conditions: 

1. every fundamental unit gets a constant factor, ie. a factor not 
depending on the coordinates. This transformation will be called a trans- 
formation of units; 

2. the components of an object can always be chosen in such a way 
that with a transformation of units each component gets the same constant 
factor and that this factor is a product of powers of the constant factors 
occurring in the transformation of units. 


?) or the greatest part taken from J. A, SCHOUTEN, Tensoranalysis for physicists, 
lectures Delft 39—40, opalographed. 

°) If thermal quantities are considered it is necessary to introduce a fundamental 
unit of temperature. We do not consider this unit here. 
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The following remarks will be useful: 

1. A set of components can constitute a physical object with respect 
to certain coordinate transformations and not with respect to other coor- 
dinate transformations. For instance the three components of the electric 
fieldstrength form a geometric object with respect to transformations in 
x, y, z. But with respect to transformations in x, y, z, t only the six com- 
ponents of electric fieldstrength and magnetic induction together form a 
physical object. 

2. If the fundamental units are not changed we get an adjoining of N 
numbers to every allowable coordinatesystem satisfying the condition that 
for every choice of two systems of coordinates the numbers belonging to 
one system can be computed using the numbers belonging to the other 
system and the formulas of transformation of the coordinates. But this is 
just the usual definition of a geometric object. Hence to every physical 
object belongs a geometric object whose components get a constant factor 
with a transformation of units. This geometric object is called the geometric 
image of the physical object. A physical object is not wholly characterized 
by its geometric image and its behaviour with transformation of units. F.i., 
using orthogonal coordinates x, y, z and the system of fundamental units 


of Gauss, D and H have the same geometric image and the same trans- 
formation of this image with transformation of units but they are essentially 
different in a physical sense. 

3. If p, q and r are components of a geometric object, f.i. log p, q? 
and cos r are components as well, though they transform in quite another 
way. This freedom in the choice of the components can be used to choose 
the components in such a way that their transformation is as simple as 
possible. 

4. If two geometric objects transform in different ways with certain 
_ allowable coordinate transformations, it may occur that, after a limitation 
of the allowable coordinate transformations (f.i. passing from general linear 
transformations to orthogonal transformations), it becomes possible to 
choose the components of the two objects in such a way that they have the 
same transformation. This opens the possibility of identification of these 
geometric objects. This possibility of identification is much (often to much) 
used. At one hand it gives a simplification but at the other hand many 
details can get lost. 

5. Using n general coordinates é*; x — 1,..., n in an n-dimensional 
space the most general transformation of coordinates has the form 


& — &'(&) ; Det (S 


\ 


)#o ee te wernt fice. .  (AD 
Because of 

def gee’ 
Gee ee AY (Eden AS = 9e? 


the transformation of the differentials. dé* is always linear homogeneous.. 


ie RRS Leen 94 
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The simplest geometric objects, defined in any point of the n-dimensional 
space are those, whose components with respect to (x’) are functions of 
the components with respect to (x) and of the A”, satisfying the conditions: 
a. the functions are linear homogeneous in the old components; 
b. they are homogeneous algebraical of a certain degree in the A”’. 
Geometric objects of this kind are called geometric quantities. If the image 
of a physical object is a geometric quantity the object is called a physical 
quantity. Most physical objects are physical quantities. The gravitational 


field, given by the CHRISTOFFEL symbols 3 is a specimen of a physical 


lh 
object not being a physical quantity, because in the transformation of the 
ae not only the A” but also their derivatives occur. In the following we 
bl 
deal only with physical quantities. 
6. If the fundamental units M, L, T, Q, ... of mass, length, time, 


electric charge, etc. transform into 

M=mM; DSR Ls Fae] Oo eee 
and if a component of a physical object gets a factor m71* t’ q?... by this 
transformation, we say that the dimension of this component is 
[m7 15 t? gé ...]. The dimension of the components may depend on the 
choice of the allowable coordinatesystems because it is possible that these 
coordinatesystems themselves depend on the fundamental unit of length, 
f.i. if we use ordinary orthogonal coordinatesystems. 

The dimension of the components of a physical “quantity as defined 
under (5) is the same for all components if the allowable coordinatesystems 
are independent of the choice of the fundamental units. In fact, the A®’ 
do not depend on the choice of the fundamental units and interchanging 
of coordinates is an allowable coordinate transformation. This mutual 
dimension is called the absolute dimension of the physical quantity. It may 
be called also the dimension of the geometric image because it indicates 
the factor this image gets with transformation of units *). 

If orthogonal transformations in x, y, z or in x, y, z, ct (LORENTZ trans- 
formations) are used, the dimensions of the components of a physical 
quantity are all the same (the A” not depending on the choice of the 
fundamental units) but they may differ from the absolute dimension. This 
mutual dimension is called the relative dimension or shortly dimension of 
the physical quantity. For instance the relative dimension of the radius- 
vector is [/], its absolute dimension [1]. In fact, the radiusvector is its own 
geometric image. The relative dimension of the velocity vector is [/t-1] 
but its absolute dimension is [f-1]. In fact, the geometric image is the way 
travelled over in the unit of time, provided with an arrow, and this image 
does not change if the unit of length is changed. 


*) Mr. D. VAN DANTZIG informs us that he had already about 1938 the idea to 
distinguish the dimension of a physical quantity from that of its components. 
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Every dimension formula, relative or absolute, expresses a relation 
between the units of different physical quantities and, therefore, gives an, 
indication as to the possibilities of measuring. If the dimension of a com- 
ponent is [m7/5t’ q@ ...], this component can be determined if a unit of 
the same kind, having also the dimension [m7 1/5 t? q° ...], is given. But such 
a unit can be constructed if we have at our disposal a certain number of 
units whose dimensions have [m1 t? qé ...] as their product. Now nature 
itself furnishes certain natural units, for instance the velocity of light, 


dimension [/t-1] or shortly [c], the elementary quantum, dimension 


[ml?t-1] or shortly [h] 4), the charge of the electron, dimension [q], etc. 
If this natural units are used it is possible to use less artificial fundamental 
units. For instance an energy, dimension [mil*t-2] can be measured by 
using the fundamental units of mass, length and time, or by using the 
fundamental units of mass and the derived unit of velocity. But because 
[ml?t-2] = [t][E][J/] it can also be measured by using the fundamental 
unit of time and the derived units [E] of electromotoric force and [J] of 
electric current. Because of [ml2t-2] = [At-1] it is also possible to use 
only the fundamental unit of time if the elementary quantum is known. 
In fact the energy steps in an atom are measured by means of the 
frequence of the light emitted, dimension [t-1]. Because of [ml?t-2] = 
= [mc?2] it is also possible to use only the fundamental unit of mass, the 
velocity of light being known. In fact the energy produced by the composi- 
tion of .an atomic nucleus from other nuclei is measured by the mass defect. 
Because of [ml2t-?] — [qE] it is also possible to use only the derived 
unit of electromotoric force, the charge of an electron being known. In 
fact the energy of a-radiation is often expressed in electron-volts. There 
are many other examples, Of course from the dimension formula only the 
theoretical possibility of a certain method of measurement can be deduced, 
not the practical possibility. For instance it will not be easy to construct 
an apparatus for the measurement of kilowatthours based on the measure- 
ment of a frequence or a mass defect. The absolute dimension, not 
depending on any coordinatesystem, indicates the units, necessary for the 
construction of the geometric image of a physical quantity without using 
any coordinate system. For instance a watch is the only thing necessary 
to construct the geometric image of a velocity of a point moving without 
acceleration. Hence the absolute dimension represents an essential property 
of the physical quantity, existing independent of any system of coordinates. 

7. Components with non linear transformation, for instance the polar 
coordinates of a point, can have different dimensions. These dimensions 
can easily be derived if the dimensions of the ordinary components are 
known. They will not be discussed here after. 


4) We use c and fh instead of c and A to avoid ambiguity later on. 
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§ 3. The simplest geometric objects in ordinary space. 


We start from general linear homogeneous transformations of coordi- 
nates in ordinary space 5) 


Mm A"; P= Ate; Det(At) 70; ~=—b2iaae Ao 2 


with constant coefficients A” and A%, Every coordinatesystem consists 
of a system of three (oblique) axes through O, each of which is provided 
with a measuring unit. These measuring units have nothing to do with 
the unit of length. The measuring unit on the 1-axis is the segment between 
£1—0 and §1=— 1. In each of the three coordinateplanes there is a 
measuring unit for areas, the parallelogram determined by the measuring 
units on the two axes. The measuring unit for volumes belonging to the 
coordinatesystem is the parallelepiped of the three measuring units on the 
axes. 
The simplest geometric quantities are ©): 


I. A scalar s with one component, invariant with (4). 
II. A contravariant vector v* with the transformation 


OF AP ee 1s ey Se ot ol ee 
The figure is an,arrow, the components are the projections on the axes, 


measured by the measuring units. A component f.i. v1 is + if the projected 
arrow indicates the +-sense of the l-axis. 


Ill. A covariant vector wi with the transformation 
wy = Al wy, 3; 727, 2, 396d ee re 
The figure is a set of two parallel planes with a (not necessary straight) 
arrow through them. The components are 1: the segments cut out on the 


axes, measured by the measuring units. A component, f.i. wy, is + if the 
sense of the arrow corresponds to the +-sense of the 1-axis. 


IV. A contravariant bivector f*4 = fl] 7) with the transformation 


f" = AA? PAS: 2d Se ads ol dee ot 


5) If curvilinear coordinates are used the transformation of the d&* is always linear 
homogeneous. Hence the definitions of this section hold also if the more general transform- 
ations of curvilinear coordinates are used, but they have only significance in every 
point apart. 

8) Cf. J. A. SCHOUTEN and D, J. STRUIK, Einfiithrung in die neueren Methoden des 
Differentialgeometrie, Part I; J. A. SCHOUTEN, Uber die geometrische Deutung von 
gewohnlichen p-Vektoren und W-p-Vektoren und den korrespondierenden Dichten, Proc. 
Kon. Ned. Akad. v. Wetensch., Amsterdam, XLI, 709—716 (1938); J. A. SCHOUTEN and 
D. v. DANTZIG, On ordinary quantities and W-quantities, Comp. Mathem. VII, 447—473 
(1940). 

*) The symbol [ ] indicates “‘alternation’, f.i. 


fv — i (f* — fF”) 
Pk“) — ar (Pe =o Pur 4. Per ees: Pre — Pw As pi), 
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There are three independent components f?3, f?!, f’?. The figure is a part 
of a plane with a sense of rotation in it. The components are the projections 
of the figure on the coordinateplanes, measured by the measuring units for 
areas. A component f.i. f?? is + if the projected sense of rotation cor- 
respondents to the sense from 2 to 3. 


V. A covariant bivector hix = hyq with the transformation 
| BOE Ps pet salt hers 0" Emel Rr Bie EV ial I (| 


There are three independent components hj3, h3;, hz. The figure is a 
straight tube of infinite length with a sense of rotation round it. The 
components are 1: the sections of the tube with the coordinateplanes, 
measured by the measuring units for areas. A component, f.i. h23 is + if 
the sense of rotation corresponds to the sense from 2 to 3. 


VI. A contravariant trivector p”" = p!““l with the transformation 
pert = AP AD AL ptt: x, 4, u= 1,2, 3; 250, pp! =1',2',3'. (9) 
There is only one independent component, p’”? with the transformation 
Pee ep ts Det tA). 2) 4... .(10) 


The figure is a part of space with a screw sense. | p’?7| is the volume, 
measured bij the measuring unit for volumes. p’ is + if the screw sense 
is the same as the screw sense fixed by the axes 1, 2, 3 in this order. 


VII. A covariant trivector qui, = Qtniq With the transformation 
quia = AK, AL, AX, quiz 3 4, MH 1,...,350 Mw = 1,2’, 3. (1) 
There is only one independent component gy; with the transformation 
qu23 = A~!q123. aoe eee See wies. i). (1 2) 


The figure is a part of space with a screwsense. | qj23 | is 1: the volume, 
measured as above. qi; is + if the screwsense is the same as the screw- 
sense fixed by the axes 1, 2,3 in this order. 


VI’. A (WeyLian) density q of weight + 1 with the transformation 


(x) (x) 
ce ee eer ete (13) 


The figure is a part of space without a screwsense but with a +-~ or —-sign. 


'q| is 1: the volume measured as above. The sign of q is the sign of the 
quantity. 


VI’. A density » of weight —1 with the transformation 


(x’) (4) 


The figure is a part of space without a screw sense but with a +- or 
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—-sign. Ip | is the volume measured as above. The sign of p is the sign 
of the quantity. 


V’. A contravariant vectordensity h* of weight + 1 with the trans- 
formation 


be | A AY B85 oe ed ie 
The figure is a straight tube of infinite length with a sense in the direction 


of the tube. The components are determined as under V, A component, f.i. 
hi, is + if the sense corresponds to the +-sense of the 1-axis, 


IV’. A covariant vectordensity fi of weight —1 with the transformation 


fv =|A| Al tic, yucca 


The figure is a part of a plane with a (not necessary straight) arrow 
through it. The components are the projections of the figure on the coor- 
dinate planes, measured as under IV. A component f.i. i a if the sense 
of the arrow corresponds to the +-sense of the 1-axis. 


III’. A contravariant bivector density w** = wl) of weight + 1 with 
the transformation 


rm” ?’ — | Sy A” AS mw? <6, i= jh eR 3: x’, We =. yA Pap Ye d (17) 
There are three independent components, w??, w?!, w!?, The figure is 
a set of two parallel planes with a sense of rotation in them. The com- 
ponents are 1: the segments cut out on the axes, the segments being 


measured as under III. A component, f.i. w?? is + if the sense of rotation 
corresponds to the sense from 2 to 3, 


I’. A covariant bivector density vj, = vp, of weight —1 with the 
transformation 


Dp ys | A| Aj, A’ 


yt! 


Dini My Meine, 3 Ot pk al ayo coe 
There are three independent components, 023, 03), Uy. The figure is a 
segment of a straight line with a sense of rotation round it. The components 
are the projections on the axes, measured as under II. A component, f.i. 23 
is + if the sense of rotation corresponds to the sense from 2 to 3. 


I’. A contravariant trivector density 6*4" = G4) of weight + 1 and 


a covariant trivector density $41, = 8tu1,) of weight —1 and the trans- 
formation 


SNe SIAL AL AL ARSE tient oi 
Bw = |A| At, AL A® Suite ay AO Se Dan2!, DS cl ear oe 


There is only one independent component, 63 or 8,23 respectively, with 
the transformation 


Gr 2A Aes ooh) re 
By 297 = A"| A] 813. 2 be el ane Eee (22) 


H. B. DorGELo and J. A. SCHOUTEN: On Unities and Dimensions. 
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Fig. 1, 
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For real transformations we have | A |2 = A? and that implies that the 
transformations (21) and (22) are the same and that they express that 
the component only changes if a right system is transformed into a left 
system and v.v. and that in that case the component gets only a factor — 1. 
Such a quantity is often called a pseudoscalar. The figure is a screwsense 
with a number. The pseudoscalar with the value + 1 for right systems 
and — 1 for left systems may be denoted by w. 

From fig. 1 we see that the quantities II, III’, 1V, V’, VI and VII have 
an inner orientation and II’, III, IV’, V, VI’ and VII’ an outer orientation. 


If ‘the quantities to the left are multiplied with w@ we get algebraically 


another kind- of quantities 0%, wa, f*4, hix, px! and qs, having in their 
transformation formulas an additional factor || A-1. We call them 
pseudovectors, -bivectors and -trivectors..Geometrically the multiplication 
with @ means the change of an inner orientation to an outer one and vice 
versa. Hence we have got no new quantities but only another kind of 
notation for the quantities to the right. In the same way by multiplying 
the quantities to the right with w we get the quantities pix, tw*4, fa, 6%, 
q and p having in their transformation formulas A instead of | A|. We 
call them pseudo-densities (non-WEyYLian densities). They represent 
another kind of notation of the quantities to the left. The pseudo trivector 
densities G4", ¢. agi Of baa -+.1 and —1 respectively, defined by the 
equations 


Bf Gage Tit sn, «sax, (23) 


with respect to every coordinatesystem, have geometrically the character of 
the scalar 1. They can be used to pass from one notation for the components 
of a quantity to the other notation, For instance the contravariant pseudo- 


vector v* with the transformation 


H(A A Aye, LR RW BRD 29-474) 
oe 
passes by transvectiaon with, eu, 


, into a covariant bivector density of weight 
—1: 


7 


~~ ~ 


Dua = Cuix Uy . ° ° . . . . . ° (25) 
According to (23) this equation exptgaees, that the components of vy, and 
v* are numerically. the: same: aoa as o *): 
*8) :It is often convenient to use a tae ae instead of ‘densities f.i. in the theory of 


the wavefunctions of the mesonfield. Cf. jet DE spo hi meng gi he aan der vrije eee 
Ned. Tijdschr. v. nese XI ea bacaate eon 


is (To be continued.) 


Medicine. — Clinical and _ pathological-anatomical recovery from 
meningitis. By A. DE KLEYN. 


(Communicated at the meeting of January 26, 1946.) 


In the manuals and in the communications about meningitis it is stated 
more than once that in this disease there is often no parallelism between 
the subjective complaints and the objective symptoms during life on the 
one hand and the pathological-anatomical anomalies on the leptominges 
on the other hand. It is meant then that sometimes small pathological- 
anatomical anomalies are seen in patients who had very serious symptoms 
when alive and inversely, that sometimes serious pathological-anatomical 
disorders can be attended with remarkably few complaints during life. 
It is therefore very doubtful whether in patients who seem to have 
recovered and so in whom the subjective and objective meningeal complaints 
and disorders have disappeared, one may also speak of a pathological- 
anatomical recovery. 

Only a great accident can give the clinical investigator an opportunity 
to answer this question to a certain extent. For this is the case if a 
patient, who seems just to have recovered from a meningitis, suddenly 
dies of another illness, if obduction can be carried out in this patient 
and the disease which had death at a consequence cannot itself exert 
influence on the condition of the cerebral membranes. 

Such a situation presented itself in the Amsterdam Otological clinic. 
A female patient of 79 got an otogeneous meningitis, from which it 
seemed that she had completely recovered. When she was already 
sitting up outside her bed, she suddenly became oppressed and died 
after about 10 minutes. At post-mortem examination it appeared that death 
had been caused by a pulmonary embolus, which had loosed itself from 
a thrombus in the vena iliaca and vena femoralis, Dissection of the 
brain was possible, so that the cerebral membranes could be examined 


more in detail microscopically. The clinical history of this patient runs 
as follows: 


Patient A., 79 years old, was admitted into our clinic on March 27th, 1941. She had 
already been nursed there in December 1940. Then for 8 days she had had a pain in the 
right ear without discharge, without a feeling of giddiness and without fever. 

Though at the examination only a light congestion of the right tympanic membrane 
could be found, the whispering voice on this side was only perceived ad concham. The 
tuning-fork picture pointed to a combined middle ear-labyrinth affection: raising of lower 
and regression of upper tone-limit, c5 heard strongly shortened, RINNE negative, 
SCHWABACH shortened, WEBER localisation to the right, diseased side. 

On the teft the whispering voice was heard at 4.5m, Here the tuning-fork picture 
pointed to a pure labyrinthine anomaly. 
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Internally no anomalies were found, nor at the examination of urine, blood, etc, Only 
the sedimentation rate of the blood was increased: 80mm in the first hour. The fundi 
looked normal. 

On January 10th "1941 patient went home at her’ own request, as she felt completely 
recovered. There, 8 days before her second admission, she got again a pain in the right 
éar, which began to discharge considerably, She also became giddy when getting up, but 
she was not troubled with it when lying in bed. She had vomited once at home. She had 
also complained lately of a pain feit when walking, 

Internal examination: Here no anomalies were found. The blood-pressure was 150/100, 
the urine contained a trace of albumen, no reduction. The blood-picture was quite normal. 

Neurologtkal examination: Here no special anomalies came to light either, viz. the 
reflex of KERNIG, neck-stiffaess and abnormal reflexes were absent. 

Ofto-rhino-laryngological examination: The right tympanic membrane showed a 
perforation down in front; there was a distinct fetid secretion from that ear. The left 
tympaftic membrane was only a little retracted. Rhino- and laryngologically no anomalies 
were found. 

Acoustic: The acoustic picture had not changed much since December, only the hearing 
on the left had dropped: to 0,5 and the experiment of WEBER showed now lateralisation 
to the left ear. 

Vestibular: At the vestibular examination no fistula-symptom was found, but there was 
a spontaneous nystagmus horjzontally to the left, both on looking to left and on looking 
straight forward (nystagmus IId degree). 

The two labyrinths could be stimulated both with cold and with hot water, i.e. that when 
the right auditory canal was syringed with cold and the left with hot water the 
spontaneous nystagmus was distinctly strengthened, while when the right ear was syringed 
with hot and the left with cold water the direction of the spontaneous nystagmus changed, 
so that a horizontal nystagmus to the right was observed, 

On March 28th, 1941, with high temperature, a mastoid operation was carried out under 
local anaesthesia. The cells of the mastoid appeared to be filled with. pus and granulations, 
the sinus, which just came to lie bare, looked normal. 

At the bacteriological examination the pneumococcus mucosus was cultivated from 
the pus. 

The following days the temperature remained high (39—40° C). For the rest patient 
was in a good condition. She only complained of a pain in both legs, of which no.cause 
was found and which was only explained at the obduction. 

Repeated neurological examinations (clinic Prof. BROUWER) gave no single indication 
of a developing meningitis. 

On April 1st a light neck-stiffness was stated for the first time, patient was a little 
dull-headed, the reflexes were somewhat low and it appeared that calorically the two 
labyrinths could no longer be stimulated, not even with ice-water. In connection with this 
a lumbar puncture was carried out. The result of the BROUWER clinic ran: reactions of 
PANDY and NONNE and on glucose positive; cells 4856/3. At microscopic examination 
of the liquor and by cultivation the pneumococcus mucocus was shown. 

After administering dagénan and after the regular carrying out of lumber punctures patient's 
condition improved quickly. As early as from April 4th pneumococci could no longer be 
shown in the lumbar liquid or cultivated from this liquid. The number of cells in the liquid 
constantly dropped and on April 7th amounted to 154/3. Now the temperature was 
quite normal. 

On April 14th it seemed as if the woman had completely recovered. The auditory canal 
was dry. All subjective complaints had disappeared, only she still felt a little tired, which 
could be understood very well in connection with her age and the serious illness just gone 
through. Objectively not a single meningeal symptom could be found any more. 

April 21st. For some days already patient had asked to be allowed to get up a moment. 
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Also in order to interrupt the continual bed’s rest, in connection with her age, she was 
‘allowed to pass some time outside her bed on a restchair. She had scarcely lain on this, 
however, when she collapsed, became strongly cyanotic and died within 10 minutes without 
having regained conscience. 

As the cause of death at the obduction an embolus was found in the arteria pulmonalis 
coming from a large, obstructing thrombus in the left vena iliaca and vena femoralis, This 
thrombus had probably been the cause of the pains of which patient had complained 
already before her illness, which she felt especially when walking. 

At the obduction of the skull the roof appeared to be remarkably thick. Below the dura 
there was much clear liquid. The brains had the normal form and consistency. The 
leptominges were a little turbid and thickened. Below these there was no pus anywhere, 
as far as could be seen macroscopically, except below the leptominges of the left frontal 
lobe, where a little pus was found. The ventricles contained much clear liquid. 

The labyrinths had been opened at dissection by mistake. The left labyrinth showed no 
anomalies microscopically; the right, however, contained pus, as could also’be stated later 
by microscopic examination. After fixation no anomalies could be stated macroscopically 
on the whole surface of, the brain. 

At the microscopic examination the leptominges of the various parts of the hemispheres 
~ and also of the cerebellum were examined. Jt appeared that everywhere there. was still a 
marked leptomeningitis. The soft membranes were moderately thickened by fibrin. There 
was an infiltration with polynuclear leucocytes and many lymphocytes and plasma-cells. 
Especially round the veins were many infiltrations (fig. 1). In the cerebellum and the 
cerebrum itself generally speaking no anomalies were observed; only in one single place 
we found an infiltration consisting of small cells in the hemisphere itself (fig. 2). 


In this communication we chiefly meant to throw some light on our 
responsibility in nursing meningitis-patients. When we observe the 
focuses of inflammation scattered all over the hemispheres and cerebellum 
in this old woman, who thought herself that she had already recovered 
from her meningitis and whom we ourselves also considered as such, it 
is very probable that in many cases we allow our patients to get up 
much too early after they have gone through a meningitis and during 
the recovery permit them liberties much too early, among other things as 
regards sitting up. But it is difficult to go on considering patients who 
no longer have any complaints and in whom we ourselves can no longer 
show any anomalies as ill and to think of the fact that the recovery can 
be only apparent and that the meningitis-process has not at all calmed 
down. yet. , 

It may be quite possible that also part of the recidivisms which we can 
sometimes observe suddenly after a meningitis has been gone through 
well are only caused by the fact that we permitted more to the patients 
than could be allowed in view of the real condition. 

And in conclusion, might not the complaints of head-aches, tiredness 
etc., often existing a rather long time after a so-called cured meningitis 
be partly explained by the above? For one may be sure that it will take 
a long time before we can speak of a really cured meningitis, not only 
clinically, but also from a pathological-anatomical oo of view. 


A. DE KLEYn: Clinical and pathological-anatomical recovery from meningitis 
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Medicine. Reflex influences occurring with cardiospasm. By A. DE 


KLEYN. 
‘(Communicated at the meeting of January 26, 1946.) 


The so-called idiopathic cardiospasm or idiopathic achalasia is 
characterised by the combination of a more or less strong dilatation 
of the esophagus and the fact that the cardial opening-reflex is absent 
when food is swallowed. The cause of this idiopathic form is still unknown, 
in contrast with the symptomatic one, where processes in or round the 
esophagus cause the same complex of symptoms to arise. 

Many clinical observators have objected to the name cardiospasm 
because the use of this word would imply that the existence of a sphincter 
cardiae is considered as an established fact. But even if it is admitted 
that anatomically speaking no real sphincter cardiae is present 1), there 
always remains the possibility that circumscript contractions of the 
circular muscle-fibres bring about the same effect as a real sphincter, 
which, for that matter, has already been known for a long time for the 
stomach, under the influence of poisons or excitation of the vagus 
(Macnus 2), KLeE 8) ). 

The fact that in most cases of cardiospasm bougies pass very easily is, 
according to me, certainly no sufficient argument to deny the existence 
of a sphincter-spasm in any form. The observations of thin bougies being 
not seldom clasped and that during an operation for cardiospasm the 
finger of Vv. EISELSBERG*) introduced into the cardia from the stomach 
was clearly clasped, rather support a contrary opinion! 

In all these considerations it is often forgotten that the circumstances 
in bouginage are not the same as those which exist when food is 
swallowed. This appears very clearly from an observation made by 
LOTHEISEN *), who at the moment when patients suffering from cardio- 
spasm swallowed barium-pap, saw such a spasm appear in the esophagus 
that the bougie, which before that time had been introduced without any 
difficulty, was clasped. When bougies provided with little holes were 
used, by means of which the pap could easily flow down to the stomach, 
the spasm disappeared much more quickly than when solid ones were used. 


1) See o.a. BROWN KELLY, Jnl. of Laryng. 221, 1927 (Semon-lecture). 
. 2) MAGNus, R. Miinch. med. Wochenschr., 1907, nr. 29. 

%) KLER, PH. Pliigers Arch., 145, 557 (1912). 

4) v. EISELSBERG, Wiener klin. Wochenschr. 20, 811 (1907): »In ganz charakteristi- 
scher Weise trat ein Kardiospasmus mit derartiger Vehemenz auf, dasz mein Daumen fast 
umklammert wurde und ich in denselben ein ganz taubes Gefiihl bekam”’. 

. 5) LOTHE'ISEN, G. Chirurgie der ss absleniclt Neue Dt. Chir. v. P. BRUNS, 34, 250 
(1926). 
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The saying of Brown KELLy §): “the spasm is little more than a state 
of non-relaxation” finally represents an opinion, which comes closely to 
the opinion of those clinical investigators who, in the so-called cardiospasm, 
deny every spasm and suppose that this clinical picture is caused by an 
insufficiency of the longitudinal muscle-fibres of the stomach, thus prevent- 
ing the normal active opening of the cardia by these fibres (ZAAYER 7) a.o.). 
However this may be and whatever theory one may adhere to about 
the origin of the cardiospasm, it is certain that in patiens who suffer from 
this affection the normal opening-reflex of the cardia when food is taken 
does not come into being. 

It is not known with certainty which path this reflex takes. Especially 
about the question in how far the vagus, sympathicus and plexus of 
AUERBACH are implicated in the reflex and whether perhaps the three 
of them play a part here, there still exists a great difference of opinion 8). 

As early as 1889 v. OpENCHOwSky 9), when experimenting on animals, 
could observe that by stimulation of the N. ischiadicus and of various 
organs the cardia could be opened in a reflectory manner 1°) while in 
clinical literature cases were described where after operation of the 
gall-bladder, appendix and stomach an existing cardiospasm was cured 
entirely 11) or for the greater part, so that also in those cases a reflectory 
spasm was assumed 12). The following, certainly reflectory influence in a 
typical case of cardiospasm, which could be demonstrated again and again 
with great regularity, has not yet been described, as far as I know and may 
therefore be mentioned here in brief. 

Patient C., a chauffeur of 21 years old, had had difficulties in eating 
from this 10th year. He clearly felt that the food would not go down nor- 
mally. Sometimes he vomited it quite undigested and then it did not taste 
sour. As a child already he took food with difficulty, but no neurotic anoma- 
lies could be observed in him. The difficulties, it is true, increased when he 
was getting nervous. For the rest he had always been in good health 
nor did the family-anamnesis furnish anything special except the fact 
that his mother suffered from tuberculosis of the kidneys. 


8): BROWN KELLY, A. Brit. med. Jnl., 1912, Oct. 19th. 

*) ZAAYER, J. H. Acta oto-laryng, 2, 188 (1920). 

8) See e.g. IMMINK, E. A, M. Thesis Amsterdam, 1928; LOTHEISEN l.c. MAGNUS, R.: 
Die Bewegungen des Verdauungsrohres, Handb. d. phys. Methodik von R. TIGERSTEDT, 
1908; ROELFSEMA, E. J., Thesis Leiden 1937; Worms, M, G., in TERRACOL, J. Les 
maladies de l’oesophage, Masson, Paris 1938, p. 159. 

%) OPBNCHOWSKY, TH. vV., Dt. med. Wochenschr., 15, 717, 1889. 

10) ,,Eadlich méchte ich noch erwahnen, dass man bei Thieren, deren sammtliche 
Nervenbahnen noch erhalten sind, durch Reizung von Nieren, Blase, Uterus, Ischiadicus 
eine Offnung der.Cardia erziehen kann.” 

11) See literature in MOERSCH, H. J., Annals of Otology, 43, 1165, 1934. 

12) The experiments of V. OPENCHOWSKY, however, did not refer to cardiospasm and 
were made on normal animals, while as regards the clinical observations just mentioned the 
post, but not at all the propter is established. 
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Some years ago the patient had noticed that as soon as his food stuck, 
he only had to press on a certain place medially just above the manubrium 
sterni to get relief and make the food go down. If he exerted this pressure 
when taking food, he could complete his meal without further disturbances. 
For that reason he himself did not consider it necessary to consult a 
doctor, but his fiancée as can be understood, objected to this way of 
eating and sent him to our polyclinic. From there he was admitted into the 
clinic. When a general internal and oto-rhino-laryngological examination 
was made, no anomalies were found, The number of leucocytes amounted 
to 5400, the number of erythrocytes to 5.260000, the haemogoblin content 
was 94 %, while the sedimentation rate amounted to 1 mM in the first 
and to 3 mM in the second hour. The blood-picture was also completely 
normal, 

The nutritious condition of the patient was very good, contrary to what 
we mostly observe in sufferers from cardiospasm. This must probably be 
ascribed to the trick which the patient always applied when eating. 

When a réntgenological examination of the esophagus was made, the 
fluoroscope showed and on the photograph was found the typical picture 
of a cardiospasm. The swallowed bismuth-pap remained sticking in the 
strongly widened esophagus at the height of the diaphragm. Sometimes 
the esophagus was, as it were, quite obstructed, sometimes it ended in a 
little canal, the so-called mouse-tail (fig. 1), It was only with great inter- 
vals that a little pap went into the stomach, in spite of the fact that rather 
strong peristaltics could be seen. At the oesophagoscopy, which took 
place a few days later, it appeared that much saliva was found in the 
strongly widened esophagus. After this had been sucked away, the 
hyperaemic mucous membrane became visible. The esophagus-tube could 
be introduced without difficulty and easily passed through the cardia, 
which was also the case with the several esophagus- and mercury-bougies. 
At last a réntgenological examination of the patient was made, while he 
was requested to exert the above-mentioned pressure above the manubrium 
sterni. The consequence of this was surprising. Fig. 2 represents the 
picture without, resp. with pressure on any part of the neck, while fig. 3 
shows a photo taken after the patient had just exerted a pressure medially 
above the manubrium sterni. It is seen on the photograph how after this 
the cardia opened, which the fluoroscope showed even better. This 
phenomenon could be shown to others repeatedly and on different days, 
without the reflex ever failing. Only some minutes must have elapsed 
before a new pressure could be applied effectively. 

We have not systematically examined whether this reflectory opening 
of the cardia of our patient could also be brought about by pressure on 
other parts of the body. As has already been said, we were not successful 
when exerting pressure on other parts of the neck-region, 

Finally we must answer the question which nerve is excited when 
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pressure is exerted above the manubrium sterni. Colleague WorRDEMAN 
also thought that here only the N. recurrens vagi, which in this region 
liest against the trachea, can be considered. The N. vagus itself lies in 
this place much too lateral for this. 


Summarizing one can therefore say that the cardia of the above- 
mentioned patient who suffered from cardiospasm opened in a reflectory 
manner, if there was food in the esophagus as soon as pressure was 
exerted medially above the manubrium sterni and this very probably 
as a consequence of an excitation caused by pressure of the N. recurrens 
vagi. Without this pressure the food did not, flow to the stomach or 
only very slowly. The reflex which played a part here could be brought 
about regularly if the pressure was not exerted too quickly in succession. 


A. DE KLEyN: Reflex influences occurring with cardiospasm. 
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Applied Mechanics. — On the non-linear deflection of a semi-circular ring, 
clamped at both ends. By C. B. BIEZENO and J. J. Kocu. 


(Communicated at the meeting of January 26, 1946.) 


1, Introduction. In a remarkable paper on the buckling of cylindrical 
shells 1), TH vON KARMAN, L. G. DUNN and HsurE-SHEN TSIEN suggest 
that a longitudinal strip of a cylindrical shell may be considered as an 
elastically supported column. However, it follows both from physical con- 
siderations and from experimental observations, that the actual elastic ~ 
support cannot be linear dependent on the local deflection. Therefore the 
explanation for the discrepancies observed between the experimental values 
of the buckling load of cylinders and the values obtained theoretically must 
be found in some characteristic property of a non-linear support. It was 
therefore judged to be of general interest to investigate experimentally the 
effect on the load-deflection relation of a column-supported by a‘non-linear 
elastic element. To this end a thin semi-circular ring as shown in fig. 1, 


Ege) Fig. 2 


was used as the elastic suport, but its elastic behaviour, viz. its force-deflec- 
tion relation, has by the authors been determined only experimentally. In 
the following sections this relation will be deduced in a theoretical way. 

Instead of the semi-circular ring, clamped at both ends we first consider 


1) Comp. TH. VON KARMAN, L..G, DUNN and HSUE-SHEN TSIEN, The Influence of 
Curvature on the Buckling Characteristics of Structures, Journal of the Aeronautical 


Sciences, Vol. 7, 1940, p. 276—289. 
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a complete ring loaded by two pairs of diametral forces P and Q, placed 
at right angles, and calculate, for a number of values of the ratio P/Q, viz. 
j = 1, 1,05, 1,10, ..., 1,20 and their reciprocals the radial deflections 
u at mp = Oand mg = ae These calculations are performed after a method, 


developed in two preceding papers I and II, to which the reader may be 
referred 2). It will be roughly indicated for the two cases P/Q = 1 and 1,2, 
whereas for the other ratio’s only results will be given. From each of these 
results (relating to a distinct value of the ratio P/Q), the absolute value of 
P will be deduced for which the deflection uzjz at =F becomes zero, 
and by substituting the smallest of these values into the corresponding 
‘expression of ug, the deflection at the point = 0 can be calculated. The 
results thus obtained will be compared with the experimental data of VON 
KARMAN c.s. 


2. The ring compressed by two equal pairs of diametral forces P, placed 
at right angles. As has been shown in paper I, the four forces P can be 
replaced by two systems (A) and (B): 


o£ 4 a ene ae gat eee ee ON 
\ = ar 1 mr k=; 16k?—1" \" mega k—1 16k?—1 cos 4k 
(A) (B): (1) 
¢—iP 2 4k sin 4ky | orca Ee o 4k a 4k 
tr wean Oke te mr ccs 10k’ lee 


the first of which represents a truly “compressive” loadsystem, the second 
one a pure “bending” loadsystem. The internal normal fore No in the cross- 
section (~), due to the (A)-system is given by 


2P 42 ee conan 22 o 
Na +e Siar | eae 


pee | 
* 16k?—1 
the bending moment Mg due to the (B)-system by 
4 Pr g cos the 
a x=116k?—1 


4P 
= — = [0,06667 cos 4 + 0,01587 cos 8p + 0,00699 cos 12p + \ ‘igh 


(2) 


+ 0,00392 cos 16m + 0,00251 cos 20m + 0,00174 cos 249] | 


?) I. C, B. BIEZENO and J. J. KocH, The generalized buckling problem of the circular 
ring. These Proc. Vol. XLVIII, p. 447. 

II. C. B, BIEZENO and J. J. KOCH. The circular ring under the combined action of 
compressive and bending loads. These Proc, XLIX, p. 3. 
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It follows from the expression (2), — comp. I) — that the characteristic 
functions belonging to the (A)-system break up into two separate classes, 
distinguished in that the first class is built up of terms of the type cos 
(2 + 4p) only, the second one of terms of the types cos 4p@ only (p being 
integer). The first two characteristic numbers 4 of both classes and the 
corresponding characteristic functions of the second class are given here 
without any further comment (comp. for the required computations paper I): 


SLs ISEL in 


2 Geen te Rises Or tar ard, 
| 3 | (4) 
3EI x IS EI. x 

4s = 11,8082 —3- 5p 4, — 4,22990 ae | 


U,/r = 0,92924 cos 4¢ — 0,02170 cos 8% — 0,00200 cos 12g — 
—0,00052 cos 16g — 0,00020 cos 20¢~ — 0,00009 cos 24p 216) 
U,/r = 0,1571 cos 4 + 1,6230 cos 89 — 0,0956 cos 129 — 
—0,0071 cos 16¢ —0,0023 cos 20¢ — 0,0009 cos 24m | 


The characteristic functions U, and Us of the first class need not be 
computed as will directly be seen. 

In the expansion of —Mgr?/E] into a series of the characteristic functions 
(comp. II) 


A ee 
ong ae =6,U,+ 6,U,+6,U,+6,U,... eeire. Mie (6) 
the coefficients bs and by prove to have the following values: 
4 Pr? 4 Pr’ 
b, = 0,06969 Er b, = 0,00999 Er (7) 
whereas: 
Db, = b, lt) a ee rn ee (8) 


as can be predicted from the expression (3) which does not contain terms 
of the type cos (2+4p)q. The deflections ui of the ring corresponding 


to the components — fe all of the bending moment Mg can be calculated 
c 


from the equations 
uj; tu;—b; U; LAS te te OS ep al taal ok ding 12) 
They are — as far as ug and uy are concerned — 


uz = [—0,004317 cos 4m + 0,000024 cos &p + 


3 
+ 0,000001 cos 129 +...] ae 
ug = [—0,000105 cos 4 —0,000257 cos 8p + | | ‘i 
4 Pr? 
+.0,000007 cos 129 +...) Tey 
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The deflection u as caused by the (B)-system can either be found by 
integrating the equation 


a” +u=— te 0 eh Ma tee” ena ners Bae (11) 


in which Mg has to be replaced by the expression (3) or by solving the 
problem, illustrated by fig. 2, by one of the direct methods of solution (f.i. 
by CASTIGLIANO’s method). 

The first way leads to: 


1 [rg 006667 ge OSS Iy aie od 
a 15 cos 4p 63 cos 8p 


ov igepehhe 
0.00699 19, 0.00392 4, ae( 
1430. ae 255 pea Tyla aEI 
If all deflections uj were known, we also could have written a = > ih 


t=1 
The total distortion u*, as caused by the simultaneous action of the (A)- and 
(B)-load is represented by (comp. II) 


<i oe, Apes AS She Wi uj 
a =e an: > —-—=u Dy 3 
Hon ery 2 Tae ae ae 
(All functions ui corresponding to an odd value of the index i are zero, 
because the coefficient b; — not the function U; from which ui is derived! — 
is zero). 


It must be remembered now, that we look for such values of the two pairs 


of equal forces P, for which the radial displacement at m = = should 
be zero. 

With regard to (13) it would appear that for every value of P, for which 
Us—xj2 = 0, simultaneously the deflection at ~ = 0 becomes zero. It must 


however be brought into mind, that (for the first time) the displacement at 
o= 5 can be made zero, (without annulling the displacement at p = 0) 


when 4, becomes equal to unity. 

In this case an unknown multiple of the first characteristic deflection u; 
may be added to u* (13), which itself does not contain the component uj. 
This multiple of u, (say pu,) evidently can also be chosen in such a way 


4 
that the total deflection at p = “z becomes zero, and it is an easy matter 


to calculate the deflection, which in that case occurs at p = 0. To this end 
we remark that, u, =0—Up= x whereas at the other hand U1 (2 =0-=—U1 (p=a2)- 
The multiple p has to be chosen such that 


PU, (p =a/2) — — Up=aj2. 


EEE 
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And the deflection at ¢ = 0 consequently becomes: 
Us —0 + ptt (g=0) = Up =o — ptt (p=al2) = Up—o + Upaaj2 = 2Uy~0. 


Restricting ourselves to ug and u4, we find by the aid of (13) for the 
resulting deflection at p = 0 


U4 


ae ee ee 
Br eal eee 


A simple computation leads — with the use of (4), (10), (12) — to 
the deflection 0,0764 r. 


3. The ring compressed by two pairs of diametral forces of the 
magnitude 1,2 P (at p = 0 and gy =x), and P (a oS + z): 


The A and B-loads are represented here — as easily can be checked — by 


pee. 2b PS) ae COS 2kp ge P @ 4k? axcos2kp 
\2 Tate iy Ay ad a3 wT k=1 4k?—1 : \< a a5 CT kK=1 4k?—] 
(A) ) (14) 
le ~ P ¥ 2 kay sin 2kp | fe se es, fz © 2 ka, sin 2kp 
Cop 4k?—1 % CPE 4k?—-1. 


arx — 0,4 (k = odd) aon — 4,4 (k = even) 


whereas the normal force No acting upon the crosssection (gy) (and caused 
by the A-system) and the bending moment Mg belonging to the B-system 
are given by 


pe ROR A syne =— ss 
N=— ee E + 2 8k cos 2ko ak "2,2 (4k?) s 
Ripe Se a aie Sas naee tne st, (16) 


uw k=1 4k?—1 


No different classes of characteristic functions are distinguishable here, 
and all functions contain terms of the type cos (2 + 4p)q@ and of the type 
cos 4py. Again restricting ourselves to the first two characteristic numbers 
4, A and the corresponding characteristic functions, it is found that 


3aEI 3a EI 
A, = 1,07028 2 2D; Ao D,0145 22D 


(17) 

U,/rm Ve =0,71036 cos 2p —0,00629 cos 4~ —0,00590 cos 6 — 
— 0,00010 cos 8 — 0,00053 cos 10 — 0,00002 cos 12” 

U,/r Vi = 0,04453 cos 2p + 1,06722 cos 4 —0,02684 cos 69—| 


— 0,02469 cos 8g — 0,00031 cos 10~ —0,00231 cos 12~ 


(18) 
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The expansion of — “ar b, U, + by Ug + ... into a series of the 


characteristic functions leads — as far as the first terms are concerned — 
to the following values of the coefficients by and bp 


4 Pr? 4 Pr? 
b, = 0,04178 xEI b,= = 0,06680 7 EI’ (19) 
The deflections u, u, and uz in the series 
Waa og a Sa Se tS Ne eee 
are represented by 
ot he 0.05353 ah 0,07333 - 0,00286 oe 
ax 3 cos 2p 15 cos 49 35 60s Sy 
2 
a 0,01746 __ 0,00101 0, 00769 — 4 Pr? de 
635.5 ae oS 143 aE 
as 0,02968 0,00026 0,00025 4 Pr? 
cee ie aT ae 29 + 15 £98 49+ —35 60S nit xEI (22) 
u,=— PLES cos 29— a cos 4y + 
0 00179 | 0, oie 4 Pr? Go 
+ 35 os 6p 7 os 89 -F | aI 
and from these data it is found that 
u* o> = —10,001642 mo : yp (0000863 FS we 10,005 72 5 4 Pr° (24) 
1,07028 et) 5 074s eee 
2, 2Pr? 2,2Pr2 
3 
u*— jr — | 0,00598 + 0,00990 0,00384 4Pr | (25) 
1,07028)2 se eae 50745 32 EL SERS at Os 
4 2,2Pr? 2.9P2 a 
By substituting the smallest root P of 
Ug =2/2 = 0 ° . . . ° ° . ° . (26) 


into (24) we find the required corresponding displacement uy —0- 
The numerical result is: 


==\5021'Girs 


4. . The spring-characteristic. As has been stated in section 1 analogous 
computations have been performed for the ratio’s P/Q mentioned there. 
(See table 1.) 
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TABLE I 

Q/P 

Wags +0.1216 +140.8 
1A +0.0103 + 89.1 
1/1.05 —0.0348 + 76.0 
1 —0.0764 + 5.05 + 66.1 
1.05 —0.1130 + 6.62 + 58.5 
1.1 —0.1436 + 7.69 + 53.6 
i (By —0,1938 + 8.88 + 45.8 

he | . El/r2 El/r3 


-0,20 -016 -012 -0,08 -004 0 0,04 0,08 012 0,16 
Fig. 4 


The result is represented in fig. 3, where the experimental results of 
VAN KARMAN are given too. 


Physics. A new method of producing aspherical optical surfaces. By 
H. Rinia and P. M. van ALpHEN. (Natuurkundig Laboratorium 
der N.V. Philips’ Gloeilampenfabrieken, Eindhoven — Holland.) 
(Communicated by Prof. G. HOLst.) 


(Communicated at the meeting of January 26, 1946.) 


Introduction. 


Hitherto almost only flat or spherical surfaces have been used in the 
manufacture of optical instruments, This has not been because the 
importance of aspherical surfaces was not realized, for DESCARTES and 
NeEwTON have already pointed out their advantages. Rather it is because 
the technique of making aspherical surfaces had not progressed far 
enough to yield accurate results; an optical surface cannot be considered 
accurate until it equals the calculated curves to within a few wave lengths. 
The only exception were the parabolic mirrors of astronomical reflectors. 

Apart from a few, handground aspherical lenses, what has aroused 
considerable interest in this direction in recent years is the mirror system 
constructed by SCHMIDT in Hamburg 1). This system consists of a spherical 
concave mirror with the diafragm in the center of curvature. This mirror 
system which is free from chromatic aberrations, coma and astigmatism, 
can now, moreover be made free from spherical aberration by applying 
in the diafragm a correction plate with a 4th degree surface *). In this 
way with the help of only two elements, a system is obtained which shows 
only curvature of field as a main optical error, whilst a relative aperture 
greater than 1:1 can easily be obtained **). 


The fabrication of aspherical surfaces. 


Such systems of very large aperture may constitute a great advance 
for many technical applications and it is therefore not surprising that in 
various quarters methods have been sought for cheap mass-production 
of these correction plates. 

With Scumipt’s method a glass plate was bent by unilateral air pressure 
and then ground flat2), but unfortunately this method is not suitable 
for small plates, as was proved by A. COUDER 8), 


*) In practice one usually chooses a combination of 2nd, 4th and higher degrees. 

**) For large apertures it is not permissible to take the f-number as a measure of the 
brightness of the image, because then the angle deviates considerably from the sinus. It is 
better to adopt the conception of numerical aperture usually employed with microscope 
objectives, particularly because this expression is used for the object and picture distance 
for which the system is intended. See also BOUWERS and VAN HEEL, Physica 10, 714 (1943). 
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Various research-workers tried to overcome this difficulty by reverting 
to the spherical surface construction of the correction element. 

Most investigations however, are based on the idea of making the 
aspherical correction element from an optically transparant material 
pressed or cast in a mould; the material used not to be so much glass but 
rather one of the new plastics, such as polystrene and the like. 


Drawbacks of pressing or casting in moulds. 


For this method it is necessary to have a mould of the desired shape. 

The shaping of such a mould has to be done for instance by turning 
on a special lathe to an accuracy of about 1 w and the surface must show 
optical finish. Moreover the mould must retain these properties during 
the pressing process, so that the choice of material for the mould itself 
is limited; sometimes the right shape is obtained bij hand-finishing. 
Further the optical material for the correction element must remain 
optically homogeneous and not suffer from double refraction, or sub- 
sequently show elastic flow, which is difficult to avoid with transparant 
artificial resins, Finally the plastic used must take the optical surface 
quality of the mould and must easily loosen from the mould without any 
deformation or damage either to the casting or to the mould, so as to 
avoid the necessity of any further finishing or repairing. 

Thus it will be seen that it would be very difficult to obtain castings 
of glass answering these requirements, 


Gelatin for optical surfaces. 


Our research has shown that this problem can be solved by using 
glass plates coated with a thin layer of gelatin. When certain precautions 
are taken it is possible to let a gelatin gel dry in such a way that the 
criginal surface remains unaltered, though on a reduced scale. If, for 
instance, a 10 % gelatin solution is used the mould must be such as to 
give a section of the ultimate desired form enlarged 10 times in thickness. 
The absolute accuracy of this mould therefore may be 10 times less, say 
10 w. After the gel has dried, the errors are reduced to one-tenth. Owing 
to the strong adhesive power of gelatin to glass, there will only be 
shrinkage, after drying, in thickness. The final correction plate therefore 
consists for the greater part of optical glass, with a thin coating of gelatin. 
Double refraction or elastic flow does not occur,.the gelatin layer is no 
thicker than is required for aspherical moulding and is too thin to cause 
much trouble as a result of internal imperfections in the gelatin. 

It is possible to apply these layers also to lenses, so that in this manner 
lenses of different dispersions and refractive index can also be made 
with an aspherical surface. 
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Method of fabrication. 


The carefully turned and polished mould *) can be heated by means 
of a continuous flow of water. A 10 to 20 % gelatin solution is poured 
on the mould and the lens or glass plate is laid on it, care being taken to 
avoid air bubbles. By means of three set screws the lens or glass plate is 
kept at a small distance from the mould surface. Cold water is then pumped 
through the mould until the whole is cooled off and the solution is 
gelatinized to a stiff gel. The lens or glass plate is then removed from 
the mould with the aid of the set screws and owing to its strong adhesion 
to glass the gelatin readily loosens from the mould surface, showing in all 
the smallest details a perfect casting of the mould. 

The gelatin coating is then hardened in formalin vapour and after- 
wards dried uniformly. It shrinks only in the direction of thickness, being 
held laterally by the glass plate. The surprising feature about this shrinking 
is, that it proceeds so uniformly, that the ultimate shape is optically 
correct, Even minor imperfections of the mould surface, such as extremely 
fine scratches are greatly reduced, 

An advantage is that different kinds of correction plates can be made 
with the same mould. If the ScHmmpT-camera is not used for infinity, but 
for a shorter distance an optically stronger correction plate has to be 
used, It can be proved that with an image magnification N the power 
N+ 1\? 
N—-1 
power for infinity **), whilst the surface is approximately uniform. 
This higher power is easily obtained by using a gelatin solution of 
higher concentration. After drying the plate has a proportionally higher 
power. Adaptations are also possible in this manner for small differences 
in focal distance. 


of the plate must be increased by a factor in respect to the 


Stability of the gelatin layer. 


The lenses or glass plates treated in this way bear a great similarity 
to photographic plates without bromide of silver. They are very stable, 
and hardened gelatin is a very tough and strong substance. Nevertheless 
it is preferable to apply the gelatin layer on the inner surface of lenses, 
and to protect the correction plates with a second flat plate of glass, 
because wet fingers or rain drops are apt to leave marks on the gelatin. 


Applications, 


The most important technical application is as a projection system 


*) The moulds were made by L. LEBLANS, who also took a considerable part in 
overcoming the further difficulties. 

**) For N = 1 the power of the plate has become . This seems to be strange because 
when the image is in the centre of curvature, the ‘spherical aberration is just nil. It has to 
be born in mind however, that also the height of, incidence has become nil, and this makes 
the greater optical power necessary for short distances. 
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in television sets. The ScHmipT-camera is adaptable for this by interposing 
between mirror and correction plate at an angle of 45° a flat mirror 
with a hole in it, into which can be inserted the spherically ground 
head of the small high tension cathode ray tube. All deflection coils 
and the tube leads are placed behind the 45° mirror. The front face 
of the mirror is coated with aluminium, and the light cast back from the 
concave mirror is reflected on to the correction plate. In this manner with 
a small cathode ray tube a sufficiently sharp and flat picture of adequate 
dimensions can be obtained, 

Although developed for television projection it was found to be of 
such excellent quality that a SCHMIDT-system produced in this manner 
can also be applied for photographic reproduction. Owing to the very 
large f.-number (e.g. 1 : 0.7, n.a. 0,58) the depth of focus is very small 
and such apertures are therefore practically only of use for flat objects. 
In consequence of the curvature of field it is necessary to use photographic 
film with a not too thin celluloid layer and to press this against a spherical 
object. This has been found possible not only for small detached pieces 
of film, but also for a series of pictures in a strip of film. 

In this way it has been possible to make a camera for serial X-ray 
screen photography, which produced snapshots of 24 X 36 mm or 
40 X 40 mm of the fluorescent image on the X-ray screen. 

A similar sort of camera used for the cathode ray tube of an oscillograph 
made it possible to reproduce spot velocities on the tube of 60000 km/sec 
(2 % of the light velocity). 

An astronomic photograph gave a sharply defined picture right to the 
very edges in spite of the short focal distance (f = 8cm) over a field 
3) a os te 

Cameras have been made in this way with a focal distance of 26 to 
3.5 cm and a f.-number of 1 : 1,4 to 1 : 0,6 (n.a. 0,34—0,63), Even when 
fine-graine positive film is used the smallest perceptible detail is still 
determined by the granulation of the film. 

Some experiments with lenses provided with this aspherical gelatin 
surface likewise yielded good results. 
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Physics. — New possibilities for the air engine. By H. RiniA1). (Natuur- 
kundig Laboratorium der N.V. Philips’ Gloeilampenfabrieken, 
Eindhoven — Holland.) (Communicated by Prof. G. HOLST.) 


(Communicated at the meeting of January 26, 1946.) 


‘ 


Introduction, 


The main types of caloric engines that have hitherto been found in 
technical use are summarized in the table below, where they are divided 
into two groups, viz. piston engines and piston-less engines. In the first 
group the potential energy of the expanding working medium is converted 
direct into energy of the moving parts of the engine, whereas in the second 
group this conversion takes place via a phase in which the energy is at 
first present in the form of kinetic energy of the working medium. 

A further distinction has been made according to the method of heating. 


Summary of the principal types of caloric.engines. 


Method of heating Piston engines Piston-less engines 
— 


Internal with oxygen from the air | Internal combustion engines| Gas turbines 


Internal without oxygen from the | Normal fire-arms Rockets 
air 


External, the working medium | Piston steam engines Steam turbines 
passing through two phases 
during the process 


External, the working medium | Air engines Aerodynamic turbines 
remaining in the same phase 
during the whole process 


The types of engines in the right-hand column are usually more suited 
for high power, whilst piston engines are for smaller power, and the 
steam and air engines are also for very small powers. 

Several of the types summarized here have only been recently developed, 


1) Research in the field of air engines has been undertaken by a group of collaborators 
of the Philips Physical Laboratory, Eindhoven, under the guidance of the author, This 
group comprised Ir. H. DE BREY, Ir. F. L. VAN WEENEN, W. H. STIGTER, Ir. W. J. 
VAN HEECKEREN, the late Ir. Dr. P. H. CLay, Dr. F. K. DU Pre, H.H. METTIVIER MEYER, 
Dr. B. H. SCHULZ, Ir, A. J. J. LAMBEEK, Ir. A. HoRow!Tz, Dr. G. W. RATHENAU. 


Many others have also contributed by additional research ia regard to materials, 
burners, etc. 
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because it has not before been technically possible to realize ideas, which 
often are very old already. In the case of the air engine the position is some- 
what different, for this had already reached technical development to a 
certain extent, but that subsequently came to be discarded. Nevertheless 
it has for a long time already been realized that the process applied in 
this type of engine was a very attractive one theoretically. It has now 
been found that, partly for the same reasons as obtain for the other recent 
developments, with the present-day technique it is possible to bring the 
theoretical promises of the air engine to practical realization. 

After its invention by STIRLING in 1817 the air engine enjoyed a brief 
period of success in the middle of the last century, but it failed to stand 
up against the development of the steam engine and, especially later on, 
the internal combustion engine. 


The principle of the hot-air process. 


Fundamentally the air engine comprises two cylinders filled with a 
gaseous medium, usually air. For the sake of simplicity we will assume 
that the medium behaves like an ideal gas. The two cylinders are connected 
together via a regenerator. One has a high temperature Ty, the other 
a low temperature T;; further we assume — as is approximately correct — 
that the temperature of the gas in both cylinders is always the same as 
that of the cylinder wall. 

The volume under the piston in each of the cylinders can be varied 
from nil to a certain value by moving the pistons, Again assuming ideal 
conditions, the process brought about by the working medium is as follows: 


Ist Phase: At the start the volume in the hot cylinder is nil, and that 
in the cold cylinder at a maximum, The medium in the cold cylinder space 
is compressed (isothermally) by moving the piston inwards — from now 
on for the sake of brevity we shall refer to this as the cold piston, while 
that in the other cylinder will be called the hot piston. The heat of com- 
pression thereby developed is carried off. In this phase therefore a certain 
amount of energy is taken up by the engine. 


2nd Phase: Both pistons are moved simultaneously in such a way that 
the volume of the medium is kept constant, and this motion is continued 
until the volume of the cold space has been reduced to nil and the gas is 
consequently all in the hot space (for the sake of simplicity the volume 
of the connections between the two cylinders and in particular that of 
the regenerator is disregarded). As a result of the higher temperature 
prevailing in the-hot cylinder the gas there will be under higher pressure. 
During this phase no external work is performed. 


3rd Phase: The hot piston is drawn outwards until the volume equals 
that of the cold space at the beginning of the first phase. By this motion 
work is performed which, as a consequence of the higher pressure, is 
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greater than the work done in the first phase. For this (isothermic) 
expansion heat is required. This heat is applied to the medium externally 
through the wall of the hot cylinder. 


4th Phase: The two cylinders are then again moved in such a way 
that the total volume of gas remains constant, while the medium is now 
wholly transferred back to the cold space, thereby completing the cycle. 
During this phase the external work is again nil. _ 

The net result of the whole cycle is a surplus of energy which is applied 
by the gas to the pistons. The process described is very difficult to 
realise. This is.approximated in practice by causing the two pistons to 
move sinusoidally with a certain phase difference. This has to be arranged 
in such a way that the hot piston in its movement is advanced about 90° 
in phase in respect to the movement of the cold piston. 


The efficiency of the hot-air process. 

From the foregoing it is seen that the hot-air process yields mechanical 
energy. We will now consider what the efficiency is. First of all attention 
has to be paid to the regenerator, If the cold space and the hot space 
were connected directly, then during the second phase a considerable 
quantity of heat would be applied to the gas to heat it from Tx to T», 
and in the fourth phase this heat would be transferred to the cold cylinder. 
Thus a flow of heat arises, which means a loss. The function of the 
regenerator, which may consist of a mass of fine wire, is to reduce this 
loss by accumulating the heat that is contained in the gas when leaving 
the hot space (4th phase) and giving it off again to the medium as it flows 
back (2nd phase). Given an ideal action of the regenerator this heat is 
returned without loss, whilst everywhere in the regenerator the exchange 
of heat with the gas takes place with an infinitesimal difference in 
temperature. 

The function of the regenerator is of the utmost importance, because 
the quantities of heat interchanged in it are about three times as large as 
that which has to be supplied for the actual process. As a matter of fact 
if there were no regenerator the efficiency would be reduced 4 times. 

When the action of the regenerator is ideal and the gas, as already 
assumed, maintains the temperature TJ» in the hot space and Tx in the 
cold space (so that there too the heat exchange takes place with an 
infinitesimal difference in temperature) then, with an ideal gas as medium, 
the process is entirely reversible and the efficiency, according to a known 
theorem in thermodynamics, is equal to 1—Ts/T», the same as in a 
CARNOT process and the theoretical maximum possible with the given 
temperature ratio. Where the high temperature is 900° K and the low 
temperature 340° K, the efficiency is therefore 62 %. 

In reality compression and expansion do not take place isothermically. 
because the temperature exchange with the wall is too slow. Consequently 
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the efficiency is reduced, but due to the small compression ratio, i.e. the 
ratio between the highest and the lowest pressure of the air engine (1 to 
2—2.5), this reduction of efficiency does not amount to more than about 
10 %, so that on this account and under the conditions given above the 
efficiency drops to 56 %. 

It is also on account of the negligable temperature exchange with the 
cylinder wall that the heat required for the process is fed to and drawn 
from the gas in a special heater and cooler respectively, the former being 
interposed between the hot space and the regenerator and the latter 
between the regenerator and the cold space. 


Differences between the modern and the old constructions of the air 

engine, 

The reasons why full advantage has not hitherto been taken of the 
theoretical principles of the hot air process were mainly: 


a. unfavourable temperature ratio, no suitable heat-resisting alloys 
being known at that time; 

b. unsatisfactory heat transfer, involving voluminous machines with 
low mechanical efficiency and large heat losses; 

c. inadequate regeneration, or even none at all. 

It has now been found possible to surmount these difficulties for the 
greater part. Modern grades of steel allow of the application of a suffi- 
ciently high maximum temperature. 

Heaters and coolers can now be constructed which in a limited volume 
and at high speed of the engine perform their functions satisfactorily 
without involving too large flow resistances. It is essential to limit the 
volume of this apparatus as much as possible because it forms part of 
the so-called dead space; this adversely affects the compression ratio 
and consequently also the output capacity. 

It has proved possible to produce regenerators with efficiencies of 95 % 
_and more, which means that they are capable of returning to the gas on 
its way back 95 and more per cent of the heat given off by the gas 
on its way to the cold space. 

Further, it will be evident that the work performed is proportional to 
the number of revolutions the engine makes per minute and to the mean 
pressure of the medium. Both these factors must be high to attain a 
specific power output corresponding to that of internal combustion engines. 
At the same time the losses caused by conductance and radiation are low. 

Thanks to the improvements described above it has become possible 
to construct engines which are worked at 3000 revolutions per minute and 
at a mean pressure of 10 atm. and with an efficiency and an overall output 
exceeding those of petrol engines of corresponding power. 

Finally mention is to be made of a new form of construction for a 
multi-cylinder engine. It is possible to use four double-acting pistons with 
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mutual phase differences of 90°. The cold bottom end of one cylinder is 
connected with the hot top end of the next cylinder via a cooler, regenerator 
and heater, and so on. In this way only one piston per cycle is needed. 
Mechanically this arrangement is very simple and has a high mechanical 
efficiency. Moreover it is excellently suitable for combination with a 
wobbler plate mechanism for converting the rectilineal motion of the pistons 
into the rotary motion of a shaft. Thanks to the favourable shape of the 
pressure diagram, which shows no peaks, the difficulties encountered with 
wobbler plate mechanisms in petrol engines do not arise here. 


Characteristic features of the air engine. 


In conclusion the main characteristics of the air engine are summarized 
point for point: 


1. The power is in principle proportional to the product of the mean 

pressure of the working medium and the number of revolutions. 
It is limited by the amount of heat given off by the heater and 
cooler; with low number of revolutions a high pressure and a 
correspondingly high torque, or with high number of revolutions 
a low pressure and a smaller torque are therefore possible. 
Maximum pressure is limited by the mechanical strength, and 
maximum number of revolutions by the occurring flow losses. 
It is possible to construct the engine in such a way that the 
maximum power can be produced over a wide range of speed. This 
gives the engine a characteristic analogous to that of a series wound 
electric-motor, which is of great importance for traction. The 
minimum number of revolutions is only limited by the piston leakage 
and is very low. 

2. The torque is controlled by varying the mean pressure of the 
medium (in fact by varying the quantity of the medium), As the 
heater is kept at the same temperature the thermal efficiency does 
not vary with the load. 

3. The engine is noiseless, there being no valves and no exhaust noise. 

4. As heating is applied externally no special requirements are made 
of the fuel. 

5. The favourable pressure diagram results in a uniform torque (in 
a 4-cylinder engine the variation is only about 8 %), 

6. There is very little wear, as there are no hot running surfaces and 
neither dust nor corrosive gases inside the cylinder. 

7. For the same reasons as under 6. the lubricating. oil consumption 
is very low. P 

8. It is possible to burn the fuel completely, so that there is no CO 
in the exhaust gas. 

9. Starting (at room temperature) takes more time than is the case 
with combustion engines, because the heater has first to be warmed 
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up, but once hot, the starting is most reliable and independent of 
the surrounding temperature. 

10. Cooling requirements are higher than for internal combustion 
engines, because as the cooling temperature rises the efficiency 
drops. The amount of heat given off is about the same as that 
with an internal combustion engine. 

11. In the multi-cylinder construction the direction of rotation can be 
reversed while running by reversing the order in which the cold 
and hot spaces of the successive cylinders are connected. 


Hot-air process applied to refrigeration. 

As already mentioned, the hot-air process, in principle at least, is 
reversible. This means that it can be applied in such a way that a certain 
amount of heat is drawn from a low temperature reservoir and, while 
simultaneously applying external work, imparted to a high temperature 
reservoir, 

In this reversed process the same high thermodynamic efficiency is 
attained. By giving the right form to the elements corresponding to the 
heater, regenerator and cooler it has been possible to make efficient 
refrigerators. An experimental test with hydrogen as working medium 
showed that a temperature of 80° K could be reached in one stage. This 
process is in fact excellently suitable for cooling to temperatures which 
are not easily attainable by the usual methods. 


Mathematics. — Space groups and their axioms. By J. DE Groot. (Com- 
municated by Prof. L. E. J. BROUWER.) 


(Communicated at the meeting of January 26, 1946.) 


Notations. Small letters denote a point of a set or an element of a 
group, but also the set consisting of one point or one element. 

Capitals denote sets, while 0 indicates the vacuous set. 

U(p) is a neighbourhood of p. ; 

A C Bor BDA means: all points of A belong to B. 

A UB is the sum of A and B. 


U Aj is the sum of the sets Ay, Ag, ..., etc. 

i= 

Af B is the intersection of A and B. 

A—B is the difference of A and B, This is only defined for AC B. 

A+B or AB is the set of all products ab (the product indicates the 
relation in a group) witha CA and bC B. 


The notions: group, continuous and topological mapping, open and 
closed sets are supposed to be known. 


1. In topology a general neighbourhood-space may be defined as a 
(not-vacuous) set satisfying both (A) and (A’): 

(A) To each point p of the set belongs at least one subset as a neigh- 
bourhood. U(p) always contains p. The system of all neighbourhoods is 
denoted by {UW}. 

(A’) The HausporrF criterion of equivalence. If in a set are introduced 
two systems of neighbourhoods { UW} and { V } the corresponding neigh- 
bourhood-spaces will be considered as topologically not-different (or 
equivalent) if: each U(p) of an arbitrary point p contains a V(p) and, 
conversely, each V(p) contains a U(p). 

If the neighbourhood-space G is defined by the system of neighbour- 
hoods { U}, then the sets out of equivalent systems { V }, { W},... are 
also called neighbourhoods in G. 

A neighbourhood of a subset AC G is defined as the sum of certain 
neighbourhoods U(a), where a runs through the set A. 

Further usually the following axioms are, starting from a general neigh- 
bourhood-space, successively introduced: 

(B) The intersection of two neighbourhoods of one point is another 
neighbourhood of that point. 

(C) Among the equivalent systems of neighbourhoods there is at least 
one system consisting of open sets. 
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(D’) Of every two different points one has a neighbourhood which 
does not contain the other point (and conversely). 

(D) Every two different points have disjunct neighbourhoods. 

(E) Two disjunct closed sets of which at least one consists of only 
one point have disjunct neighbourhoods. 

(F) Two disjunct closed sets have disjunct neighbourhoods. 

(G) There is a system of neighbourhoods consisting of enumerably 
many sets. 

Often the following names are used: 

if for a general neighbourhood-space hold true the axioms 


Lt C)) it is called a topological space; 
3 pe C59 ae an j , RIESZ space; 

(B), (C), (D’), (D), , HausporrF space; 
PoC) (2) 2 (D},., (8); Pin e.g, regtlar spaces 
ele ON et 8g Pa BD eet 2) BE 9 at on an fOrmal. Space: 
ee etl) LD} (i) atl (Gr). 3, sok oo; |,- separable’ space. 


2. By a space group R we shall mean a set R which 
1°. is an (abstract) group, 


2°. is a (general) neighbourhood-space; so the axioms (A) and (A’) 
are satisfied, 


3°. satisfies both axioms of continuity (indicating the connection be- 
tween group and space), i.e. 
a. for every two elements a and b of R and for each neighbourhood 


U(ab) there may be found a U(a) and a U(b) with 
U (a) + U(b) ¢ U (ab); | 


b. for every neighbourhood U(a-1) of an arbitrary element a-1 of R 
may be found a V(a) with V-1C U. 

The axioms (B), (C), etc., which in 1. were introduced for neighbour- 
hood-spaces, may also be introduced for space groups and to the so formed 
space groups we may give the corresponding names. 

It now stands to reason to suppose that for space groups there is a closer 
connection between the topological axioms than for neighbourhood-spaces. 
In the following will be investigated in how far this is the case and in how 
far therefore simplifications offer themselves in comparison with the neigh- 
bourhood-spaces considered in a purely topological way. It will appear that 
the axioms (C) and (£) hold true in every space group (that in a topolo- 
gical group (£) holds true is already known from D. vAN DANTZIG’s 
paper, Math. Ann, 107 (1933), p. 608). (B) and (D’) may or may not hold 
true; (D) and (D’) are equivalent in every space group. Further it will 
be proved, among other things, that an enumerable space group satisfying 
(B) and (D’) is a normal space group. 
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3. In this number we repeat some properties, known for “topological 
groups’, which hold true for all space groups. 

If every element x of a general space group R is mapped on ax (where 
a is a fixed but arbitrarily chosen element of R), then in that way a 
topological mapping is determined of R onto itself. In the first place the 
mapping is one-to-one, as ax — b for a given a and b has but one solution. 
Further the mapping is continuous in the direction x — ax. For an arbi- 
trary U(ax) there may be found, according to the first axiom of continuity, 
a U(a) and a U(x) with U(a)-U(x) CU(ax), so that in any case 
a: U(x) CU(ax), ie., U(x) is mapped on a set belonging to U (ax). In 
the same way it is proved that the inverse mapping ax > x or x > a-1x is 
continuous. 

Also the mappings x > xa and x > x~1 are topological. So, if V is a 
neighbourhood of the unity e, then V~-1 also is a neighbourhood of e and 
Va and aV are neighbourhoods of a. 

Every space group R is homogeneous, i.e., for every two elements a and 
b of R there exists a topological mapping of R onto itself, which maps 
a on b, The mapping x > xa-16 fills this requirement. This homogeneity 
is an important property. For instance, if one wants to prove a certain 
(topological) property for a neighbourhood of a point p it is, because of 
the homogeneity, necessary and sufficient to prove this property for a 
neighbourhood of the unity e. 

Suppose O is an open subset, G a closed subset, W an arbitrary set and 
p a point of a space group. Then Gp is a closed set, for the mapping 
x — xp is topological, so G is mapped onto a closed set Gp. In the same 
way one proves that Op is an open set. But then OW also is an open set, 
as the sum of an arbitrary number of open sets is also open. So in general: 


OW, O-1, WO are open; G, G-1, Gp and pG are closed. 


4. Theorem. In every space group axiom (C) holds true. 


Proof. Because of the homogeneity we only have to prove that within 
an arbitrary neighbourhood U(e) of the unity e may be found an open set 
containing e. As e-e =e, it is possible, according to the second axiom of 
continuity, to find for U two neighbourhoods V!(e) and V}(e) with 


VieViCcdU. 


For the same reason there may be found for V! two neighbourhoods 
Viand V3 with V?-V2C V!. Thus continuing we construct 


Vie VE CVY 


Cael 
Now consider the sum 


2 


V=U Vi.Vitw Vv! 
i=1 
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For each term of V 
as i-l, i— ry i—l1, i . —Le = 
2 he te ool thi Loe Grecia aes A ae Va Pa Sc ea 
Cavs Vi CleL 


So V belongs to UW, but at the same time V is open, for an arbitrary element 


Pp+Pz'-+--P, (pz S V2) 
of V has the neighbourhood (belonging to V) 


eS at et ee 
V eae Decca gee Bes 


Theorem. In every space group R a point p and a closed set, disjunct 
with p, have disjunct neighbourhoods. 

From this follows in particular, that axiom (E) holds true in every space 
group. 

Proof. Because of the homogeneity we may suppose that e is the point 
mentioned in the theorem; further let Q be a closed set which does not 
contain e. 

Then the open set R—Q is a U(e). There may be found two neigh- 
bourhoods V,(e) and V2(e) with V;-V.CU. V, is a neighbourhood of 
e and QV>! is a neighbourhood of Q, as ¥5t is a neighbourhood of e. 
V, and QV>' are the required disjunct neighbourhoods. For, supposing 
this was not the case, there might be found in V,, V>! and Q the points 
vy, v5! and q respectively, with v; = qvz! or q = V4v2, in contradiction 
with the fact that Q and V,V4 are disjunct. 


As to the validity of (B) and (D’), it will appear from the instances 
given in 5. that all four possibilities may offer themselves. From (D’) 
always follows (D) and conversely. 


Theorem. In every space group (D’) and (D) are equivalent. 


Proof. We only have to prove that, in case (D’) holds true, e and a 
point a e have disjunct neighbourhoods. As (D’) holds true there must 
be a U(e) which does not contain a. For the rest the proof runs exactly 
as that of the theorem here above, if only one substitutes a for Q (we do 
not, however, contend that the point a — seen as a set — is closed). 

It now stands to reason to introduce, starting from a general space 
group, the following axioms and denominations: 

A space group, satisfying (B), is called a topological space group (and 
is indeed, considered as a space, a topological space). 

A space group satisfying (B) and (D’) is called a regular space group 
(and again, considered as an abstract space, is indeed a regular space). 

A space group satisfying (B), (D’) and (G) is called a separable space 
gtoup (and again is a separable space). 

11 
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Remark. Instances of regular space groups which are not normal are 
unknown to me. 

The separable spaces, which are topologically speaking the most impor- 
tant (these are topologically identical with the subsets of the HILBERT 
space) are reached already by the axioms (A), (A’), (B), (C), (D’), (E) 
and (G). The separable space groups, which are again the most important 
space groups, are reached as follows from the theorems above by the 
axioms (A), (A’), (C), (D’), (G) and the group- and continuity-axioms. 


5. In this number we investigate in particular the space groups of finite 
order. 

If a space group of that kind satisfies (B) and (D’) it is of course a 
space group consisting of isolated points, so there is no spacial relation 
whatever. 

Each of the three remaining possibilities may offer itself however in a 
not trivial way, denoted by 

12. dp) ee tee 

Oh Boh eek Ea B 4) 

3°, (—B), (—D’). 


To prove this we use the following lemma. 


Lemma. If in an abstract commutative group a system of neighbour- 
hoods { V} of the unity e is defined such that the axioms of continuity 
are satisfied as far as e is concerned (the a and b mentioned in the 
definition of the axioms of continuity always are e), and if one defines 
a system of neighbourhoods of an arbitrary but fixed element a of the 
group by {aV}, then the abstract group is hereby transformed into a 
space group. 


Proof. We apparently only have to prove the axioms of continuity. 
Let abU be a neighbourhood of ab, then for U = U(e) there may be 
found a V,(e) and a V.(e) with Vy~-V.2CU. Now aV,:bV, = 
= abV,V.,.C abU. In the same simple way one proves the second axiom 
of continuity. 

We shall now give the required instances the correctness of which is 
easy to see. 

1°. (—B), (D’). The abstract commutative group consists of the elements 
e, a, b, and ab with moreover the relations a2 = b2 =e. A system of 
neighbourhoods of e consists by definition of the sets {e,a} and {e, b}. 

2°. (B), (—D’). The abstract group as in 1°. A system of neighbour- 
hoods of e consists by definition of the set {e, a}. 

3°, (—B), (—D’). The abstract commutative group consists of the elements 
e, a, b, c, ab, ac, bc and abc with moreover the relations a2 = b2 = c2 =e. 
A system of neighbourhoods of e consists by definition of the sets 
{e,a, b,ab} and {e, a,c, ac }. 


1) (—B) means, that axiom (B) does not hold true. 
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6. For a space group of enumerable order we have the following 

Theorem. Every space group of enumerable order, satisfying (B), also 
satisfies (F). From this follows in particular that every regular-space group 
of enumerable order is normal. 

Proof. Let P and Q be two closed disjunct sets, consisting respectively 
of the points p;, po, ... and qy, qo, ... (the case where at least one of the 
sets consists of a finite number of points is simpler and is left out of 
consideration). For e may be constructed a neighbourhood U so that p,U 
(this is a neighbourhood of p,) contains no point of Q and q,U (this is 
a neighbourhood of q;) contains no point of P. The possibility of this 
follows from the validity of (B) and of the first theorem in 4. Within U 
we may construct a neighbourhood V,(e) with V;- V-!'C UW. Therefore 
also pyV,V7'N Q=0 and qyVyV71N P=O0. Thus continuing one 


constructs 

Ma Van ay ae oe ey, FV OV, Vol es 
with 

prev. 1) Q=0 and g;V V7 P=0 ees 1 ey 8 9 
Now 


U(P)= U p: V; and U(Q)= U qi Vi 
i= — 


are the required disjunct neighbourhoods of P and Q: For suppose U(P) 
and U(Q) had a common point; then this would have the shape 
a Pk Vk = 1 U1. 
We may suppose k= 1. Then we find 
Pp= 4191 % | Sa, V, Vai Oa, V, Vz! 


in contradiction with (1). 


Mathematics. Généralisation P-adique d'un théoréme de MINKOWSKI 
sur les formes linéaires. By A. F. MONNA. (Communicated by Prof. 
W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


I] s'agit du théoréme suivant: 
Soient données n formes linéaires 


Et (50) ar (ice 16. 2S at) ok 2 ee 


avec coefficients réels ai; et déterminant A = |ai;| 40, et n nombres 
positifs C,,..., Cn pour lesquels 


CECA a eee 


Alors ils existent n nombres entiers rationnels x,...,xn, non tous 0, tels 
que 


| Ly (xc) [2S Cue SS 1g), ee 


MAHLER a généralisé ce théoréme en considérant le cas ou un certain 
nombre des formes a des coéfficients non-réels, mais appartenant a des 
corps P-adiques 1). Bienque trés utile pour les applications, d'un point de 
vue théorique cette généralisation n'est pas entiérement satisfaisante: il 
n'est pas permis que les coefficients des formes-a-coefficients-réels sont 
tous zéro — il faut méme que leur déterminant est 0 —, il ne considére 
donc pas le cas ou il n'y a que des formes, n’ayant que des coefficients 
P-adiques. ; 

Dans ce qui suit nous donnons une nouvelle généralisation. Elle a rapport 
a l'espace Rn(K(P)), dont les points sont les suites (x,, ..., xn) de nombres 
P-adiques et que nous métrisons par la définition 


[| 2¢ |] ==5 max] 27 es. 5 een eee 
in 


Soit S un ensemble de points de Rn(K(P)) avec les propriétés suivantes: 
1. S soit un ensemble discret, donc S n'a pas des points d’accumulations 
finis. I] s’ensuit que S est dénombrable. 
2. Soit p(A) le nombre des points x de S tels que 
|x || SP(— 0 <A< + @). 
Supposons que ' 
Pe 
ariel pty cit tds “F0 ee e 


est fini. 


1) K. MAHLER, Uber diophantische Approximationen im Gebiete der P-adischen Zahlen. 
' Tahresber. d. Deutschen Math. Verein. 44, 250—255 (1934). 
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Considérons le systéme d'inégalités 2) 
PE oiree eee tah F's. se tOl 


ou aij(i,j —1,...,n)-sont des nombres P-adiques; soit A = | ai;| 0. 
Cherchons une solution de ce systéme de la forme x = a—b ot a, be S 
et a—b désigne le point (a; — }y,..., an — bn). | 

Supposons que le systéme (6) n’admet aucune solution x = a—b avec 
x0 = (0,...,0). Les points x de Rn, vérifiants (6), constituent une 
partie bornée Ig de l’espace. Posons pour cela 


n 
yi = 2 aij Xj Cen be oT ya) re ates: «cs (7) 
J= 
Pour tous les points x vérifiants (6) on a donc 


lyi:|jp=P% Die ete aes A) eeoukins 2 nas. iP. (8) 
donc 


pie ANA Sok cena (9) 
iSst=n 


Puisque | ai; | +4 0, il suit de (7) 


1] n 
xi= RZ Ais yi FOSS t Coy Rat Maen ee mors d 011) 
j=l 
Donc 
|i |pP= max Ap yi (11a, t1) 
1<jSn |A |p 

et par suite 

|= oF max | Asso 

i,j 


de sorte que l'ensemble J) est borné en vertu de (9). 

On peut définir dans Rn une mesure avec les propriétés de la mesure de 
LEBESGUE dans le domaine réel: il suffit de prendre un produit de la mesure, 
introduite par TURKSTRA dans le corps des nombres P-adiques 3). 


‘ 


2) Ce n’est pas une restriction de prendre pour le membre a droite une puissance de 
P puisque les membres a gauches sont aussi des puissances de P. 

3) H. TURKSTRA. Metrische bijdragen tot de theorie der diophantische approximaties 
in het lichaam der P-adische getallen. Groningen 1936. 

Voir aussi: A. F. MONNA, Zur Theorie des Maszes in Kérper der P-adischen Zahlen. 
Ned, Akad. v. Wetensch., Amsterdam, 45, 978—980 (1942). 

Pour l'espace R,(K(P)) voir: A. F. MONNA, Zur Geometrie der P-adischen Zahlen. 
Ned. Akad. v. Wetensch., Amsterdam, 45, 981—986 (1942). 

Utilisons cette occasion pour remarquer que l/introduction des intégrales au § 4 de ce 
dernier article peut étre évitée. On peut aisément montrer le lemme sans intégrales en 
n'utilisant que l’additivité de la mesure, 
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L’ensemble J) est mesurable; soit ml) la mesure; dans ce qui suit nous 
donnons une expression explicite de ml. 
Considérons dans Rn l'ensemble borné Iz, déterminé par les inégalités 


| Li (x —g)|p=P% (ee a Para cre (k 
ou g parcourt les points de S. Ig est déduit de Jp par la translation 
xi =Xi—gi ee ee ah 
ou 
KEATS Gg 
de sorte que, la mesure étant invariante par translation, 
mIy=m Ig. 


I] suit de la supposition, que les inégalités (6) n’admettent aucune solution 
x =a—b=+0 avec a et b dans S, qu’aucun couple des Jz n'a des points 
communs, Supposons en effet qu’on avait x € Iz, x € Ig; g ~g’. On avait 


| Li(x—g)|p=P%, 
| Li (x—g’) |pP= Pe, 
et 


Li (g—g’) |p =| Li (x—g’) — Li (x—g) |p = max (| Li (x—g’) |p, 
| Li (x—g) |p) = Pt. 


En contradiction avec l'hypothése, les inégalités admettaient alors la 
solution g—g’ 0. 
Soit C tel que J est contenu dans |’intervalle n-dimensionnel 
| x<2:|pse POX =e), os m1): 
Soit 4>C. Alors tous les Ig pour lesquels | gi|p< P4(i=1,...,n) — 
donc || g || < P4 — appartiennent 4 l’intervalle || x || < P+. En effet 
| Li(x— g) |p=P" x€Ig3;x—gely 
Bike jom—e me 
donc 


—= 


| xi |p =| x: — gi + gi |P= max (| xi —gi|p.| gi lp) 
= max (P°, P’4) = P*. 
La mesure de l'intervalle || x || <P4 vaut P™* et w(i) est le nombre des 
points g de S pour lesquels || g || < P4. Il s’ensuit 
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donc avec (5) sihrmo. 
mI,=a. ‘ . e . . ° . vw Ps (12) 


Il reste encore de déterminer mJy. Partons pour cela des relations (7) et 
(8). Par (8) est déterminé un intervalle n-dimensionnel avec mesure 


Pert... +e 


Par (7) cet intervalle est transformé dans Jp. On a 


1 
i= AAU I: Sede aks St emis. (13) 


ou Aj; est le mineur de aj;. On a donc pour tous les points x de I 


1 
; p= Ai : 
| 2 Ip ye ij Yj \p 


ou 
[xlpS ar me A ed Apple ie fork “ley. se. (14) 


Cependant si | yj;|p< PJ, les xi de (13) parcourent tous les nombres z 
pour lesquels 


RS es 
ae (et oe LAs He- 


D’abord Ai; di parcourt fous les nombres avec valeur P-adique 


A 
<| Ai; A |p P's; posons cette derniére valeur = Mjj. Il reste 4 montrer 
que, si uij(j—1,...,n) parcourt tous les nombres avec valeur < Miy, 


ui; parcourt fous les nombres z avec valeur < max Mjij;..Il est clair que 
i) ’ 
chaque Sui; est un nombre z. Soit inversement donné un z avec 


|z|p= max Mj;. 
LSJjJsn 
Si max Mi; = Mi;, nous posons 
u A 
ujj=0 si fF ho 
uij,— Zz 
Alors 


z= Dj, 
j 


donc de la forme désirée. 
Il s’ensuit que J9 est identique avec l'ensemble des points pour lesquels 
on a (14). On a alors 


TI max P*/| Ai;\p 
ie a Frye oy ee wt) 


|A |p 
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La supposition que les inégalités (6) n’admettent aucune solution x = a—b, 
avec a et b dans S, autre que O, conduit donc selon (12) a la condition 


n 

pe 
IIT max P's| Ai; |p 
INS JS2 


|A |p 


IIA 


a, ee ee 


Done si 


TI max P‘s| Ai; lp>alAlZ 


i=11SjSn 
le systéme d’inégalités 


| Li(x)|pSP% ~ (= L....n) 
admet au moins une solution de la forme x =a—b+~O avecaeS, 
be S. 

Remarquons que dans cette généralisation on apercoit une circonstance 
qu'on ne peut pas distinguer dans le cas réel: il s’'agit de la solubilité d’un 
systéme d'inégalités par des nombres, pas tous zéro, dont chacun est la 
différence de nombres d’une suite discréte donnée. On ne voit pas cette 
circonstance dans le cas réel puisque 1a, chaque différence appartient elle 
méme 4 la suite donnée, ou autrement dit, les nombres réels entiers et 
rationnels constituent un groupe additif, qui est discret si on considére la 
valorisation absolue, ; 

Le corps des nombres P-adiques n’admet aucun sous-groupe additif 
discret, différent du groupe ne contenant que l'élément 0. Chaque sous- 
groupe contient les nombres ... — 2, —1,0,1,2,.... Dans le valorisation 
P-adique ces nombres ne constituent pas une suite discréte. La suite 
P, P2, P3, ... converge P-adiquement vers zéro et on voit que chaque nombre 
entier rationnel est un point d'accumulation P-adique de la suite 

Ree 150, 0 cee 

Plus général, on a que chaque corps avec caractéristique nulle, valorisé 
d'une facon non-triviale et non-archimédienne, ne contient aucun groupe 
additif discret. En effet, chaque sous-groupe contient les éléments ke, si e 
est l’élément-unité et k entier rationnel. De plus chaque valorisation non- 
archimédienne des nombres rationnels est une valorisation P-adique, de 
sorte que, d’aprés ce qui précéde, aucun sous-groupe ne peut étre discret. 

Si la caractéristique du corps est 0 ou si la valorisation est triviale, 
il peuvent exister des sous-groupes discrets. Dans le dernier cas l’espace 
correspondant au corps ne contient que des points isolés. 


Apeldoorn, printemps 1945. 


Mathematics. Zut Mass- und Integrationstheorie in Strukturen. I. By 
J. RIDDER. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


Die im folgenden behandelten Mass- und Integrationstheorien in Struk- 
turen, bei welchen die Werte der auftretenden Masse nicht immer von 
einerlei Verzeichen zu sein brauchen, lassen sich in die von uns in Acta 
math. 73 (1941) behandelten Mass- und Integrationstheorien einbetten. 


I. Beschrankt additives Mass. 


§1. Alle hier vorkommenden Strukturen geniigen den Axiomen 1°, 2°, 
3°, 4°, 6° und 7°; jede Struktur ist aufgebaut aus Elementen, Somen 
genannt, die mit kleinen Buchstaben angedeutet werden. Der Grundbegriff 
, leil von” wird durch das Zeichen C angedeutet. Eine Struktur, welche 
ausserdem Axiom 5° geniigt, ist eine Boolesche Struktur oder eine Boole- 
sche Algebra. 

Axiom 1°: a) aca; B) aus acb und bcc folgt acc. 

Definition. a — b, falls ac bund bca. 

Satcet 8 e 3) ge pes ea as Db und b= ct a = c, 

Definition. Ein Soma ab oder a.b wird Produkt des Somenpaares a, b 
genannt, falls: a) ab C a; B) abc b; y) ausc Ca undccC 6b immer folgt 
c Cab. 

Satz 2. Hat das Somenpaar a, b ein Produkt, so ist dieses eindeutig 
bestimmt, d.h. zwischen zwei Somen, deren jedes, gemass letzter Definition, 
als Produkt von a und b betrachtet werden kann, gilt immer die Relation 
der Gleichheit. 

Axiom 2°, Fiir jedes Somenpaar a, b gibt es ein Produkt ab. 

Definition. Ein Soma a + b wird Summe des Somenpaares a, b genannt, 
falls: a) ac a+b; B) bc a+b; y) aus acc und bcc immer folgt 
See Prt, 

Satz 2’. Hat ein Somenpaar eine Summe, so ist diese eindeutig bestimmt. 

Axiom 3°, Fiir jedes Somenpaar a, b gibt es eine Summe a + Bb. 

Satz 3, 3’. Aus ac b folgt ab = a, und umgekehrt; aus bc a folgt 
a+ 6=a, und umgekehrt. 

Definition. Eine Struktur S besitzt ein kleinstes Soma, leeres Soma 
genannt, und angedeutet durch 0, falls 0 C a fiir jedes Soma a von S. 

Satz 4. Gibt es ein leeres Soma, so ist dieses eindeutig bestimmt. 

Axiom 4°. Es gibt ein kleinstes (leeres) Soma 0. 

Definition. Zwei Somen a, b heissen einander fremd, falls ab = 0. 

Satz 5. Ist a c b und sind a und b einander fremd, so ist a = 0. 

Satz 6. Ist c c 6 und sind a.und b einander fremd, so sind auch a und 
c einander fremd. 
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Definition. Eine Struktur S besitzt ein grdsstes Soma, angedeutet durch 
1, falls a Cc 1 fiir jedes Soma a von S. 

Satz 4’. Gibt es ein grésstes Soma, so ist dieses eindeutig bestimmt. 

Axiom 5°. Es gibt ein grésstes Soma 1. 

Definition. Ist a C b, so wird komplementares Soma erster Art genannt 
und angedeutet durch b —a jedes zu a fremde Element x mit 


at+x=b. 

Definition. Ein Soma 1 —c wird Komplement von c genannt und durch 
c’ angedeutet. 

Axiom 6°. ‘ac + bea ae 

Axiom 7°. Zu jedem Paar von Somen a und 5, mit a C b, gibt es ein 
komplementares Soma erster Art, b —a., 

Satz 7. Unter der Annahme ac b ist b—a in einer den Axiomen 
1° — 4°, 6°, 7° geniigenden Struktur eindeutig bestimmt; in einer Boole- 
schen Algebra ist sodann b—a = a’b. 

Satz 8. Ausc Ca+b und c und b einander fremd folgt, unter An- 
nahme der Axiome 1° — 4°, 6°, 7°, c Ca. 

Satz 9, 9’. In einer Booleschen Struktur ist 

(a+ b/=a’b’ und (ab/=a’+0D’. 

In einer Booleschen Struktur gilt folgendes Dualitatsprinzip: zu jedem 
in ihr ableitbaren Satz gibt es einen dualen, welchen man erhalt, wenn im 
urspriinglichen Theorem iiberall: a) x C y durch y Cx, und somit: 6) xy 
durch x + y, und umgekehrt, ersetzt wird, daneben: y) 0 durch 1, und 
umgekehrt, ersetzt wird; lasst man y) fort, so erhalt man ein in einer den 
Axiomen 1° — 4°, 6°, 7° geniigenden Struktur giiltiges Dualitatsprinzip. 


§ 2. In diesem Paragraphen betrachten wir eine Struktur S, welche 
Axiom 5° nicht zu erfiillen braucht. K sei eine Klasse von Somen von S, 
welche folgende Eigenschaften hat: 

I. es gibt eine nicht leere (echte oder unechte) Teilklasse K, von K 
derart, dass ein Soma x zu K gehort, falls aus a € K, immer folgt 
a—ax ¢ K; umgekehrt soll aus x € K,a € K, immer folgen a—axe K; 

II. ausxe K,yeK folgt x + ye K; und: 

Il]. aus aeK,, 6€K, folgta+be Ky. 

Aus I. folgt 0 € K, und, falls Axiom 5° erfillt wird, auch le K. 

Satz 10. Ausxe K,y € K folgt xy « K undx—xy € K; die Somen 
von K bilden eine den Axiomen 1° — 4°, 6°, 7° geniigende Teilstruktur 
S(K) von $1). 

Umgekehrt bilden die Somen einer den Axiomen 1° — 4°, 5°, 6°, 7° 
geniigenden Teilstruktur eine die Bedingungen I., II, III. erfiillende Klasse 
K; als Teilklasse K, kann man dabei K’selbst nehmen, oder auch die aus 
dem gréssten Soma von S(K) allein bestehenden Klasse. 


1) Beim Beweise wird die Bedingung III. nicht benutzt. 
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Definition. f(x) sei eine reellwertige Somenfunktion, definiert fiir alle 
und nur alle diejenigen Somen (x) € K, zu deren jedem ein Soma 
a(x) € K, gehért mit x Cc a(x), und nicht identisch Null. Sie soll be- 
schrankt additiv heissen, falls: 

1°. fiir je zwei einander fremde Somen x, y, fiir die f definiert ist, 


f(x) + Fy) =F (x + 9) 


ist; und: 

2°. fiir jedes Soma a € K, die obere Schranke aller | f(x)|-Werte, mit 
x C a und xe K, endlich ist. 

Ist f definiert fiir das Soma x, so sei ihre positive Variation G(x) die 
(endliche) obere Schranke aller f(e)-Werte mit e C x und e€ K; ihre 
negative Variation g(x) sei die (endliche) untere Schranke dieser f(e)- 
Werte; ihre Totalvariation T(x) sei definiert durch die Summe 
G(x) + |g(x)|. 

Satz 11. G(x), g(x) und T(x) sind beschrankt additive Somenfunk- 
tionen; dabei ist 


G (x) + g (x) =F (x). 

Satz 12. Die Somen, fiir die f, G, g und T definiert sind, bilden eine 
den Axiomen 1° — 4°, 6° und 7° geniigende Teilstruktur S(K 2) von S(K). 

Definition. Fiir jedes Soma x, zu welchem es ein Soma a € Kg mit 
xC a gibt, definieren wir die 4ussere T-Funktion T(x) gleich der unteren 
Schranke aller T(a)-Werte mit x C a und a € Ky. Die Klasse dieser 
Somen sei Ks. 

Satz 13. Die Somen der Klasse Kz bilden eine den Axiomen 1° — 4°, 
6°, 7° geniigende Teilstruktur S(K3) von S. 

Satz 14. Fiir je zwei Somen x, y der Klasse Kz ist 


Dab t y) = Ta (x) + Ta (y). 


Satz 15. Fiir die zu Ky gehérenden Somen (x) von Kg fallen Ta(x) 
und T(x) zusammen. 

Definition. Ein Soma a heisse Ta(x)-messbar oder messbar in bezug 
auf Ta(x), wenn fiir jedes Soma w € Kz 


Tq (w) = Tg (wa) + T, (w— wa) 
ist. 
In analoger Weise definiert man die Ga(x)- und die | g|a(x)-Mess- 
barkeit von Somen. 

Satz 16. Fiigt man T.(x) fiir die nicht. zur Klasse K; gehdrenden 
Somen den Wert + © zu, so geniigt die sodann fiir jedes Soma definierte 
aussere T-Funktion den Bedingungen: Ib. es gibt ein Soma w mit T.(w) 
endlich und + 0; III. aus a C b folgt immer Ta(a) < T.(b); V. fiir jedes 
Soma a mit T2(a) endlich ist T2(a) gleich der unteren Schranke der Werte 
Ta(x) fiir alle Ta(x)-messbaren Somen (x) mit aC x. 
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Beweis. Es geniigt V. zu beweisen. 
Aus ae Ky, w € Ke folgt, mit den Satzen 11, 12 und 15, 


Ta (w) = Ta (wa) + Ty (w — we). 


Zu w € Kz und willkiirlich positivem ¢ gibt es ein we Ky mitw Cw 
und 


T (w) << Ta (w) +8. 


Nun ist wa C wa und w— wa C w—wa; folglich 
Tq (w) > T (@) —€ = Ta (aid) + Ts (© —aib)—e = Ty (aw) + Ta (w—aw)—e, 
also auch 
Tg (w) = Ta (aw) + Ta (w — aw). 
Mit den Satzen 13 und 14 liefert dies 
Ta (w) = Ta (aw) + Ta (w— aw). 
Jedes Soma a € Ko ist somit Ta(x)-messbar. Daraus folgt V. 


Aus Satz 16 folgt, dass alle in den Paragraphen 2—6 unserer Arbeit: 
Mass- und Integrationstheorie in Strukturen”) erhaltenen Eigenschaften 
der Somenfunktion m°(x) sich ohnemehr auf die (erweiterte) Funktion 
La(x) iibertragen lassen, 

Definition. Zu jedem Soma a, mit Ta(a) endlich, wahle man ein Ta(x)- 
messbares Soma b mit a c 6; man lege der zu Ta(x) adjungierten Mass- 
funktion T;(x) den Wert 


Tq (b)— T 4 (b—a) 


bei. Fiir jedes Soma a mit Ta(a2) = © sei auch Ti(a) = ~. 

Durch obige Definition ist Ti(a) eindeutig bestimmt. 

Die in den Paragraphen 2—6 der eben zitierten Arbeit erhaltenen 
Eigenschaften der Somenfunktion mp(x) gelten nun ohnemehr fiir die 
Funktion T;(x). Daraus folgt u.a.: 

Satz 17. Ti(x) hat die Eigenschaften: Ib. es gibt ein Soma w mit Ti(w) 
endlich und = 0; III.-aus a C b folgt immer Ti(a) S Ti(b); IV. zu jedem 
Soma a mit T;(a) endlich gibt es ein Ti(x)-messbares Soma b mit a C b 
und 7;(b) ebenfalls endlich; V’. fiir jedes Soma a mit Ti(a) endlich ist 
Ti(a) gleich der oberen Schranke der Werte Ti(x) fir alle Ti(x)-mess- 
baren Somen (x) mitx C a. 

Die Ta- und die T;-messbaren Somen fallen zusammen. Notwendig und 
hinreichend zur Ta-~ und T;-Messbarkeit eines Somas a mit Ta(a) oder 
Ti(a) endlich ist die Relation T2(a) = Ti(a). 

Die T.- und T:-messbaren Somen bilden eine den Axiomen 1° — 4°, 6°, 


2) Siehe Acta math. 73 (1941), S. 131—173. 
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7° geniigende Struktur S(K;), welche S(K) und S(Kz) als Teilstrukturen 
enthalt 3); ebenso enthalt S(K;) eine die gleichen Axiome erfiillende Teil- 
struktur S(K4), die alle und nur alle diejenigen T.-messbaren Somen um- 
fasst, welche in einem Soma der Klasse Ky enthalten sind. — 

Ist die Funktion G(x) nicht immer Null, so hat Ga(x) dieselben Eigen- 
schaften wie T.(x); das gleiche gilt fiir | g(x)| und |g |a(x); fiir die nicht 
zur Klasse K3 gehdrenden Somen werde dabei einer jeden dieser Funk- 
tionen der Wert + © beigelegt. Ist G(x) = 0 fiir jedes Soma x € K, 
so ist Ga(a) = 0 fiir jedes a € Kz, und jedes Soma von S ist Ga(x) -mess- 
bar; eine analoge Bemerkung gilt fiir | g(x)|. 

‘Satz 18. Jedes Ta(x)-messbare Soma ist auch Ga(x)- und |g |a(x)- 
messbar, 

Definition. Fiir jedes Somaa ¢€ K; und mit T.(a) endlich (also € K,) 
sei das f-Mass m;(a) definiert durch: 

my (a) = Ga (a) —|g|a (a). 

Dann ist fiir jedes solche Soma a 

mg (a) = Ga (a), mg (a) = —|g|a (a), 


wodurch 
mf (a) = mg (a) + mg (a) 
ist; ausserdem gilt 
m_ (a) = mg (a) — mg (a). 
Satz 19, Fiir ae Kg ist 
my (a) =f (a), m;(a)=T (a), mg (a)= G(a) und mg (a) =g (a). 
Definition. Fiir jedes Soma a € Ks mit Ta(a) unendlich sei 
m, (a)=obere Schranke aller m, (a. w)-Werte mit w € K;, 
mg (a) =untere Schranke aller mg (a.w)-Werte mit we K3, 
mf (a) = mg (a) + mg (a), 
und 
m_ (a) = mg (a) — mg (a), 


wobei zu beachten ist, dass my(a) als unbestimmt betrachtet werden soll, 
wenn m,(a) und mg(a) beide unendlich sind. 
Satz 20. Fiir ae Ks, b € Ks, ab =0 wird immer 


my (a+ b) = m (a) + m_(b) 


3) Zum Beweise der behauptung, dass S (K) eine Teilstruktur von S (Ks5) ist, ver- 
gleiche man J. RIDDER, Fund, math, 24 (1935), S. 82 (Beweis von Satz XVI). 
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sein; es ist 


my (a) + my (b) = mz (a + B), 
sobald bekannt ist, dass einer der beiden Glieder einen endlichen oder 
bestimmt unendlichen Wert hat. 


§ 3. Bildung einer Produktstruktur. 

Definition. S® und S@) seien den Axiomen 1° — 4°, 6°, 7° geniigende 
Strukturen. Unter der Produktstruktur S@) X S@) verstehen wir eine Struk- 
tur, deren Somen ,,Summen” endlich vieler ,,Produkte” al’) oe al?) sind, mit 
al € S®, a? € S@; dabei soll die ,,Summe” {'a) X a} (j= 1,...,m) € 
die ,,Summe” {b® & b?)} (k= 1,...,n) sein, falls zu jedem_ ,,Produkt” 
al) Xa) mit a) F0 und a0 endlich viele Somen 0 F al € S® 
(p=1,...,Pj),0F a €S? (q=1,...,Q;) gehéren, mit 


(7 ae Sees AoC) ae 0. Fa ss 
af ee fiir p= p, aig a 0 fir qq, 


oj 
Qre— se) 
+ aig — 9) ‘ 


’ 


a 
(1) — ofl) 
2th 48 


und der weiteren Eigenschaft, dass sich zu jedem Paar alla al’) ein 
» Produkt” bt) we b?) angeben lasst mit 


(1) (1) 2 € BZ 
ay) 5S bY) und al?) bY). 


Satz 21. Die Produktstruktur S®) & S@) geniigt den Axiomen 1° — 4°, 
6°, 7°, und, falls Axiom 5° in S@) und in S@) gilt, auch Axiom 5°, Dabei 
ist das Produkt 

taj? x ae gig ee) : {bY "A BON estas.) 


gleich 


{(a‘) aes (a‘?) . aa) Pea ee k=1,...,7)’ 


und die Summe 


fal) X apoio 1 LOPS OP ie at,..cm 
gleich 


WX a2 BO X< Be) 
fal) X a), BY) XK BPS i iy? 


also gleich der ,,Summe’”’ aller ,,Produkte”’ al 4 al?) und aller ,,Produkte”’ 
bY) & bY). Das leere Soma ist ,,Summe”’ von ,,Produkten” a) X a?) mit 
entweder a) oder a?) oder beide gleich dem leeren Soma in der zugehGrigen 
Struktur; falls Axiom 5° in S@) und in S@) gilt, ist das grésste Soma der 
Produktstruktur gleich {1@) X 1@)}; hierbei deuten 1 und 10) die 
grossten Somen von S(@) bzw. S(@) an. 

Definition, Elementares Soma von S() X S(@) sei jedes Soma, das nur 
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ein einzelnes ,,Produkt’”’ a@) X a@), mit al) ¢ $M, a2 € S@ enthalt. 
Satz 22a. Jede Differenz 


fal) X a} — tal) Xa} | fH >< Be} 
lasst sich als Summe von zwei einander fremden elementaren Somen dar- 


stellen 4). 
Satz 22b. Jede Differenz 


fal Xa} — fal Xa}. [bY X BP} 


ist Summe von héchstens 2", einander fremden, vom leeren Soma ver- 
schiedenen elementaren Somen®*), 

Satz 23. Jedes Soma { al) x al’) \(j=1,...,m) ist gleich einem Soma 
(bY) X bY }G—1,...,2, das ,,Summe” von einander fremden, elementaren 
Somen ist 6). 


§ 4. © sei eine den Axiomen 1° —4°, 6°, 7° geniigende Struktur, 
welche eine mit der im vorigen Par. definierten Struktur S@) X S@) iso- 
morphe Teilstruktur G2) enthalt. 

Ausgehend von Teilstrukturen S(K“) von S® und S(K%)) von S®©), 
welche ebenfalls die Axiome 1° — 4°, 6°, 7° erfiillen, und von fiir die 
Somen dieser Strukturen definierten, beschrankt additiven Somenfunktionen 
[%(a) bzw. f@)(a) [vg]. § 2; die Klassen K\) und K®) sollen dabei mit 
K\) bzw. K®) zusammenfallend gedacht werden; die Existenz von Klassen 
K® und K() braucht nicht vorausgesetzt zu werden], kann man, wie in 
§ 2, S(K) und S(K®) erweitern zu die gleichen Axiome erfiillenden 
Strukturen S(K®), S(K@) bzw. S(K®), S(K®), fiir deren Somen die 
Satze 18—20 gelten. Ein eventuelles grésstes Soma von S() oder S@) ist 
ein Soma von S(K{)) bzw. S(KY)). 

G(Ry) sei die den Axiomen 1° — 4°, 6°, 7° geniigende Teilstruktur von 
S12), welche bei der Isomorphie von @")2) und S® X S@) sich auf die Teil- 
struktur S(K) X S(K 2)) von S® X S@) abbildet. 


Wenn ein Soma a € Sz sich bei der Isomorphie auf ein Soma a von 


S(K {)) & S(K2) abbildet [also ae KY) X K%], welche gleich ist einer 
,oumme”’ 

pal XK a} =1...,n* mit al) € Ko, a?) ¢ KY) und a) 

al) X a), al) X al?) einander fremd (j + k), 


sei 


5 (a) = FF (a) X £2 (a?) 


4) Vergleiche loc. cit. 3), S. 87 (Satz XIX). 
5) Vergleiche loc. cit. 3), S. 88 (Satz XIXa). 
6) Vergleiche loc, cit. 3), S. 88 (Satz XX). 
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Man sieht unschwer ein, dass der Wert von %(a) unabhangig. von der 
unter den angegebenen Bedingungen gewahlten Darstellung (1) ist; %(a) 
ist eine fir die Somen von yg beschrankt additive Funktion (im Sinne 
von § 2). : 

Es ist nun méglich zu (a) gehorende positive und negative Variationen, 
(a) bzw. g(a), und eine Totalvariation T(a) mit den in § 2 behandelten 
Eigenschaften einzufithren. Wie dort fiihrt die Totalvariation zur 4usseren 
$-Funktion, Ta(a), fiir die Somen einer (2 umfassenden) Teilklasse Rs 
der Klasse aller Somen von G; nach einer Erweiterung von $a(qa) zu allen 
Somen von © (vgl. Satz 16) gelangt man zur inneren $-Funktion, Ti(a), 
und zu der (die Axiome 1° —4°, 6°, 7° erfiillende) Struktur @(R;) der 
Ta- und Ti-messbaren Somen [Ky C Ks]. | 

Satz 24. G(s) enthalt eine zur Produktstruktur S(K)) xX S(K?)) 


isomorphe Teilstruktur 7). 


7) Vogl. loc. cit. 3), S. 89 (Satz XXII), 91 (Satz XXIII). — Zur Ableitung von 
weiteren Eigenschaften vergleiche J. RIDDER, Nieuw Archief (2) 19: 1 (1936), S. 31—33. 


Mathematics. — Zur Mass- und Integrationstheorie in Strukturen. Il. By 
J. RIDDER. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 
II. RIEMANN-STIELTJESsche Integrale. 


§ 5. S sei die von den Teilmengen der Menge aller reellen Zahlen 
gebildete Struktur, bei der a C b bedeutra soll: a ist Teilmenge von b; S(?) 
sei eine weitere, die Axiome 1° — 4°, 6°, 7° erfiillende.Struktur, in welcher 
wir Teilklassen von Somen, [K(), K®], K?) — K®, von der in § 2 be- 
sprochenen Art nebst beschrankt additiven Somenfunktionen f‘2) (a). 
Gl’) (a), g®) (a), T@ (a) und zugehérigen Massfunktionen my) (a) 
u.s.w. betrachten wollen (vgl. § 4). In S@) nehmen wir als S(K“)) die 
kleinste, die Axiome 1° — 4°, 6°, 7° erfiillende Teilstruktur, welche die 
Menge aller reellen Zahlen und diejenigen ihrer Teilmengen umfasst, deren 
-Durchschnitte mit den offenen Intervallen J (a< x <b) immer als Summe 
von endlich vielen offenen Intervallen aufgefasst werden konnen, und fiir 
die K\) die Teilklasse von K() ist, deren jedes Soma aus endlich vielen 
offenen Intervallen aufgebaut ist (siehe § 2). S (K)) enthalt eine Struktur 
S(K@)) von der in § 2 angegebenen Art. Definiert man schliesslich die 
Funktion f“)(a) fiir die Somen a€ K“), ausgehend von dem elementar- 
geometrischen Mass der offenen Intervalle, so lasst sich S(K{) ) erweitern 
zu einer Struktur S(K® ), wobei man fiir die Somen dieser Struktur eine 
(nicht-negative) Massfunktion mq) (a) mit den in § 2 behandelten Eigen- 
schaften erhalt. 

Wie im vorigen Paragraphen, gibt es eine Produktstruktur S(1) K S(), 
welche wir hier mit © uni cis annehmen; aus den K‘!) -Klassen 


gehen Klassen Ss, 3, 5; von Somen von S() X S(2) nebst zu diesen ge- 
hérenden eRe anes & &, g, © und Massfunktionen’ mg, u.s.w. 
hervor 1). 


Satz 25. Wenn ein zur eben eingefiihrten Klasse &. gehdrendes Soma 
a sich darstellen lasst: 


(1 (2 ( 2 1 2 
al) X 62 + al) Xb2 4+... 4 al) XB, 


mit al) € Ky), be KY (j=1,...,n), und af) X bY und al!) X bY ein- 
ander fremd (jk), so wird 


& (a) = 5 fo (a?) x< GI) (6?) ; g (a) ae f (a) x g”) (b®) 
tis | peat 


1) © (R5) und S(K {t)) x S(K?) fallen hier zusammen. 
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und 


X(a)= ¥ f(a) XT? (6) 
= 


i 
sein 2), 

Definition. Die Struktur S(2) geniige den Axiomen 1° — 4°, 6°, 7°; 
sie enthalte das Soma a(?) 4 0. Dann wird eine auf a‘) definierte abstrakte 
Ortsfunktion F durch zwei Somenfunktionen a(x(2)) und #(x'2)) gegeben, 
die beide auf jedem vom leeren Soma verschiedenen Soma x(2) C a? 
definiert sind und folgende Eigenschaften haben: 

1. es gibt zwei endliche oder unendliche Zahlen 4;, 42, so dass fiir 
jedes Soma x'2) c af?) und — 0 

Ay Sa (x) = B(x) SA, 
ist; 

2. a(x‘?)) ist monoton abnehmend, #(x'2)) monoton zunehmend; 

3. ist Ay <4o, so gibt es mindestens eine im offenen Intervall (A,, 42) 
iiberall dicht liegende Folge von Zahlen { y,}, denen die Somen {x}, 
mit jedem xc a‘), eindeutig zugeordnet sind, so dass erstens 
a(x’) 2y, und dass zweitens B(a\?) —x) Sy, ist. 

Definition A. Die in der vorigen Definition betrachtete Ortsfunktion 
F sei nicht-negativ; das soll heissen: 


a (a) =0. 


Sie sei ausserdem auf a'?) beschrankt, m.a.W.: B(a®)) und a(a@)) seien 
endlich. Schliesslich sei a\2)¢ K?), . 

Dann betrachten wir als. Pseudo-Soma [a‘2); F] eine Kombination von 
zwei Klassen L und R von zu &y gehérenden Somen, bei der: 

1°, JZ alle und nur alle diejenigen Somen (a) von St. umfasst, deren 
jedes ,Summe” ist von endlich vielen ,,Produkten” a!) & a? mit: 
a’ ¢ al, al) ¢ K0); zu jedem a@ ein Soma 6) © SM) al) Cob coaig 
so dass das Intervall 0 <x<a(b")%) das zugehérige Soma a“) € K," 
enthalt; 

2°, R alle und nur alle diejenigen Somen (a) von ®2 umfasst, deren 
jedes ,,Summe”’ von endlich vielen ,,Produkten” 4") & a?) ist, und folgende 
Eigenschaft hat: a(2) lasst sich in endlich viele, einander fremde Somen 


(6%), bi?) € S(), zerlegen, so dass bei jedem b2 diejenigen Somen 4 mit 


2) Al) 
by © 4; 


eine Menge {a} x bilden, fiir welche die zugehérige Somenmenge {al be 
eine Summe hat, die das IntervallO<x< B(b?) enthalt. 


2) Vgl. Mitt. I, loc. cit. 3), S. 95, 96 (Satz XXIV nebst Beweis). 
5) Istia (Bb) = 0, so lese man: O< x <a (6%). 
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Die unteren Schranken der T- und @- und die obere Schranke der 
g-Masse der Somen von R seien das aussere -, bzw. W-, bzw. g-Mass 
von [a?);-F], zugleich das obere RIEMANN-STIELTJESsche T(2)-, bzw. G()-, 
bzw. g'?)-Integral von F iiber a‘); die oeberen Schanken der T- und G- und 
die untere Schranke der g-Masse der Somen von L seien das innere T-, 
bzw. @-, bzw. g-Mass von [al?); F], zugleich das untere RIEMANN- 
STIELTJESsche T(2)-, bzw. G)-, bzw. g'2)-Integral von F iiber a). Sind 
ausseres und inneres T-, und dadurch auch ausseres und inneres (§-Mass, 
und ebenso 4usseres und inneres q-Mass, einander gleich, so seien diese 
gemeinsamen Werte bzw. das T-, G- und g-Mass von [al?); F] 4); 
F heisse dann T(?)-, G2)- und g(?)-integrierbar (RS) iiber a), und es sei 


. 


(RS) Fdm ya (x?) =das T-Mass von [a®; F], 


(2) 


(RS) F dmg (x) = das ©-Mass von [a®); F], 


a) 


(RS) F dm, a, (x) = das g-Mass von [a”; F]; 
42) 


jede derartige T(?)-integrierbare Funktion F betrachten wir auch als f(?)- 
integrierbar (RS) mit 


(RS) Fem ya (2°) = [ (RS) Fd man (=) + [RS Fam, c(x") 


a(2) q(2) q(2) 


Definition A*. Wenn F auf al?) € K® beschrankt ist, lassen sich zwei 
Ortsfunktionen F+ (zugehdrige Somenfunktionen at, f+) und F- (zuge- 
hérige Somenf. a~, f—) in folgender Weise einfiihren: 

auf jedem Soma p')C al?) mit a (p®) 20 sei at (p@) 


a (p®), 
B+ (p®) = B (p®)), und a- (p®) = 0, p- = 0, 


(2) 


o Il 


4) La8t S@) X S@) sich in eine Struktur ©* einbetten, in welcher dieselben Struktur- 


axiome wie in S(1) X S(?) gelten, Axiom 3° sogar in der umfassenderen Form 30. »jede 
Klasse von Somen hat eine Summe”’ (dies hat zur Folge, dass auch Axiom 5° erfiillt wird), 
und ist dabei fiir die zu einem Pseudo-Soma [a(?); F] gehérenden Klassen ZL und R die 
Summe der Somen von L immer gleich dem Produkte der Somen von R: Sa= 1a, so 


(L)  (R) 
ist dieses letzte Soma als das zu F iiber a(®) gehdrende Ordinatensoma zu betrachten, Ftir 


eine T(?)-infegrierbare Funktion F ist dann das Ordinatensoma S-meSar, und ihr = -Mass 
ist gleich dem T(?)-Integral von F tber al”); dabei sei das aussere und innere Z-Mass in 
S* in derselben Weise aus Z (a) abgeleitet zu denken wie (in den §§ 5 und 6) in 
S@) X S(?); in S@) X S@) bleiben alle Messbarkeitsrelationen ungedndert erhalten. — 
Fiir die Eigenschaften einer Struktur mit den Axiomen 1°, 2°, 3°, 4979 siche unsere 
Arbeit: Uber ftopologische Eigenschaften von Strukturen, Verhand. Ned. Akad. v. 
Wetensch., Amsterdam, Sect. 1, 18, Nr. 4, S. 1—43 (1944). 
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auf jedem Soma gq’) € al?) mit a (q@) <0, B (q®) >0 sei at (gq) =0, 
B+ (q®)) = B (q®)), und a~ (q) = 0, B- (q@) = —a (q), 

auf jedem Soma r'?) c al?) mit B (r@) SO sei at (r@) = 0, Bt ay 0, 
und a- (r\?)) = —8 (r’?)), B- (r@) = —a (r®). 


Sind nun F+ und F- iiber a?) T(2)-integrierbar (RS), so héfaciee wir 
F als T(2)- und als f\?)-integrierbar (RS) iiber a), und es sei: 


(RS) Fdmya (x) = ifs (RS) Ft dmya — ff (RS) F- dmya, 
a‘2) al?) “a2) 


und 


JRE amr (2c) = [ (RS) ) Ft dmzay— J (RS) F- diya. 


a) . al?) ql) 

(Geometrische Definition des RIEMANN—STIELTJESschen Integrals.) 

Satz 26. Zur Existenz des in der vorigen Definition eingefiihrten 
Integrals { (RS) Fdm a) ist notwendig und hinreichend, dass es bei 

(2) 

willkirlich positiven Zahlen «, 6 eine Uberdeckung von a‘) durch endlich 
viele, einander fremde Somen (x) € KY gebe, bei der von denjenigen 
Somen unter den (x) mit p (x), a(2)) —a(x@, a’2)) >e die Summe 
ihrer T'?)-Masse <6 sei. 

§ 6. Definition. Ein Soma io a; wird Summe der Somenklasse {a;} 


€K 
mit j¢ K genannt, falls: a) jedee its 2 oe Bp) aus aj C b(je€K) folgt 
ie Bye Bi 


ete 27. Hat die abzahlbar unendliche Klasse: a,, ao, ..., aj, ... eine 
Summe, so ist diese eindeutig bestimmt. 

Axiom 3°. Zu jedem Somenpaar gibt es eine Summe; fiir jede abzahlbar 
unendliche Klasse von Somen: ay, a9, ..., aj, -.. gibt es eine Summe Jai. 

Definition. Ein Salis pee a wird Produkt der Somenklasse ha mut 
j€K genannt, falls: a) fiir ‘odes j€ “ a aie aj; B) aus b Ca; (je K) 
folgt biG iT Son: 

J€K = 

In diesem Paragraphen betrachten wir eine den Axiomen 1°, 2°, 3°, 4°, 
6°, 7° geniigende Struktur S(?), Dann gilt: 

Satz 28. Jede abzahlbar unendliche Klasse von Somen: aj, ay, ... hat 
ein eindeutig bestimmtes Produkt. 5 

Auch hier gilt das Dualitatsprinzip von §1, Ende, falls ausserdem 
Axiom 5° erfiillt wird, und bei Fortlassung von y) auch wieder ohne 
dieses Axiom. 

Auf dem Soma a‘?) sei eine abstrakte Ortsfunktion F definiert. Dann 
kann man, ahnlich wie bei Punktfunktionen 5), fiir reelles 2 Teilsomen 


®) WVergleiche C, CARATHEODORY, Vorles. ti. reetle Funké., 2e Aufl. (1927), S. 372 wf. 
Angenommen wird, dass das leere Soma immer die Ungleichungen « >/ und 6 <2 erfiillt. 


179 


x) (F<) und x) (F242) bestimmen; x@) (F22) ist das (immer 
existierende) grésste Teilsoma 6) von a2) mit a = 2, und ebenso x'?)(F <7) 
das (immer existierende) grésste Teilsoma®) von al?) mit B <17). 

Lemma 8), In der (den Axiomen 1°, 2°, 3°, 4°, 6°, 7° geniigenden) 
Struktur S() soflen F, af2), f@, T@) die gleichen Eigenschaften wie in 
Definition A haben. Dann ist das obere R—S. T(?)-Integral von F iiber 
a\2) gleich 


n 
tines). PON alt— 2c?) ( == 9) bes ty;—Yjal: 


o>0 j=1 


wahrend das untere R—S. T(?)-Integral von F iiber a‘) gleich 


ae re PP [xO (P= y MX ty, — 95-13 
ist; hierbei ist 6 das Maximum der Differenzen (yj;—yj_,), gehdrend zu 
einer Zerlegung 0 = yoy < yj ... << yn = M des Intervalles [0, M], wobei 
die a‘2)- und f')-Werte fiir alle Teilsomen von a‘) kleiner als die (iibrigens 
willkiirliche) fest gewahlte Konstante M sind. . 

Definition. F, a‘), f(2), T@) sollen die gleichen Eigenschaften wie in 
Definition A haben. Dann heisse F T®-messber auf dem Soma a‘?), wenn 
fiir alle reellen y-Werte, eine héchstens abzahlbar unendliche Menge E 
ausgenommen, die Somen x) (F Sy) und x?) (F 24) T)-messbar sind, 
und wenn daneben fiir diese y-Werte 

T2 {a®— x0 (FS y)} = TO |x® (Fy) 
ist 9), 

Satz 2910). Haben F, al2), f(2), T(2) die gleichen Eigenschaften wie am 
Anfang der Definition A*, so ist es zur T(2)- und f(?)-Integrierbarkeit (RS) 
von F iiber al?) notwendig und hinreichend, dass F auf a\?) T@)-messbar sei. 

Sind fiir die Teilsomen x‘2) von a(?) die zu F gehorigen Somenfunktionen 
a, 6 beschrankt, mit m<a<f <M, und wahlt man die y;-Werte (j = 1, 
2, ... n—1) der Zerlegung m= yo<yy<yo..:<Cyn=M immer 
derartig, dass die zugehérigen Somen x?) (F 2 y;) T®-messbar sind, so ist 


» n-1 
(RS) Fda) (x) =lim  ¥ yj .mz[x? (F=y,)— x? (F=y,,)] 


q(2) 


6) Das soll heissen: alle Somen mit derselben Eigenschaft werden von diesem Soma 
umfasst. 

*) Fiir das komplementére Soma a(?)—x(?) (F >A) ist B <4; ebenso ist fiir a(?)— 
x(@)(F <i) aD. 

8) Vergleiche Mitt. I., loc. cit. 3), S. 99 (Lemma B) und L., loc. cit. 2), S. 171, 172 
(Lemma). 


®) Aus der To -Messbarkeit von x") (F = y) fiir alle y, abzahlbar viele Werte aus- 
genomen, lassen sich die tibrigen, in dieser Definition enthaltenen Bedingungen ableiten. 
10) Zum Beweise vergleiche man I., loc. cit..3), S. 101—103; auch I., loc. cit. 2), S. 172. 
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und 


é>0 j=0 


(RS) Fdmyo(x®) =lim ¥ y,.m,[x®(F=y)—x?(F=y,,)h 
q(2) 4 


hierbei ist 5 das Maximum der Differenzen (y;—yj;—1) der Zerlegung von 
[m, M]. 

Das bekannte Verfahren von DE LA VALLEE PoussIN fiihrt zu (absolut 
konvergenten) uneigentlichen RIEMANN—STIELTJESschen f(2)- und T(?)- 
Integralen iiber Somen. 

Die Integrale besitzen die gewdhnlichen elementaren Integraleigen- 
schaften. 


Ill. Total-additives Mass. 


§ 7. In den drei letzten Kapiteln betrachten wir nur Strukturen, die 
den Axiomen 1°, 2°, 3°, 4°, 6°, 7° geniigen. 

Die in § 2 enthaltene Theorie eines beschrankt additiven Masses lasst 
sich in einer derartigen Struktur in leicht ersichtlicher Weise in eine Theorie 
eines ftotal-additiven Masses abandern. Wir geben hier kurz die dazu 
notwendigen Anderungen in den Definitionen und Satzen an. 

K geniige in der Struktur S den gleichen Bedingungen wie in § 2; nur soll 
unter II. auch die Summe von abzahlbar vielen Somen zugelassen werden. 

Dann geniigt auch S (K) den Axiomen 1°, 2°, 3°, 4°, 6°, 7° und, falls 
S Axiom 5° erfiillt, daneben Axiom 5°. 

Die Somenfunktion f(x) soll total-additiv sein, d.h. in der Definition soll 
unter 1° die Additivitat fiir abzahlbar viele, paarweise fremde Somen 
gefordert werden, fiir deren jedes und fiir deren Summe f definiert ist 11). 

G (x), g (x), T (x) werden nun ebenfalls total-additiv sein. Die Defini- 
tionen von Ta (x) und JT; (x) behalten den gleichen Wortlaut. S (Ke) 
und S (Kz) sind den Axiomen 1°, 2°, 3°, 4°, 6°, 7° geniigende, in bezug 
auf K, o-beschrankte Strukturen; mit ,,o-beschrankt in bezug auf K; 
meinen wir, dass die Summe von je abzahlbar vielen zu einer solchen 
Struktur gehGrenden Somen auch zur Struktur gehért immer dann, wenn 
_ es ein Soma ae K, gibt, welches die Summe als Teilsoma umfasst. 

Satz 14’. Fir abzahlbar viele Somen (x;), welche ebenso wie ihre 
Summe zur Klasse K3 gehoren, ist immer 


La (x te es = 2 Ta (xj). tye oo & hee 


Dee Wortlaut des Satzes 15 bleibt err bs:, auch die der Definitionen 
der Ta-, Ga- und | g |a~Messbarkeit von Somen und der Definition der 


adjungierten Funktion T;(x). 


11) Die Bedingung 2° folgt nun aus 1°, und kann somit fortgelassen werden. Vergleiche 


S. SAKS, Théorie de l'intégrale, Warszawa 1933, p. 248, 249. 
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Satz 16’. Fiigt man Ta(x) fiir die nicht zur Klasse Kz gehdrenden 
Somen den Wert + © zu, so geniigt die sodann fiir jedes Soma definierte 
aussere T-Funktion den Bedingungen: I’. es gibt ein Soma w mit Ta (w) 
endlich und ~ 0; III. aus ac b folgt immer Tx (a) [ Tc (6); V. fiir jedes 
Soma a mit Ta (a) endlich ist Ta (a) gleich der unteren Schranke der 
Werte Ta. (x) fiir alle Ta (x)-messbaren Somen (x) mit aC x; VI. die 
Summe von abzahlbar vielen, Tz (x)-messbaren Somen ist T« (x)-messbar; 


VII. fiir jede Folge von Somen 6,C by... C bn... mit b= Sb und 
71 


Ta (b) endlich ist 
jae 


Beweis. Es geniigt VI. und VII. zu beweisen. 

Die L., loc. cit. 2), §§ 2—6 behandelten Eigenschaften der Somenfunktion 
my (x) gelten ohnemehr fiir die Funktion T; (x). Ist insbes. Ti (a + b) 
endlich und ab = 0, so gilt 


T; (a + 6) = T; (a) + T; (6). 
Daraus folgt fiir abzahlbar unendlich viele paarweise fremde Somen 
21, ao, ... mit T; (a,,+ ag +...) endlich: 
Ti(a,tag+..J= >> T; (a;). 


j=1 
Sind die einzelnen Somen aj, ag, ... Ta-messbar, so ergibt.sich aus dieser 


Ungleichung in Verbindung mit (2): 
Ta (a; +a,+.. Ve Sian (a) = T; (a, + a,+...), 
j 


also, da immer T; < T, ist 12). 


m,(a, + a2+...)= Ta (X aj) =Ti (Laj)= Xm;_(ay). . ~ (3) 
(y) (fj) (J) 


Fordern wir nicht mehr die Endlichkeit von T; (a, + ag + ...), so folgt 
doch aus dem Vorigen, dass bei willkiirlich gewahltem T.-mesbarem Soma 
w, mit T. (w) endlich, auch w (a;'+ ag +...) = wa; + wag +... und 
w —w (a; + ay +...) Ta-messbar sind. Es ist somit 


oleae ale lan- as. |) alg (tear (ay + a+ ...)|.« (4) 
Daraus folgt jedoch 13) die Ta-Messbarkeit der Summe a; + a)+ ... 
Nun leitet man auch leicht die Relation (4) fiir den Fall ab, in welchem 
die aj; nur Ta-messbar vorausgesetzt werden; das liefert dann Eigen- 
schaft VI. ’ 

Mit (3) folgt VII. in den Fallen, in welchen jedes Soma 6b; Tu- 
messbar ist. | 

Jedes Produkt von abzahlbar vielen, Ta-messbaren Somen ist auch 
Ta-messbar 14), Mit V. folgt daraus fiir jedes Soma w mit Ta(w) endlich 


12) ~Siehe 1., loc. cit. 2), S. 151 (Satz 35). 
13) Siehe IL, loo. cit. 2), S. 153 (Satz 39). 
14) Siehe I., loc. cit. 2), S. 161, 162 (Satz 49). 
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die Existenz eines Ta-messbaren Somas wD w mit mr (w) = Ta {w). 
Dies erméglicht den allgemeinen Fall von VII. in bekannter Weise auf den 
eben behandelten besonderen Fall zuriickzufiihren. — 

Die IL, loc. cit. 2), §§ 9—11 erhaltenen Eigenschaften der Somen- 
funktionen m®, mg gelten nun ohnemehr fiir die Funktionen Ta, T; 1%). 


Die Ta- und Ti-messbaren Somen bilden eine den Axiomen 1°, 2°, 3% 
4°, 6°, 7° geniigende Struktur S (K5), welche S (K) und S (Kz) als 
Teilstrukturen enthalt. S (K;) enthalt ebenfalls eine die Axiome 1°, 2°, 
3°, 4°, 6°, 7° erfiillende Teilstruktur S (K4), die alle und nur alle die- 
jenigen T.a-messbaren Somen enthalt, die in einem Soma der Klasse Ko 
enthalten sind; S (K4) ist in bezug auf K, o-beschrankt. 

Der den Satz 18 vorangehende Absatz behalt den gleichen Wortlaut. 
Satz 18 bleibt ungeandert; ebenso Satz 19, wenn das /-Mass wie in § 2 
definiert bleibt. Lasst man auch die den Satz 20 vorangehende Definition 
ungeandert, so lasst sich dieser Satz erweitern zu 

Satz 20’. Fiir eine abzahlbar unendliche Klasse {a;} von paarweise 
fremden, zu K; geh6renden Somen ist immer 

m,(Xaj)= Xm,(a,); 
(J) (j) 
ausserdem ist fiir diese Somen 
Ci ee “3 (a) 
immer dann, wenn das linke Glied einen endlichen oder bestimmt unend- 


lichen Wert hat. 
IV. LEBESGUE-STIELTJESsche Integrale. 


§ 8. Geringfiigige Abanderungen in den Uberlegungen der §§ 5 und 6 
geniigen um zum LEBESGUE-—STIELT]JESschen Integral in einer die Axiome 
1°, 2°, 3°, 4°, 6°, 7° erfiillende Struktur S(2) zu gelangen. 

S (K?) sei eine die Axiome 1°, 2°, 3°, 4°, 6°, 7° erfiillende und in 
bezug auf K® selbst o-beschrankte Teilstruktur von S‘); [(?) sei eine fir 
die Somen von KY eee eed total-additive Somenfunktion, d.h. aus 


aye K2 (j=1, 2, a a;,.aj, = 0 (fy F#jo) oe ee folgen: 
f) (= aj) = = Rares ie sich Sacer eaten K®, K?, KY 


und ee aie M2)» Mp2) einfiihren, welche die im vorigen Para- 
graphen behandelten Eigenschaften haben. S() sei die von den Teilmengen 
der Menge aller reellen Zahlen gebildete Struktur; zu ihr seien Somen- 
klassen und Massfunktionen in gleicher Weise gewahlt wie in § 5. 

Die Betrachtungen von §§ 3 und 4 fiihren nun, ebenso wie in dem in § 5 
betrachteten Fall, zu Somenklassen Ro, R3, Rs in SO) X S) und zu diesen 


15) Axiom VIII der zitierten Arbeit braucht hier nicht zu gelten, somit auch nicht die 
wenigen, sich auf diesem Axiom stiitzenden Masseigenschaften. ‘ 
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geh6renden, beschrankt-additiven Somenfunktionen %, @, g, Z und 
beschrankt-additiven Massfunktionen my u.s.w. 

Satz 25 behalt seine Giiltigkeit. 

Lasst man den Wortlaut der in §§ 5 und 6 weiter folgenden Definitionen 
ungeandert (nur lese man ,,L.—S.” statt ,,.R—S.)”, so bleiben auch alle 
weiteren Satze dieser Paragraphen giiltig. 

Wir bemerken, dass zufolge der Eigenschaft von S (KY) in bezug auf 
KY) o-beschrankt zu sein die in der Definition der T(*)-Messbarkeit einer 
abstrakten Ortsfunktion F, welche auf einem Soma a’) € K@ beschrankt 
ist, zugelassene Ausnahmemenge immer leer sein wird. Dadurch ist es 
mdglich diese Definition die in der Theorie der gew6hnlichen LEBESGUE- 
schen und der LEBESGUE—STIELTJESschen Integrale tibliche Form zu geben. 


V. Erweiterung eines beschrankt-additiven Masses zu einem 
total-additiven Masse. 


§ 9. Satz 30. S geniige den Axiomen 1°, 2°, BRET Fo SIU Ky) 
sei, wie in § 2, eine die Axiome 1°, 2°, 3°, 4°, 6°, 7° erfiillende Teil- 
struktur 16), fiir deren Somen eine beschrankt additive Somenfunktion f (x) 
definiert sei. Ihre Totalvariation T (x) sei in S (Ke) total-additiv *, was 


ao 
heissen soll: ist a= S'aj;,a;€ K, aj, aj, = 0 (j1 je) und gehdrt auch 
= 


j 
a zur Klasse Ky, so ist 


T(a)= 3 T(a,)). ”) 


aa 
Dann gibt es eine kleinste, in bezug auf K, o-beschrankte und S (Ko) 


umfassende Teilstruktur S (Kz) von S, welche die Axiome 1°, 2°, 3°, 4°, 
6°, 7° erfiillt; auf dieser lassen sich T, G, g und f zu im Sinne von § 7 


total-additiven Somenfunktionen T, G, g und f erweitern; dabei ist fiir 
x€ S(K,) 
f (x)= G (x) +9 (x), T(x) =G (x)—g (x), 
und sind G und g in bezug auf die Klasse Ky positive und negative 
Variation von f. Durch diese Eigenschaften werden die Erweiterungen 
f. G. g und T auch eindeutig festgelegt 18). — 
16) Auch hier ist es méglich sich Ky und Kz zusammenfallend zu denken, wobei dann 


die Klasse K fehlen darf. 
17) Dann ist ebenso 


G (a)= YG (aj), g (a) = Xg (aj) und f(a) = YF (a,j). 
(J) (J) (J) 


18) Fir den Beweis vergleiche man O. HAUPT u. G. AUMANN, Défferential- und 
Integralrechnung, Band III, Berlin 1938, S. 16—20, wo ein gleichartiger Satz fiir Mengen 
eines abstrakten Raumes abgeleitet wird. Vgl. auch I., loc. cit. 2), S. 160, 161 (Satz 48) und 
A. KOLMOGOROFF, Grundbegriffe der Wahrscheinlichkeitsrechnung, Behlin 1933, S. 15 u. 16. 
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Die Methoden von § 7 sind darauf wieder anwendbar um, von f auf 


S (Kz) ausgehend, zu einem total-additiven Masse m7 zu gelangen. 

§ 10. Das im vorigen Paragraphen angewandte Erweiterungsverfahren 
ist wesentlich an die Existenz der Struktur S gebunden, in welcher S(Ke) 
eingebettet ist. Hat S (Ko) zwar die in Satz 30 geforderten Eigenschaften, 
steht jedoch daneben die Existenz einer Struktur S nicht fest, so wird ein 
anderes Verfahren notwendig um zu einer total-additiven Somenfunktion 
zu gelangen. Dies gelang bisher nur in besonderen Strukturen unter 
Anwendung eines von Mac NEILLE herriihrenden Verfahrens 19), 


12) Siehe F. WECKEN, Math. Ztschr. 45 (1939), S: 377—404, insbes. S. 391—393; 
M. H. MAC NEILLE, Proc. Nat. Acad. sci. USA 24 (1938), S. 188—193, insbes. S. 191—193. 


Mathematics. — Over het bestaan der oplossing van A*u = 0, die met 
haar k —1 eerste normale afgeleiden gegeven waarden aanneemt in 
de punten van een gegeven gesloten kromme. I. By H. BREMEKAMP. 
(Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


In een tweetal vroegere mededeelingen heb ik in de eerste plaats 1) 
bewezen, dat de oplossing der vergelijking A*ua = 0 ondubbelzinnig be- 
paald is in het gebied binnen een gesloten kromme, die aan zekere voor- 
waarden voldoet, als men verlangt, dat u in het gebied binnen de kromme 
doorloopende partiéele afgeleiden heeft tot inclusief die van de 2k* orde 
en als is voorgeschreven, dat 


naderen tot in elk punt der kromme gegeven waarden, als het punt, waar 
men die grootheden bepaalt, op willekeurige wijze van binnen uit tot een 
punt der kromme nadert, n duidt hierbij de richting van de normaal der 
kromme aan, wij zullen die steeds positief rekenen in de richting naar buiten. 

Verder 2) heb ik van die oplossing, aannemende dat zij bestaat, eenige 
eigenschappen afgeleid. 

Ik wil nu de existentie bewijzen van een oplossing, die aan de genoemde 
eischen voldoet. 

Wij zullen daarbij aannemen, dat de gesloten kromme C, die het be- 
schouwde gebied begrenst, in ieder van haar punten een ondubbelzinnig 
bepaalde raaklijn heeft en zoo is, dat wanneer we een codrdinatenstelsel 
aanbrengen met die raaklijn, tot x-as en de normaal tot y-as, de y van 
een punt der kromme in de omgeving van den oorsprong een analytische 
functie is van x, . 

YR OX? apiece 

Het gebied binnen de kromme zal dan door een analytische substitutie 
x = x(&,7), y= y(é,7) conform kunnen worden afgebeeld op het half- 
vlak 7 <0. 


Ou < “ 
Van de gegeven waarden voor u, a zullen wij aannemen, dat zij 
n 


analytische functies zijn van den parameter, die de plaats op de kromme vast 
legt. 


1) Over de bepaaldheid der oplossingen van A‘4u = 0. Proc. Kon. Ned. Akad. v. 
Wetensch., Amsterdam, 48, 222 (1945). 

2) Eigenschappen der oplossingen van A\*u = 0. Proc. Kon. Ned. Akad. v. Wetensch., 
Amsterdam, 48, 229 (1945). 
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Het is nauwelijks twijfelachtig, of de hier geformuleerde voorwaarden, 
belangrijk kunnen worden verzwakt. Wij laten dat echter voor nader onder- 
zoek over. 

Wij zullen bewijzen, dat er onder de genoemde voorwaarden, steeds een 
analytische functie te vinden is, die aan de gestelde eischen voldoet. 

Wat de vergelijking A2u = 0 betreft (onder A verstaan wij steeds den 
operator van LAPLACE, onder A2u dus Adu enz.) zijn er verschillende 
existentiebewijzen gegeven, waarbij drie typen zijn te onderscheiden 1° met 
behulp van achtereenvolgende benaderingen (zie bv. A. Korn, Sur 
Véquilibre des plaques élastiques encastrées. Ann. de 1l'Ecole Normale 
25 (1908) ). 2° Met behulp van integraalvergelijkingen (zie b.v. G. LAURI- 
CELLA. Sur l'intégration de l'équation relative a l'équilibre des plaques 
encastrées. Acta Math. 32 (1909) en voor het analoge probleem in drie 
afmetingen K. SCHRODER, Zur Theorie der Randwertaufgaben der Dif- 
ferentialgleichung AAu = 0. Math. Zeitschrift 48 (1943), waar men vrij 
uitvoerige verdere litteratuur-opgaven vindt). 39 Met behulp van de directe 
methoden der variatierekening (zie b.v. K. FRIEDRICHS, Die Randwert- und 
Eigenwertprobleme der Theorie der elastischen Platten. Math. Ann. 98 
(1928) ). 

In een vroegere, meededeeling (Sur l’existence et la construction des 
solutions de certaines équations aux dérivées partielles du quatriéme ordre, 
Nederl. Akad. v. Wetensch. Proc. vol. XLV (1942)) heb ik zeer kort een 
bewijsmethode geschetst, die daarop neerkomt, dat de oplossing wordt 
teruggebracht tot het bepalen van een tweetal binnen C harmonische func- 
ties, wier waarden aan den rand door integraalvergelijkingen bepaald zijn 3). 
Daar deze methode mij het meest geschikt voorkomt voor de uitbreiding op 
het onderhavige probleem, begin ik thans met een iets uitvoeriger uiteenzet- 
ting daarvan. 


§ 1. Wij willen bewijzen, dat we een functie u kunnen bepalen, die 


= fs gegeven 
Aes 2 9&9 


analytische functies van de plaats op de kromme zijn. Wij bedoelen daar- 


binnen C voldoet aan A2u = 0, terwijl aan Cu =f, 


Ou : 
mee, dat u en — tot de gegeven waarden naderen, als het punt, waar we 


On 


die functies berekenen, op willekeurige wijze naar een punt van C gaat. 

eae u Ks 

Voor punten in de nabijheid van C verstaan we onder oa de afgeleide 
n 


in de richting van de normaal der door dat punt gaande kromme 7 = c, 
bij de in de inleiding genoemde afbeelding. 


3) Vergelijk in dit verband ook H. BREMEKAMP, Construction of the solution of 
A Au=0, satisfying given boundary conditions in the case that the boundary is an 
Ellipse. Nieuw Archief voor Wiskunde, Bnd XXII. 
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Wij maken daarbij gebruik van de eigenschap, dat 


Rees Getter a, 4 ee Ok ny cys . «ee OL) 
waarbij r den afstand aanwijst tot een willekeurig punt O, dat wij binnen 
C zullen kiezen, en waarbij binnen'‘C Au, = Aug = 0, voldoet aan 


A2u = 0. 
Wij trachten nu de harmonische functies uy en wu, zoo te bepalen, 

dat aan C 
ru, +u—f,. (2) 


0 
(tu +) =f 3) 
Met behulp hiervan zoeken wij de waarden up en uw, aan den rand, 


Uo,c eN us,c, Waardoor we volgens het theorema van DIRICHLET up en u, 
kunnen vinden. Wij hebben 


t Heweea to,e(Q) °F) as, (4) 
en 
(P= — Ze [me (Q) OOS as 6) 
c 


waarbij P een willekeurig punt binnen C is, Q de kromme C doorloopt en 
G(P, Q) de gewone functie van GREEN voor de kromme C is. 

Wij willen nu deze uitdrukkingen in (3) en (2) substitueeren. Daarbij 
stellen we vast, dat we onder de integralen, die ontstaan, als we in (4) en 
(5) (en in dergelijke integralen) P door een punt P;, der kromme C ver- 
vangen, verstaan de limiet, waartoe de betrokken integraal nadert, als P 
van binnen uit naar P,; gaat. Deze nadere omschrijving van de beteekenis 
-der integraal is noodig, want als P en Q beide in P, vallen:is G(P, Q) niet 
dG(P,Q) 

On 


oneindig van de eerste orde. Wanneer we dus P zonder meer door P; 
vervangen, hebben de integralen geen beteekenis. Die beteekenis wordt nu 
door de bovenstaande definitie vastgelegd. Dat de daarbij genoemde li- 
mieten bestaan, is uit de theorie der vergelijking van LAPLACE welbekend. 
In de vergelijkingen (2) en (3) is het eerste lid ook op te vatten als de 
limiet, waartoe de daar geschreven uitdrukking nadert, als P van binnen 
uit naar het punt P,; der kromme gaat. Dat is dus in overeenstemming met 
de boven omschreven opvatting der integralen. Wij vinden dus 


ar ey. dG (P,Q) 
Bert (P)— 5 x ~ fl Se 
rus 


— Fe Baz} toe sO! ds= fy. 


2x Onp NQ 
aC 
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Door hieruit met behulp van (2) wo,- (Q) te elimineeren, vinden we 


2r M3 t1,c (P;)— Bg | Bue) SoS de + 


on, Np 2a Onp Ong 
cet ily & OG (EO) oe gle 2D 
1 2a Op roti, c(Q) = One ds— 5 on tmp ds= = fr. 
Cc 


Hierin stelt 


loa dG (P, Q) 
= 3y | f(Q) 3 at 
G 


de harmonische functie F,(P) voor, die aan C de waarden f,(Q) aanneemt. 
Deze is bekend. We merken nog eens op, dat ook als P binnen de kromme 
ligt, de richting n, volgens het voorgaande bekend is. Na de differentiatie 
is overeenkomstig het zooeven gezegde de limietovergang PP, uit te 
voeren. Wij kunnen nu deze vergelijking brengen in den vorm 


0 G(P, j 
= ae -1,e(P) + 3, (-2,—r2) u,<(Q) 2 e eae: ds=f,— So. (6) 


(e 


Ook hier ontstaat, als we P zonder meer door P, vervangen, een diver- 
gente integraal, de functie 


0? G(P, Q) 
pee 4 
Ko FA On, Ong 


wordt enkelvoudig oneindig, als P en Q beide naar P,; gaan. Wij moeten 
echter weer onder de integraal de bovenomschreven limiet verstaan. Wij 
zullen nu bewijzen, dat wij even goed de hoofdwaarde van 


0? G (P, Q) 


Onp Ong a8 


(r3,— 12) w, . (Q) 
7 
in den zin van CauCcHY kunnen nemen. Wij zetten dus van P, ter weers- 
zijden gelijke bogen P,Q, = P,R,; =< uit en zoeken de limiet voor « > 0 
van de integraal langs den boog van Q, niet over P, naar R, en willen 
bewijzen 


‘ 0? G (P, Q) a 
oh ees: 
im, | FQ — Fp) my, (Q) Onp Ong ae 
Cc 
P 0? G (P, Q) 
= lim _f (2) Uy. (Q) On, Oa 
QQ: 


Wij brengen daarbij het codrdinatenstelsel aan met de raaklijn in Pj, 
als x-as en de (naar buiten wijzende) normaal als y-as. De codrdinaten 
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van Q noemen we (x,y). In verband met onze onderstellingen over de 
kromme en omdat we voor UW, een analytische functie zoeken, kunnen 
wij dan stellen 


(to — rp) 4, .(Q) =a + a, x + a,x?+. 


waarbij de coéfficienten ao,a;,... van de ligging van P afhangen en ay—0, 


als P>P,. Wij hebben dus 
. 2 
lim if (2,— 22) 0, (Q) 2 SEO) 5 — 


PP, Onp Ong 
0? G(P, Q) 4s 
Onp Ong 


P=» Fi; 


= lim, f (bast. .) 
c 


Nu is 


2 
aed eee man, (ee) 72-9) 
Onp Ong Onp Ong 
c Cc 
voor ieder punt P binnen C, dus is ook de limiet als PP, nul. 
Verder is, met gemakkelijk te begrijpen notatie, 


R, \ 
pim peor ) ape tae = lim [lastest 
P= P, 
Qa 
0? G(P, Q) i 0? G (P, Q) 
“On, ony Asin. im a [lax tare +...) an, on ds. 
2< 
De eerste term in het tweede lid is 
a? G(P, Q) 
i : 
faxtas +...) “Ong Ong ds 
Qa 


en levert dus, als s>0 de hootdwaarde van 


0? G(P,, 
fleotars. J GOA ds 


c 
den term met ag kunnen wij hier zonder bezwaar toevoegen, die is voor 
P in P,; immers nul. Het komt er dus nog op aan, te bewijzen, dat de laatste 
term in (7) met ¢ onbepaald afneemt. Voeren we daarbij x als integratie- 
veranderlijke in, dan komt dat daarop neer, dat wij bewijzen, dat uniform 
naar P, 


. eG (P,Q 
lim f (br + box. 4 ee x0 


e 
“a 
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en het is duidelijk ,dat wij daarbij alleen te letten hebbén op het deel van 
G(P, Q) dat oneindig wordt, als P en Q naar P, gaan, dat is op een term 
die zich gedraagt als In PQ. Beschouwen wij nu het geval, dat P langs de 


normaal naar P, gaat en noemen we P,P = —y,, dan is wegens onze 
onderstellingen over de kromme C 
PQ? = (yp — o) Ft oi Ge (8) 


waarin, als | y; | beneden zekere grens ligt, cy positief is. 
Verder is 


ee 56 cos (PQ, no) = 50! cos QPP, cos (nq y) + 
Q 
+ sin QPP, sin (ng, y)} 
en daar 


tg (no, y) = 2cex+..., dus sin (ng, y) = 2cx (1 + 4c 2x7 +, yy? 
cos (No, Fy sk Oe eee (ote ce 2, 


dln PQ © (y; cx" A eter seg) ee esa ee 2 
bay rok ; PQ? 


_ yi (l— 20x? )+cx7(1 =.) 
7 iinet at 


en, bedenkende dat differentiéeren naar n, neerkomt op differentiéeren 
naar y 


On PQ * yf (1 —2etxt ae ieee ee Gel ae) (9) 
Onp ONg (92 =P eye? A aoe) ot Satu 
en 


VInPQ __ 
Onp Ong ea 


— yj (bux + Box? + mes Soares (2bex? 42750". =o) 4 (6;"¢| 27 eee 
(y3id- cy? 4+.) 


sé y? by 3, Bee 0, 
(y? + cx??? + 1x7) 


onafhankelijk van y; en van ¢ en hetselie geldt voor alle termen met on- 
even machten van x. Verder 


rf ot s\<inlf sey=4 7% 


(byx + bax? +...) 


Wij hebben nu 


1 | Ba 
Cc 


, 
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© 
se | 


Reel 1 72| 
mf aes srs = ite <ioinl fg Saari : , 


7h 


waaruit blijkt, dat ook deze termen, uniform naar y;, met ¢; tot nul naderen 
en hetzelfde geldt voor alle termen, die hoogere machten van x bevatten. 

Inderdaad komt dus de eerst gegeven definitie van de integraal in ver- 
gelijking (6) op hetzelfde neer als het vervangen van P door P, en het 
voorschrijven, dat de hoofdwaarde moet genomen worden. De hoofdwaarde 
van een oneigenlijke integraal over de kromme C, zooals in (6) voorkomt, 


- zullen wij aanduiden door het teeken /'’. Brengen wij deze wijziging aan, 


c 

dan ontstaat een integraalvergelijking, waaruit wij de functie u,,, kunnen 
bepalen. Integraalvergelijkingen, waarin van de er in voorkomende integraal 
de hoofdwaarde bedoeld wordt, komen reeds voor bij POINCARE in het 
Traité de Mécanique Céleste (T III p. 251, in het hoofdstuk over eb en 
vloed.). Zij zijn uitvoerig behandeld door G. BERTRAND (Ann. de I'Ecole: 
Normale T 40. 1923). Om nu tot het bestaan der oplossing te kunnen be- 
sluiten, moeten wij ons nog overtuigen, dat de bijbehoorende homogene 
integraalvergelijking 


0?G (P;,Q 


Orp yg Vere 
2rs oe as ("{—p) u1,c (Q) Saver dsz=0,.° (10) 


Q 
(6 


geen oplossing heeft behalve u,,- = 0. Was dat wel het geval, m.a.w. was 
— 1 een eigenwaarde van den kern 
Petg tp 0?G (P;, Q) 
4x Orp —Onp On Ong 
r 
* Onp 


dan zou (6) in het algemeen geen oplossing hebben, maar men zou bijzon- 


oF 
dere functies f2— + kunnen construeeren, namelijk orthogonaal op de 


on 
bijbehoorende eigenfuncties, waarbij de integraalvergelijking (6) oneindig 
veel oplossingen zou toelaten. Dan zou ook, zooals zoo dadelijk zal eee: 


het vraagstuk, u zoo te bepalen, dat A2u = 0 en aan C, u = he = Ta 
oneindig veel oplossingen toelaten en wij hebben bewezen #), dat ie on- 
mogelijk is. 

Als op deze wijze m,, bepaald is, geeft (1) uo¢ waardoor volgens het 


theorema van DIRICHLET de functies u, en uy en dus ook u gevonden 
worden, 


4) Zie lc. noot 1), 
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Uit de onoplosbaarheid van de vergelijking (10) kunnen wij nog een 
gevolgtrekking maken. Schrijven wij die vergelijking in den vorm 


r 


rp ey 0G (P,Q) _ 
TE Rng NY Das tg a 
Pry 9G (P,, Q) 
me Tae Onp { r% ti, c (Q) Ong ds 
ot 
of 
Sng ttn PS 


waarbij Y%(P) de harmonische functie voorstelt, die aan de kromme C de 
waarden r2u,, aanneemt, dan blijkt, dat wij het gevondene ook kunnen 
uitspreken in den vorm van de volgende stelling. 

Er bestaat, behalve de constante 0, geen harmonische functie u, zoodanig 
aat aan de gesloten kromme C de functie r2u overal dezelfde normale 
afgeleide heeft als de functie, die binnen C harmonisch is en aan C overal 
gelijk is aan ru. 


§ 2. Wij kunnen nu de functie u, die binnen C voldoet aan A2u = 0, 
Ou 
on 
een op dat vraagstuk betrekking hebbende functie van GREEN H2(P,Q) 
invoeren. Dat geschiedt door de volgende definitie. 

Voor willekeurige punten P en Q binnen C geldt: 

10 A?H,(P,Q) = 0, als PQ, (de differentiaties hebben betrekking 
op de coérdinaten van P) 

29 als Hy(P,Q) = o2lno + ho(P,Q), waarbij 9 den afstand van P 
tot het willekeurige maar vaste punt Q binnen C voorstelt, heeft hy door- 
loopende partieéle afgeleiden tot die van de vierde orde inclusief, als P+Q. 


30 H,(P,Q) en esta) 
n 


terwijl aan C u= fy, = fo, voorstellen door een integraal, wanneer we 


gaan naar nul, als P naar eenig punt van 


C gaat. 
Het is duidelijk, dat wij om Hy» te bepalen, slechts hy hebben te bepalen, 
zoodanig dat binnen C A2hy = 0 en aan C hy = —o?2 Ino. 
Ons a Oo 
—=—(2hne+1)—. 
on oe 2 ) on 
hetgeen volgens het voorgaande mogelijk is. > 
Om nu de functie u, waarvan in het vorige sprake was, uit te drukken 
met behulp van Hy leiden we vooreerst uit het theorema van, GREEN 


JfUdvV-vbuyde= f (usr —VG,) as (11) 
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een hulpstelling af. Vervangen we V door AU’, dan komt er 


fuau- AUAU)d Jdo= (ues teas 9, AU’) de 


waaruit, door verwisseling van U en U’, 


fe UA UW’ —U' A? U) Jdo= (AU 5, u’) Be; 
en nu door optelling 
fue erp 2 thy ao = 
=| Seer 7, AU AUS Se i) a (12) 


Nemen wij hierin nu voor U de gevraagde functie u, voor U’ de functie 
H»(P, Q) en voor het integratiegebied het gebied tusschen C en een cirkel 
om Q met een zoo kleinen straal 6, dat die geheel binnen C valt, dan wordt 
het linkerlid nul. De integraal rechts moet genomen worden langs C in 
positieven, langs den cirkel in negatieven zin. Voor de integraal langs C 
leveren de twee laatste termen van de integrand niets op wegens de definitie 
van Hy. Om de integraal over den cirkel te vinden, merken we vooreerst op, 
dat die onafhankelijk van 6 is. Stellen we verder Hy = o2/ne + hy, dan zien 
we, dat de bijdrage van de termen, die van h afkomstig zijn, met 6 tot nul 
nadert. Aan den cirkel is verder, als wij nu weer de normaal naar buiten 
trekken en daarbij den omloopszin van de integratie omkeeren, 


Oe? eine _ 


) 4 
2 — 2 — 
PS 6(2In6 + 1), Ag’ing=4ind+4,— Ao’ ing= : 


6 


waaruit blijkt, dat ook daarbij alleen de eerste term van de integrand iets 
oplevert en wel 82u(Q). Wij vinden dus 


8xu(Q Ph deed oo (Hd (13) 


Uit de formule (12) kunnen wij ook op bekende wijze de wederkeerig- 


heidseigenschap H2(P, Q) = H2(Q, P) afleiden. 


Mathematics. — On the theory of linear integral equations. I. By A. C. 
ZAANEN. (Communicated by Prof. W. vAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


§ 1. Introduction, 


Let R be a complete (not necessarily separable) HILBERT space. We 
shall use the following notations: 


ere hay aE , the elements of R. 

2, My sees, Complex numbers. 

WR see , the conjugate complex numbers of 2, wu, ....... 

(f. g) , the inner product of f and g. 

ll || , the non-negative numbers (f, f)'/. 

RN Te OP , bounded, linear transformations in R, that is (for T), 


| Tf || =M || f || for a certain M =O and T(/f + ug) = 
= ITf + uTg for arbitrary i, pu, f, g. 


fA GE , the adjoint transformations of T,K,...... , we have there- 
fore (for T) (Tf. 9); Af At” 9) formebitrary: fig; 
lel , a bounded, positive, self-adjoint transformation, that is, a 


bounded, linear transformation satisfying (Hf,g) = 
= (f, Hg) and (Hf, f) = 0 forearbitrary 7,4: 


H's , the uniquely determined, bounded, positive, self-adjoint 
transformation, satisfying (H's )? = H. 

N(f) , the non-negative number (Hf, f)'/2 = || H’) f \l. 

I , the identical transformation, Jf = f for every f. 

O , the nulltransformation, Of = 0 for every f. 


We suppose that H +O. Then the set of all elements f, satisfying 
Hf = 0, is a subspace [L], not identical with the whole space R. The 
orthogonal subspace will be denoted by [M]. As well-known, every 
element f € Rcan be written uniquely in the form f —h+ g withh e€ [L] 
and g € [M]. By g = Ff the projection E on [M] is defined; the pro- 
jection on [L] is ]—E, and we have E 4 O. From H(I—E) f = 0 for 
every f € R follows Hf = HEf, so that H = HE. 

Two elements f and g will be called H-orthogonal when (Hf, 9) = 0, 
and the system Q of elements is called H-orthonormal when, for p € Q, 
yp € Q, we have (Hy,y) =1 forp=y, and =0 for p~y. The 


n 

elements f,, fo, ...,fn will be called H-independent when H & iifi —0 
r= 

implies 2; = J, =... =A, = 0. Evidently, if f}. fo.....f2 are H-indee 
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pendent, they are linearly independent. It is also not difficult to prove that 
if the elements q,...,q@n form an H-orthonormal system, they are H- 
independent. 

If Tf = /f for an element f 0, this element is called a characteristic 
element of the transformation T, belonging to the characteristic value j. 
The set of all characteristic elements, belonging to the same characteristic 
value /, is a subspace of R, and the dimension of this subspace is called 
the multiplicity of the characteristic value 2. : 

The bounded, linear transformation K is said to be completely continuous 
when every bounded, infinite set of elements contains a sequence fx such 
that the sequence Kfn converges. We shall assume the following theorems 
about transformations of this kind to be known: 

Theorem 1. Jf K is completely continuous, the same is true of K*. 

Theorem 2. If K is completely continuous, every characteristic value 
i 0 of K has finite multiplicity. The number of different characteristic 


values An is finite or enumerable and in this last case lim in = 0. 
n> @ 


Theorem 3. I} K is completely continuous, and , + 0 is a characteristic 
value of K, having a certain multiplicity, then j is a characteristic value of 
K* with the same multiplicity. In this case the equation Kf —if = g has, 
for a given element g, a solution f for those and only those elements g that 
are orthogonal to all characteristic elements of K*, belonging to the char- 


acteristic value }. In the same way the equation K*f —if = g has, for a 
given element g, a solution f for those and only those elements g that are 
erthogonal to all characteristic elements of K, belonging to the characteristic 
value 2. 

If 4 £0 is no characteristic value of K, both the equations Kf —if = g 


and K*f —2f = g have uniquely determined solutions for every element g. 
In this case the complex number j will be called a regular value of K. 


§ 2. Bounded, symmetrisable transformations. 


The bounded, linear transformation K is called symmetrisable (to the 
left, and relative’to the transformation H), if the transformation HK is 
self-adjoint, that is, if (HKf, g) =.(f, HKg) for arbitrary f, g. 

Theorem 4. If K is symmetrisable, the same is true of T = EK. 
Further Hf = 0 implies Tf = 0. 

- Proof. From H = HE follows HT —HEK = HK; if therefore HK 
is self-adjoint, the same is true of HT. 

Further (HTg, f) = (9g, HTf) or (Tg, Hf) = (9, HTf) for arbitrary 
f, g; the relation Hf = 0 implies therefore (g, HTf) = 0 for every g € R, 
hence HTf = 0. Then however Tf e€ [L], so that, since also 
Tf =EKf « [M], we have Tf — 0. 

Theorem 5. Let the symmetrisable transformation K be such that 
Hf = 0 implies Kf = 0. Then the characteristic values of K are real and 
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characteristic elements, belonging to different characteristic values, are 
H-orthogonal. 

Proof. Let f540 and Kf=/f. If (if, 7) 0 we sccm 
(Hf, f) = || bf \|?, that H':f = 0, so that Hf =0 or, by hypothesis, 
if = Kf = 0, from which follows, on account of f 0, that 4 = 0. If 
(Hf, f) AO we find a(Hff)=—(AAEf) = (ERE 
= (f, Hif) = 1(Hf, f) or 2 = 4, which shows that 7 is real. 

Let now 1+ wu, ahs 9g: 0, KP Af and Kg > ig ee 
(Hf, 9) — (AKp. g) = (f. HKg) = 2 (f, 4g) = w (Af, 9) or (A—p) 
(Hf, 9) Neh from Sich follows, since 4— 0, that (Hf, g) = 0. 

Remark. Since, even if Hf = 0 does not imply Kf — 0 for the sym- 
metrisable transformation K, it does imply Tf = EKf = 0 by Theorem 4, 
Theorem 5 is in any case valid for the symmetrisable transformation 


fen ngl 2 4: 


In what follows now, we shall assume that K, and therefore also 
T = EK, is symmetrisable, while, moreover, T = EK is completely con- 
tinuous. Then the following theorems hold 1): 

Theorem 6. Jf HK ~O, the transformation T = EK has a charac- 
teristic value 14, that is, there exists an element py 0 such that 
Ty = iy. In the particular case that Hf = 0 implies Kf —0, the trans- 
formation K itself has also the characteristic value } with characteristic 
element y = p + 1-1 (I—E)Kgq, hence Ky = iy. 

Theorem 7. In the case that Hf —0 implies Kf —0, the relations 
g=Ey, yp=yp+4-1 (I—E)Kp define a one-to-one correspondence 
between all characteristic elements y of K, belonging to the characteristic 
values = 0, and all characteristic elements m of T = EK, belonging to the 
characteristic values 40, Corresponding elements have the same char- 
acteristic value. 

As a consequence of Theorem 2, it is possible to range the characteristic 
values + 0 of T into a sequence dn such that every characteristic value 
+ 0 occurs in this sequence as many times as denoted by its multiplicity, 
while moreover |, | =|d.|=.... Choosing now in the unitary space 
(space of finite dimension) of all characteristic elements belonging to a 
certain characteristic value 4 4 0 a maximal system of linearly independent 
elements, we see readily that these elements, say 7,,..., 7p, are H-inde- 
pendent. Indeed, HX aiyi—0O (ai complex) implying TXaiyi =O or 
Shaizi = 0, we find in virtue of 240 and the linear independence of 
Yi ++» Zp that ay = ... = ap — 0. Applying now to the elements 7, ..., xp 
a process, wholly similar to SCHMIDT’s well-known orthogonalization pro- © 
cess, we obtain an H-orthonormal system, consisting of p elements, such 
that the unitary space determined by this system is identical with the 


1) A. C. ZAANEN, Ueber vollstetige symmetrische und symmetrisierbare Operatoren. 
Nieuw Arch. v. Wisk. (2) 22, 57—80 (1943). 
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unitary space of all characteristic elements belonging to the characteristic 
value 2. Doing this for all characteristic values = 0, we may range the 
elements of all these H-orthonormal systems into a sequence qn, such that 
for every value of n the element wn belongs to the characteristic value An. 
Evidently the whole sequence qn is also H-orthonormal, since for 2m = dn 
the relation (H@m;, gn) — 0 follows from our definition of the sequence qn 
and for 4m dn this relation follows from Theorem 5. In the special case 
that Hf = 0 implies Kf = 0, the transformations K and T — EK have, 
by Theorem 7, the same characteristic values = 0, and it may be verified 
readily that every characteristic value 0 has, for K and T, the same 
multiplicity. Consequently, denoting by yn the characteristic element of K, 
corresponding by Theorem 7 with the characteristic element gn of T, we 
obtain the H-orthonormal sequence yn. 

Then we have ”) 

Theorem 8. |4n| = max N(Kf)/N(f) for all f satisfying the con- 
euons INP i= O and (ff. o,) —... = (Hf, 9, ,) =. Por f = ox the 
maximum is attained. Further HKf = 0 or, which comes to the same thing, 
N(Kf) = 0 if and only if (Hf, pn) = 0 for every value of n. 

In the particular case that Hf = 0 implies Kf — 0, the elements ~ may 
be replaced by the corresponding elements yw in both parts of the theorem. 

Theorem 9. If an = (Hf, Gn), then 


k 
lim N(Kf— S dnan¢n)=90 (Expansion Theorem), 
kK+>@ 


(AK f, f) = Sn |an|? 


for any element f. 

In the particular case that Hf — 0 implies Kf — 0, the elements qa may 
be replaced by the corresponding elements wn. 

Theorem 10. Let i,, (i= 1,2,...) be the subsequence of all positive 
characteristic values where Any = dng = .... Then dn, = max (HKf, f)/N*(f) 
for all f satisfying the conditions N(f) 40 and (Hf, gn) =... = 
= (Af, pa,_,) = 0. For f = yn, the maximum is attained. 

A similar statement holds for the subsequence of all negative characteristic 
values. 

In the particular case that Hf = 0 implies Kf = 0, we may replace the 
elements p by the corresponding elements w. 

In the last theorem the characteristic value An, was characterized by a 
’ certain maximum property. It is a disadvantage however that for this 
characterization the elements gn, ..., @n;_, must be known. The question 
arises therefore whether this may be avoided. That this is indeed the case, 
is shown by the following theorem: 

Theorem 11. Let the elements p,,...,p,_, be arbitrarily given and let 
“i = upper bound (HKf, f)/N?(f) for all f satisfying the conditions 


2) See 1). 
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) 40 and (Hf, py) =... = (Hf. p,_, ) = 0. The number wi depends 
evidently on the elements p,,..., pi-1. Letting now these elements run 
through the whole space R, we have dn, = min wi. 


A similar statement holds for the negative characteristic values. 
Proof. We shall prove first that it is possible to find an element 


fee 5 Ck pn, such that the conditions N(f) = 1 and (Hf, p,;) =... = 
k= 


=f, te ,) =0 are satisfied. These conditions are equivalent with 
bi celts) Sand 3 Ce (Hl pay. pr) = 0 (h=1,...,i=1), 
=1 
and it follows immediately from a well-known theorem that the i— 1 homo- 
geneous linear equations 
i 


> cy (Fea, pr) = Och =1,.>.51—)) 


erik 
have indeed a solution cy,...,ci for which 2 | cz |? = 1. Observing that 
k=) 


(HK Gn, Pn,) = (H TP Ng Pn,) = anys and 
(AK Ong: Pay) =(HT Gays Pn) =O 


for k ~l, we find then for f = cx qn, the inequality 
k=1 


(HK IN? ()=(HKE = exe K ny $n) = 
— pM Ang | Cx |? & dn; DY |. ce |? days 
Jesenik k=1 


it is clear therefore that yu; = 4n,. On the other hand we have, by Theorem 
10, for 


Pi = Pry ++ ++ Pi-1 = Pnjy_y (AF pi) =... = (AF, pi) = 9, 
the relation max (HKf, f)/N?(f) = 4n,- Hence dn; = min wi). 


§ 3. Expression of the solutions of Tf —if = g and Kf —if =g in 


terms of the characteristic elements. 


We suppose again the transformation K to be symmetrisable and the 
transformation T — EK to be completely continuous. Then, if 20 is 
not one of the characteristic values An + 0 of T, it is a regular value (see 
Theorem 3), on account of Theorem 3 the equation Tf—/f =—g has 
therefore a uniquely determined solution for every element g. If on the 
other hand 4 is identical with one of the characteristic values Jn, the 
equation Tf —/f = g has a solution f for those and only those elements 


%) Compare R. COURANT und D. HILBERT, Methodea der Math. Physik I, Ch. III, 
§ 4, 3. 
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g that are orthogonal to all characteristic elements of T*, belonging to the 


characteristic value 2. Since however all numbers dn are real, we see that g 
must be orthogonal to all characteristic elements of T*, belonging to the 
characteristic value 2. 

Theorem 12. For 14=40, the equation Tf —if = g has a solution f 
jor those and only those elements g that are H-orthogonal to all char- 
acteristic elements of T, belonging to the characteristic value }. (If ) is no 
characteristic value of T, this means that g may be any element.) 

In the case that Hf = 0 implies Kf = 0, the same statement holds for 
the transformation K. 

Proof. We shall prove first that, if the p-dimensional unitary space of 
all characteristic elements of T, belonging to the characteristic value 2, is 
determined by the linearly independent elements y,,..., 7p, the p-dimen- 
sional unitary space of all characteristic elements of 7*, belonging to the 
characteristic value /, is determined by Hy,,..., Hyp. Indeed, the relation 
Ty = iz implies, for every f, 

(T°Hy, f) = (Hy, Tf) =(,.HTf) = (HT, f) = (Hy, f): 
hence " Fly = AHy, The hea can ... zp are therefore characteristic 
elements of T*. We have still to show that they are linearly independent. 
This follows from the fact that 


s a; Hy;=0 or H Sie tanet( 
ga pas) 
implies 


TS ar7i=—0 or > Mare, = 0; 


i=) 


so that, since 1 £0, we have a; = ... = ap = 0. Finally we observe that, 
if g is orthogonal to an element Hy, this means that g and 7 are H-ortho- 
gonal. The result is therefore that Tf —/f = g has a solution f for those 
and only those elements that are H-orthogonal to all characteristic elements 
of T, belonging to the characteristic value 7. Evidently this solution is only 
determined to within an arbitrary linear combination of these characteristic 
elements. This completes the proof of the first part. 

Let now Hf =0 imply Kf = 0. Then, since H = HE or H(I —E) = 
we have also K(/—-E) = O or K = KE. We shall prove now that if 
one of the equations Kf —/f = g and Tf—Af =g has a solution, so 
has the other. Indeed, from Kf—Af—g follows, since K = KE, 

TE — 7Ef = EKEj — iEf = E(Kf —7f) = Eg = g —(I— E)g, 
hence TEf — i(Ef —i-1(1 — E)g) = 9 or, on account of T(I—E)g = 0, 

TNE, Atl B)g) —A( Ef Ati — F)g) = 9. 
The element f,; = Ef—/-1(I—E)g satisfies therefore the relation 
Tf, — “fi = 9. 
Conversely, from Tf —Af = g we infer 
Kf —af = EKf + (1—E£)Kf —4f=g + (I—E)Kf, 
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hence Kf — i(f + 4-10 — E)Kf) = g or, on account of KJ — E)Kf = 0, 
K(f + 4-1(1— E) Kf) —4(f + 4-1(1— E) Kf) = 0. 

The element f. — f +4-1(1[—E)Kf satisfies therefore the relation 

Kfo—Afo = g. ; 

Thus we find that the equation Kf — Af = g has a solution f for those 
and only those elements g that are H-orthogonal to all characteristic 
elements w of T, belonging to the characteristic value 2. Observing finally 
that (Hg, py) = 0 is equivalent with (Hg, y) — 0, where yw is the char- 
acteristic element of K corresponding with wm, we obtain the desired result. 
Evidently the solution of Kf —/f = g is only determined to within an 
arbitrary linear combination of the characteristic elements of K, belonging 
to the characteristic value 2. 

Theorem 13. Let 20, and let the element g be H-orthogonal fo all 
characteristic elements of T, belonging to the characteristic value i. (If A 
is no characteristic value, the element g is therefore arbitrary.) Then every 
solution of Tf —Af = g satisfies the relation 


: g oF An 2) 
li N(F+ $43) pgtzyanen) = 

where an = (Hg, qn) for In 4, and where X” denotes that for those 
values of n for which dn = 4 the coefficient of gn has the value-(Hf, pn). 
For every set of arbitrarily prescribed values of the latter coefficients there 
exists a solution of Tf —if = g. 

In the case that Hf = 0 implies Kf = 0, every solution of Kf —if =g 
satisfies the relation 


: g “ An — 
heecrie (r ah eee ae ka 
where an = (Hg, wn) for dn Fd, and where X’ denotes that for those 
values of n for which dn = 1 the coefficient of yn has the value-(Hf, wn). 
- For every set of arbitrarily prescribed values of the latter coefficients there 
exists a solution of Kf —Af = g. 

Proof. Let Tf—Af—g. Writing bn = (Hf, on), we have by 
Theorem 9 


k k 
lim n(rP- iets ve] = lim N(Ke- Pa i on) 2, 
rash k—> a n=1 


k>o@ 
hence 
k 
lim N(it+e— 3 tn bn a) =0. 2), 2 
k—> oo i 
From 
(ATS Pn) = (fr, HT en) = (AP An Pn) = 4n bn 
we derive 


Anba =(HTf, pn) =(H(g +2 fF), Pn) =an +4 bn, 
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so that for An A we find bn = —an/(A—An). It follows therefore from 
(1) that 


k Qe, , 
lim N Lal oa = Dp nn | = 
Aa (r+ ee oes 


1 


ils 
= lim (e+ + > 3 7@—1,)3"?" ==) 


n=l 
Since, if g is given, f is determined to within a linear combination of those 
elements gn for which 2, = /, there exists a solution f for every set of 
arbitrarily prescribed values of the coefficients b, = (Hf,qn) for these 
values of n. This completes the proof of the first part. 

The proof of the second part runs in a similar way, substituting every- 
where K for T and wr for gn. 


§ 4. Self-adjoint transformations as a special case of symmetrisable 
transformations. 


Identifying the bounded, positive, self-adjoint transformation H  O 
with the identical transformation J, we see that the subspace [L] of all 
elements satisfying Hf — If —0 contains only the nullelement, so that 
the orthogonal subspace [M] coincides with the whole space R. The 
projection E on [M] is therefore the transformation J. The notions of H- 
orthogonality and H-independence are now identical with the usual notions 
of orthogonality and linear independence, while N(f) = || f ||. That the 
bounded linear transformation K is symmetrisable means now that IK — K 
is self-adjoint, further we have T = EK = K. 

A bounded symmetrisable transformation K such that T — EK is 
completely continuous is therefore in this case simply a completely continu- 
ous self-adjoint transformation K. The condition that Hf = If = 0 implies 
Kf = 0, is always satisfied. The Theorems 4 and 7 lose their meaning; we 
leave it to the reader to pronounce the other theorems for this case. 


§ 5. Transformations of the form K = AH, where A is self-adjoint. 


Theorem 14. Jf A is a bounded, self-adjoint transformation, the trans- 
formation K = AH is I a Further Hf =0 implies Kf = 0. 

Proof. (HKf,g) = (HAHf, g) (f, HAHg) = (f,HKg); the trans- 
formation HK is shee rare self- sata" in other words, K is symmetrisable. 
The proof of the second part is trivial. 

Making now the assumption that one at least of the transformations A 
and H is completely continuous, the transformation K —AH is symmetri- 
sable and completely. continuous. The same holds then for T — EK. All 
theorems in §§ 2—3 are therefore valid for the transformation K. It is 
possible, however, to prove somewhat more. 

Theorem 15. (Expansion Theorem.) If wi is the H-orthonormal 
sequence of characteristic elements of K — AH, belonging to the sequence 
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of characteristic values 4; 0, and if ai = (Hf, wi), then 
Kf = 2 41 ai pi + p, 
where Hp = 0. For n= 2 we have 
KK? fo AG, 
Proof 4). We observe first that, the system yi being H-orthonormal, 
the system Aly; is orthonormal, since (Hy, yx) = (H'2 w;, Hl px). 
k 
Writing ai = (g, Ah yi) for an arbitrary g, the sums ss = » ai Hey, 
i= 
converge therefore to an element A. Taking g — H'l:f, we find then 
DaiH': y;— h, where ai = (He f, H'eyi) = (Af, wi). From this we derive 


AH'kh=AH": Dd a; Ak y= Daz ANY = Zi, aj Yi- 


The convergence of the series S/iaiyi enables us now to make k > © in 
the relation 


, ; 
lim N(Kf- Py iz ays) ak), 
k> i=i / 
proved in Theorem 9, Writing Kf—Xdiai yi =p, we obtain then 
N(p) = 0; hence, N(p) = 0 being equivalent with Hp = 0, 
Kf = SA ai yi + p, 
where Hp — 0. 7 
From this we deduce 
K?f=SiaiKyi+ Kp=Daiyit Kp, 

but, since Hp = 0, we have Kp = AHp = 0; hence 

K?f = J Ai? ai yi. 
The relation 

K* f= 2d AP aap) 
for n > 2 follows easily by induction. 

It may be asked whether the element p, occurring in Theorem 15, is not’ 
always identical with the nullelement. The answer to this question is 
given by 

Theorem 16. The element p in Theorem 15 is not necessarily identical 
with the nullelement. 

Proof. Let R be a complete, separable HILBERT space in which wn is a 
complete orthonormal system, and let wz, “4, ... and v3, v4, ... be sequences 
of positive numbers for which lim ua = limvn =O and w3> us>..., 
v2 >v4>.... Defining the positive, self-adjoint transformation H and the 
self-adjoint transformation A by 


Hy, =, He,=0. Hei=pmi vi (i= 3). 475. th 
Aq = 92 Ago=1 AG, = Pi (Be HE Pest 


4) This proof is simpler than that in 1). 
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it is not difficult to see that both H and A are completely continuous. We 
have . 


AHo,=9%, AHe,=0, AN gi=*i Mi Pi Fie AG Borge 8 
To find the characteristic elements of AH belonging to characteristic values 


== 0, we write AHf = /f for f= 5 aiyi and 40. From this we 


i=1 


derive 

ay 2+ * "Mi ai Pi = a ai Pit 
hence a; = a, =0 and wi pia: = dai(i= 3;4,...). Since vipi  vepr 
for i=4k we have therefore 2 = veux for a certain value of k(= 3) and 
ai =O for ik, which shows that the elements axps (k = 3) are 
the only characteristic elements with characteristic values 0. Making 
them H-normal, we obtain ag = wx-'!?, so that, by Theorem 15, 


AHAf= J i(Af. 9:1) 9i +P 


3 
for every f. Taking f = y,, we have (Hf, vi) = (H,, gi) = (v1. pi) = 0 
(i= 3) and AHf = AH, = go: hence p = ye 4 0. 

Theorem 17. -Let 1 0, and let the element g be H-orthogonal to all 
characteristic elements of K = AH belonging to the characteristic value j. 
(If 2 is no characteristic value, the element g is therefore arbitrary.) Then 
every solution of Kf —Af = g satisfies a relation of the form 

fa-f—¥ pata. 
where ai = (Hg, wi) for 4i 4, Hq = 0, and where X” denotes that for 
those values of i for which 1; = 1 the coefficient of wi has the value (Hf, wi). 
For every set of arbitrarily prescribed values of the latter coefficients there 
exists a solution of Kf —if = g. 
Proof. Let Kf —/f = g. By Theorem 15 we have 


Ripe Al fa= 2 Aiba = pi 
where b; = (Hf, yi) and Hp = 0. Since, as we have proved in Theorem 
13, bi = —ai/(A—Ai) for 2i 4, we obtain 
/ hi 
lf+g=— 2" > avitp 
A—); 
or 


ee, ny yy’ hi Be A 
eee cae 


where we have written gq = p//. The last statement of the theorem has 
been proved already in Theorem 13. 

Theorem 18. The self-adjoint transformation K = H'h AH't: possesses 
the same sequence i; of characteristic values =A 0 as the transformation 
K = AH. If wi is an H-orthonormal sequence of characteristic elements 
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of K, corresponding with the characteristic values ji, then H’kby;i is an 
orthonormal sequence of characteristic elements of K, also corresponding 
with the characteristic values jj. 

Proof. Let Ky = AHw = dy where dy 40. Then, writing H'hy = x, 
we have : 

Ky=HhAHy = iHhky=dy, 
where Ay =£0 since 40 and AH'y = AHy = ly ~ 0. Conversely, if 
Ky = dy where dy + 0, we find, writing y = 2-1AH "ly, that 
Phy = 1-1Ky ony 
hence 
Ky=AHt Hh y=AH'hy= Ay, 

where Ay 0 since H'z:iy = dy 0. This shows that K and K have the 


same characteristic values +4 0, and that with the H-orthonormal sequence 
yi of characteristic elements of K corresponds the orthonormal sequence 


H’2wi of characteristic elements of K. 


Mathematics. — On the theory of linear integral equations. II. By A. C. 
ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


§ 1. Introduction. 


We suppose the reader to be acquainted with the contents of the first 
paper bearing the same title, to which we shall refer with I. Let 
meos (e-— I, =, ot) | beareal. wand ‘such .that.a7< 6; (i = 1,...,m). Then 
A = [ay, by; ag, bog; ...; am, bm] is an interval in the m-dimensional Eucli- 
dean space. The point (x,, xo, ..., xm) in this space will be denoted by x. 
Further we shall denote the function space of all functions f(x), with 
complex values, such that | f(x)|? is summable (in the sense of LEBESGUE) 
over A, by L’™)(A) or L(A) or shortly by Lo. As well-known, Ly is a 
HILBERT space, if addition and multiplication with complex numbers are 
defined in the usual way, and the inner product of f and g as 


(fg) )= fine g (x) dx, 


so that 
, iy 
vel=( flere)” 
Convergence of the sequence sa(x) to f(x) in the space Ly means that 
lim || f —Sa || = 0; convergence of the series > fi(x) to f(x) means 
n> o@ i=1 
n 
that lim || f— YY fi || — 0; to avoid misunderstandings, we shall say that 
n> oo i=1 


Dy fi(x) converges in mean to f(x), and write 


{= 


- 


f (x) ~ fi (x), 


i= 
reserving the term convergence for ordinary point-wise convergence. The 
interval [a,, by; ...; am, bm; ay, by; ...; am, bm] in 2m-dimensional Euclidean 
space will be denoted by A X A, and the function space of all functions 
f(x, y) (x,y € A), with complex values, for which | f(x, y)|? is summable 
over A X A, by L?m) (A) or Li? This function space is also a HILBERT 


space with inner product 


(fF g)2m= al: f (x, y) g (x, y) dx dy, 


AXA 
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so that 


| Flam = ( flee: y)? de dy)” 


AXA 


Convergence in mean of > fi(x, y) to f(x, y) means that 
f=1 


lim || F(x, 9) ~ 2 fi (x. y)||2m = 0, 
and we shall write | 
f(x. y)~ 2 fi (x, y). 


Let now the measurable function K(x, y) be defined in A X A, such that 


|K(e.alam=(_f Ko? dedy) 


AXA 


is finite, in other words, K(x, y) € L?™). Then it is well-known that the 
linear transformation K in the space Ly, defined by 


Kf= [ Kl y) Fly) dy 


is completely continuous. If, moreover, || K(x, y)|l2m 540, the trans- 
formation K is not identical with the nulltransformation O. We shall 
consider now the linear integral equation Kf —if = g or 


[ Ks 9) Fl) dy—2F)=9 (2) sine 


where f, 9 € Lo, the kernel K(x, y)¢ L?™, and i is a complex number. If 


K(x,y) = K(y,x) for almost all points (x,y) ¢AX A, the kernel 
K(x,y) is called Hermitean. It follows easily by FusBinis Theorem on 
successive integrations that then (Kf,g) = (f, Kg) for arbitrary f, g€ Lo, 
so that in this case the transformation K is completely continuous and self- 
adjoint. 


§ 2. Integral equation with Hermitean kernel, belonging to LQm) 


Let K(x, y) € L°™ be Hermitean. Then the theorems, proved in I (for 
‘the special case, considered in I, § 4), yield the following results 1): 


1) A part of the theorems in this paragraph was proved in a different way, following 
the method of E. SCHMIDT, by F, SMITHIES, The eigenvalues and singular values of 
integral equations, Proc, of the London Math. Soc. (2) 43 (1937), 255—279, 
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Theorem 1. Every characteristic value 1 0 of (1) has finite multi- 
plicity. The total number of different characteristic values )i is finite or 
enumerable, and in this last case lim ii — 0. 

1=@ 

Proof. Follows from I, Theorem 2. 

Theorem 2. The characteristic values are real, and characteristic 
functions, belonging to different characteristic values, are orthogonal. 

Proof. Follows from I, Theorem 5. 

Theorem 3. Jf 1=40 is a characteristic value of (1), this equation has, 
for a given function g(x) € Lz, a solution f(x) €L, for those and only 
those functions g(x) that are orthogonal to all characteristic functions, 
belonging to the characteristic value j. If 1 40 is no characteristic value, 
so that it is a regular value, the equation (1) has a uniquely determined 
solution for every g(x) € Lo. 

Proof. Follows from the preceding theorem and I, Theorem 3. 

Theorem 4. /f || K(x, ¥)|bm +40, the equation (1) has a characteristic 
value + 0. 

Proof. Follows from I, Theorem 6, 

Let now di(| 2, | = | d2| = ...) be the sequence of all characteristic values 
+ 0, each of them occurring as many times as denoted by its multiplicity, 
and qi(x) a corresponding orthonormal sequence of characteristic functions. 
Then we have 


Theorem 5. /f ai = (f, qi) |) f(x) pi(x) dx, then 


[Re oe y) dy ~ YAj ai yi(x) (Expansion Theorem), 


[Ke y) F(x) f (y) dx dy = D4; | ai? 


for any f(x) € Ly. 

Proof. Follows from I, Theorem 9. 

Theorem 6 (CouRANT’s Theorem). Let dn, (i= 1,2,...) be the sub- 
sequence of all positive characteristic values where dn, > dn, >..., let the 


functions p,(x), Po(x),..., pi-1(x) be arbitrarily given, and let 


i = upper bound J Ks (x, y) F (x) f(y) dx dy ifere 


for all f(x) € Lz satisfying | | f |2dx 0 and 


{ee de=...= | fpmdx=0. 
A A 
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The number «i depends on p;(x), ..., pi-1(x). Letting now these functions | 
tun through the whole space Lo, we have dn, = min pi ?). 

A similar statement holds for the negative characteristic values. 

Proof. Follows from I, Theorem 11. 

Theorem 7. Let 10, and let g(x)é Lz be orthogonal to all char- 
acteristic functions of (1), belonging to the characteristic value i. (If 4 is 
no characteristic value, the function g(x) is therefore arbitrary.) Then the 
solution of (1) is given by 


flxyn—2) _ 


FTG ay 2 x), 


where ai = | oxo) for 1: 2, and where X’ denotes that for those 


values of i for which ji = j the coefficient of pi(x) may have any arbitrary 
value, 

Proof. Follows from I, Theorem 13. 

It is not possible to obtain an expansion theorem for the kernel itself 
directly from the theorems in I, A little consideration will show, however, 
that the following theorem holds: 

Theorem 8. We have 


[ike y) |? dy = X22 | qi (x)|? for almost every xe A, . . (2) 


[ike y) Pd de ec) ee 


AXA 


K (x, y) » Dd vi (x) vi (y) (Expansion Theorem) eee 


Proof. From || K(x, y)\l2m < © follows that the function k(x) == K(x, y) 
belongs to the space L’) for almost every ye A. We shall show now that 
the relations (k, gi) = Aigi(y) and (k, g) =0 for every g(x) € Ls ortho- 
gonal to all qi(x), hold for almost every y € A, so that it will be possible 


to write k = X(k, gi)pi = SL digi(y) . qi in the terminology of HILBERT 
space. Indeed, . 


(k, i) =i K (x, y) yi (x) dx =| K (y, x) vi (x) dx = 4; yi (y) 


2) R. COURANT, Zur Theorie der linearen Integralgleichungen, Math. Annalen 89 
(1923), 161—178, proved his theorem for a continuous kernel, approximating this kernel 
by a sequence of kernels having only a finite number of characteristic values, He remarks 
that his result remains valid in the case that [ {| Kl y) ?dxdy is finite, and 
i | K(x, y) |?dy is bounded. As we see here, the first condition alone is sufficient (and, 
as may be proved, not even necessary). 
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for almost every y € A, and, if (g, yi) = 0 for all values of i, so that by 
Theorem Base y) g(y)dy — 0 almost everywhere, we have 


(k, g) y= J Ko (x, y) g (x) rau f Kiso ls (gia) 9. (x)dx=0 


for almost every ye A. 
The relation k = (k, yi) qi implies 


|A— 2 (ke gi)pi ||? = 2 |(k, pe) |? 
i=1 i=n+1 
hence 


Jixts—Zrownwrde=_z Rie? .. 6 


i=n+ 


for almost every ye A. Taking n = 0, we obtain (2), and, integrating 
(5) over y, we see that 


[Kew Zur e@Pdedy= 2 2. 


AXA 


For n = 0 we have (3), and, making n > ©, we find (4). 


By direct computation it may be verified readily that the iterated kernels 


Kn(x, y) =| K(x, z)Kn_1 (z, y)dz (n = 2, 3,...) exist almost everywhere 


ns AiX-A, that they are also Hermitean and belong to the space L?™), It 
is not difficult to prove that the sequence 4" (i = 1,2,...) is the sequence 
of all characteristic values 0 of Kn(x, y), and that yi(x) (i= 1, 2,...) 
is a corresponding sequence of characteristic functions. The Theorems 
1—8 hold therefore for the integral equation with kernel Kn(x, y), 
replacing everywhere di by 2”. 


The numbers { K. (x,x)dx are called the traces of K(x, y). If n is even 


A 
(n = 2p), we have 


[& (x a)de= f |Kp(x, 2)? die de = Dap = 2 


AXA 


We shall prove that this relation is also true for odd n> 1. 
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Theorem 2 f Kalx, x)dx = 2 A ifor ee 


A 
Proof. Let n=2. From 


| Kn (xs 2) — 348 | pe (x)P 


= Jk (x, z) | Ke (a — 214 qi (z) 7 )| dz 


ui | Ky-1 (2, x) — 328 gi (2) 1 @) 


"ly 
<( yp K(x.2)?dz) 
A 
2 1p 
dz : 


holding for almost every x € A, follows on account of SCHWARZ’s inequality 


| J Ke (x, x) de — 308) = | 4} IK, (x, x) — 3 a8 | oe (x) pg dx e. 


A 


< 


= 


<f Kn (x, x) — 38 | gi (x) 2) dx 
(=1 
A 


(J \Keapdeds)"( f Kritex x) — 319 pile) pie) 


AXA 


‘dedz) ‘ 


hence, since the last factor on the right tends to 0 as p— © by Theorem 


Seed), 
[& (exh den 


A 


Remark. It is well-known that if K(x, y) satisfies the conditions that 


[ike y)|2 dy is finite for every x € A and 
lim JK 2, y) — K (x,, y)|* dy =0, 


several of the results in this paragraph can be improved. The convergence 
in mean in the Theorems 5 and 7, and also the convergence almost every~ 
where in Theorem 8, (2), may be replaced by uniform convergence. More- 


over, for n = 2, the series Y A"pi(x)pi(y) converges uniformly in A X A 
to Kn(x, y). 
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§ 3. Positive Hermitean kernels. 


It was proved by J. MERCER that, given the positive Hermitean kernel 
H (x, y), continuous in A X A, we. have, uniformly in A X A, 


A (x, y) = 24: yi (x) vi (y), 


where Ji(i= 1,2, ...) is the sequence of all characteristic values 0 of 
H (x, y) and gi(x) a corresponding orthonormal sequence of characteristic 
functions. As well-known, all 4; are non-negative (follows easily from 
Theorem 5). 

Theorem 10. I/f in the space L,(A) the bounded, positive, self-adjoint 
transformation H is given by 


Hf= alt H (x, y) f(y) dy, 


where H(x,y) is a positive Hermitean kernel, continuous in A X A, then 
there exists a positive Hermitean kernel H1),(x, y) for which 


i |Hhy, (x y) 2 dy 
rs 


is bounded, such that the uniquely determined, bounded, positive, self- 
adjoint transformation H'!: is given by 


Hh f= als Hy, (x, 9) f(y) dy. 


Proof. From 


H (x, y) = DA: vi (x) yi (y), 


holding uniformly in A X A, follows 


if: H (x, x)dx= 3h = 5 (Uh); 
yay 


the series ¥ 2'spi(x)pi(y) converges therefore in mean (convergence in 
the HILBERT space L?™) to a function Hy, (x,y) €L9™, and it is not 
difficult to see that the transformation A, defined by 


Af= of Hy, (os 9) f(y) dy, 


has '/2(i = 1,2,...) as the sequence of its characteristic values 0, and 
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gi(x) as a corresponding sequence of characteristic functions. This trans- 
formation is therefore identical with H'2, so that 


Hi f= | Hi, 9) Fle) dy 
A 
By Theorem 8 we have 


[itu (x, y) 2 dy = 3A |i (x)? = H (x, x) 


for almost every xe A, and, since it is allowed to change the values of 
Hh), (x, y) in a set of measure 0, we may even suppose this relation to hold 
for every xe A. Observing finally that H(x, x), as a continuous function, 
is bounded, we obtain the desired result. 


\ 


Mathematics. — A theorem concerning analytic continuation. By J. DE 
Groot. (Communicated by Prof. J. G. VAN DER CoRPUT.) 


(Communicated at the meeting of January 26, 1946.) 


1. Two one-valued analytic functions f,(z) and f2(z), originally 
defined in the respective regions G, and Go, are identical in G, + Gz if 
they take the same values in the points of an arbitrarily small region 
belonging both to G, and_G,; and, what is more, they are identical even 
if they take the same values in infinitely many points which have a limit- 
point belonging both to G, and Go. In this case we say that the original 
f1(z), defined only in G,, may be continued analytically in the region Go. 

Conversely we may ask ourselves the following question: in the complex 
Z-plane be given infinitely many points 21, Zo, zz, ... converging to the point 
z’. Each point z: (i = 1, 2,...) is given a certain complex “function-value”’ 
wi. To which extent is it possible to find a one-valued analytic function 
f(z), defined in a certain region in the Z-plane, which exactly in the points 
zi takes the given values wi; in other words, to which extent is it possible 
to continue the function defined in zi to a certain region? In the following 
we shall — after giving the problem a more accurate form — give a 
necessary and sufficient condition for analytic continuation (theorem I). 
For part of the proof we need HANS FREUDENTHAL’s mean value theorem 
of the theory of complex functions, which is generalized by us for higher 
difference-quotients (theorems II and III). 


2. In the problem of continuity mentioned in 1. one must make a 
distinction between the two following principally different cases: 1°. the 
region where one wishes the function to be continued does not necessarily 
contain the limit-point z’; 2°. the region in question does contain z’. Case 
1°. immediately leads to the well-known problem of composing an integral 
function which in the points z; (i= 1,2,...), that nowhere in the finite 
have a limit-point, takes the prescribed value wi; (comp. K. Knopp, Funk- 
tionentheorie (Sammlung Géschen) II, 4th ed., p. 38 problem 3, p. 45 
problem 4). The following function f(z) (composed by J. VAN IJZEREN) 
satisfies this demand: 


eo) 4 ,1(2,) pease tz - 
fly (12) en *()" sie) Py eae Sarat) 
i—1 Zi i=1 Di iit a 
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Here JJ is a WEIERSTRASZ-product, being 0 in the points zi; pi is the 


value of this infinite product if it is divided by | , while gi(z) are 


I 
suitably chosen integral rational functions securing convergence (in case 
a zj = 0 the shape of f(z) must be slightly altered). f(z) is an obviously 


Zit 


integral function, which in the points z; takes the values wi. By submitting 
the complex plane and thereby the points z; and the variable z to the 
following linear transformation 

1 1 


21 ne? zZ== 7? 
VAN eae, FES 2: 


where the sequence of points z; converges to z’, and by substituting these 
values in f(z) one finds an analytic function f(z) which is everywhere 
one-valuedly analytic except perhaps in the point z’, and which in the 
given points z; takes the given values wi. Thus f(z) offers a solution to 
the problem put in case 1°. 

We may further confine ourselves to case 2°., where analytic continu- 
ation must be possible in a region containing the limit-point z’ of the point- 
sequence 2z;. If such a function exists it is (according to 1.) uniquely 
defined (contrary to the problem put in 1°., where several continuation- 
functions f(z) are possible). The required function must take the given 
values w; in the points z;. It is, however, asking too much when we demand 
that the region in which analytic continuation is possible contains besides 
z’ also all points zi, as in this case — because of the uniqueness of the 
function — the required continuation would be impossible by every change, 
however small, of but one of the values wi. So we finally ask ourselves the 
following question: on which conditions is it possible to find an analytic 
function, defined in a region containing the limit-point z’ of the sequence 
zi (and so nearly all points zi), which in almost all points z; takes 
prescribed values w;? 


3. It must be possible to expand the required continued function f(z) 
into a power-series in 2’: 


raga Heel ey. (1) 


Thus necessarily all derivates of f(z) in z’ exist. The values wi in zi 
therefore must be chosen such that the limit of the nth difference-quotient 
exists for every natural number n if the (n + 1) points Zip Zien 
which this difference-quotient is defined, tend to z’. Further we must 
demand that these limits do not tend too quickly to the infinite for n > © 
and that in such a way that the convergence-radius of (1) is > 0. At first 
sight one might expect these two conditions to be sufficient for the required 
analytic continuation. We shall, however, show by an example that this 
is not the case, We define f(x) with real x by 


1 


f(x)=e * for x0 -F FO) 0. 


Apparently all derivates in 0 exist and have the value 0. Now, if on the 
real axis we take a sequence of points converging to 0 and give these 
points the corresponding function-values f(x), the above-mentioned con- 
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ditions are satisfied, i.e., when one runs’through the sequence of points the 
nth difference-quotient tends to the fixed limit 0 for every n, and these 
limits, i.e., the nth derivates in 0, all are 0, so they all certainly are (uni- 
formly) bounded. Yet analytic continuation to a neighbourhood of the 
1 

origin is impossible as e * is not analytic in the origin. 

Now it is possible by sharpening the above-mentioned conditions to find 
a sufficient condition, namely by demanding as well that the nth difference- 
quotients “tend uniformly in n to their limits’. We prefer, however, to 
derive a sufficient condition (which will prove to be necessary as well), 
which moreover, as we may see immediately, is a direct result of the first- 
mentioned sufficient condition. 


4. The nth difference-quotient of f(z) may, as is generally known, be 
defined like follows: 


[21] (f) = Fla) and [z, 2] (f 


) = [al (f) — [el () 


Z; — 22 


are the Oth and first difference-quotients of f(z) in z,, and z, and zo 
respectively. By induction one defines the nth difference-quotient by 


x zits cee nell fz 232 ~ > « 2n411 (fF) 


beeen 2n 2asi i) = 75) ere Ape 


For shortness we introduce the following notation: 
ezieu ee cite f)— 2) Tad pee ae ma) Fd Been) b 


Our function f(z) now has already been defined in the points z;; for 
f(z;) = w;. Thus we may compose the difference-quotients A‘ defined 
on a number of points z;. 

We now demand that there may be found a sufficiently great index i 
(which we may fix from then onwards), a positive number r and a natural 
number no such that for every natural number n= no 


| A? | Snir? (n= 1o,no + 1,...). (2) 


We shall now prove 

Theorem I. I/f the values w; = f(z;) satisfy condition (2) it is possible 
to find a neighbourhood of the limit-point z’ where f may be continued 
analytically; i.e., it is possible to find a uniquely defined analytic function 
f(z) (mentioned in (3)), which in almost all points z; takes the given 
values w;. Conversely, if f(z) is a one-valued analytic function in a neigh- 
bourhood of point z’ and if z1,zZ9,... is a sequence of points converging 
to z’, then condition (2) holds true for every sequence of this kind. There- 
fore condition (2) is a necessary and sufficient condition for the required 
analytic continuation, 


5. Condition (2) is sufficient for the required analytic continuation. 
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We contend that 
of yf Leas 
f2j=wit 2 (=F. “ (z— zis) (3) 


is the required analytic function in a sufficiently small neighbourhood of z’. 
In the first place it is evident that f(z) has exactly the required values 
wi, in the points zizn (kK =0,1,2,...), as 


k PN n-1 
wun sor +e (SE, - (es — 2149) (ema ly Zee) 
j= 


according to the interpolation-formula of NEWTON. Further the series (3) 
is uniformly convergent in a neighbourhood of z’. For it is possible to find 
an m=ng and a neighbourhood of z’ such that for all points z of that 
neighbourhood and for all points zi+m41 (1 = 1,2,...) 


| z— Zi+mti| <6 (6 arbitrarily small, > 0). (4) 
The absolute value of (3) then is smaller than or equal to 
m+1 fs® n=1 
LO re ocd NZ = Zia) + I |z—Ziss | 
n=1 n! v0 
aS 7AM n+1 
ay ey I (z—zi+;) 
n=m+2 nl j=m +1 
Further, in connection with (2) and (4), 
oo G "1 | oo 3 , ] @ 3 
ee = n §n—m-1 — ; 6)", 
n=m-+2 n! ; j=m+1 & zi+4) a aan ’ oe mow (r ) 


We now choose 6 <i/r, from which follows that the last series is con- 
vergent and so the given series (3) is uniformly convergent in a sufficiently 
small neighbourhood of z’. As all terms of the series (3) are analytic 
functions, [(z) is (according to a well-known theorem of WEIERSTRASZ) 
an analytic function in that neighbourhood of z’. 


6. For the second part of the proof of theorem I the mean value 
theorem of the theory of complex functions is of importance. This theorem 
may be formulated as follows: 

Theorem II (HANS FREUDENTHAL). f(z) be defined and analytic in a 
convex region G. Consider all values of the derivate f’(z) and the convex 
closure G’ of the corresponding points. We now contend that all difference- 
f (z:1)—F (z2) ( 

21 — 22 

To our purpose we have to generalize this theorem for higher difference- 
quotients. We shall prove 


quotients where z; and zy belong to G) belong to G’1). 


1) And even: this difference-quotient belongs to the convex closure of the values f’(z’), 
where z’ runs through the segment (zj, ze). 
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Theorem III. f(z) be defined and analytic in a convex region G. 
Consider all values of the nth derivate f(")(z) on G (n is an arbitrarily 
chosen but fixed natural number) and the convex closure G(") of the 
corresponding points. We now contend that all nth difference-quotients 
[zoz1 ... Zn] (ff), where zo, z1,....Zn are arbitrary points belonging to G, 
belong to Gl") 2) 3), 

Proof. We start with two remarks: 

1°. Bevo, vy,...,Un (n+ 1) arbitrary complex numbers, and so as well 
points situated in the complex plane (for shortness we shall often identify 
the point of the complex plane with the corresponding complex number), 


then point v is situated within the convex closure of vo, vy,..., Un only if 
v=Apug tA, +.... tAnvn 
4; real Nourban wba as ists See ick (5) 


Ag HA ee ee Fan = 
2°. We may, as known, write the nth difference-quotient 
[Zoz1 --- Zn] (f), 
which in this proof is denoted by [zoz, ... zn], in the following symmetrical 
form: 


reesg ye | Ea Ap fee 4 ig kami Dogue Oa (6) 
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Reeti=-2;) 
j=0 
i#i 
Let us first consider the case where n = 2. We take three arbitrary 
points zg, z; and z» of G (fig. 1) and consider the middles po, py and po 


ber J 


; 2- plane 


of the sides of the corresponding triangle. We shall prove that the following 


2) And even: this difference-quotient belongs to the convex closure of the values 
#()(z’), where z runs through all values of the convex closure of the points zo, 21, ...: Zn: 

3) By specializing the FREUDENTHAL proof and ours for the real axis one reaches an 
(especially for higher derivates) fairly short proof of the (extended) mean value theorem 
of the common calculus. 
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equation holds true for [Z9z,Z2]: 


[Zo 21 Z2] = +4 [Po Pi Pa] + 4 [20 Pi P2] +4 [Po 21 P2] + 4 [Po Pi 22]. (7) 
For the equation (7), which we must prove, we may write (according 


to (6)): 
f (Zo) f (z:) f (z2) vie 


(Zo — 21) (Zp — 22) (z; — 2) (21 — 22) (22 — 2) (22 — %4) 


2 Marah Glaeser 


pci (Po — P1) (Po — P2) 22— Po) (22 — P1) ) 


If we put z»—2z, = ag, 29 —Ze = ay and z, — Zp = Op, then the coeffi- 


1 
cient of f(zg) on the left is — , and on the right —4>=——-— 3, so 
M2. Ay 7 A269 Ay 
these coefficients are equal. The coefficient of f(po) on the right is 
1 1 DA eae cs Lye a 0; 1 oe 
2.0, @1.09 Go.0g © 65d) Gp Gy Cg ya 


By changing the letters for the rest of the coefficients (7) is generally 
proved. 

Geometrically (7) may be interpreted thus, where we suppose the second 
difference-quotients to be points in the plane of f’(z): the difference- 
quotient [zz ,z2] is situated in the centre of gravity of the four points 


[PoP1P2], [ZoP1P2]. [P0z1P2] and [popiz2] (fig. 2). Therefore [z 92129] 
certainly lies within the convex closure of these four points. After this we 


f"lzj-plane 
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subdivide each of the four triangles of fig. 1 in the same way into four 
triangles, namely by taking the middles of the sides. In each subdivided 
triangle there is again a relation analogical to (7), in other words the 


219 


four difference-quotients, each of which is defined by the vertices of a 
triangle, again group themselves ‘‘around” the corresponding difference- 
quotient (fig. 2). Therefore [zgz,z.] certainly lies within the convex 
closure of the sixteen points which were formed by the second division. 
This process may be continued infinitely. 

We shall now try to find a relation like (7) and an infinitely continued 
division for the nth difference-quotients with n> 2. Let us first consider 
the case n = 3. Though the four points zo, z;, z2 and z3, on which a third 
difference-quotient is defined, lie in the complex plane, it is better to 
imagine these points to be spacial, as in that way the generalisation may be 


Fig. 3. 


more easily realized. One divides every triangle of the tetrahedron z9z;z9z3 
(fig. 3) in the same way as in fig, 1 and joins all thus formed points pij. 
Three of these joining lines meet in the centre of gravity q. One easily 
proves — by comparing the coefficients on both sides — that the following 
relation holds true: 


1 1 
[20212223] Er 93 [29Po1P02P03] + 7B [21 Po1P12P13] = i 


1 1 
Am 73 [22Po2P12P23] . 3 [23Po3P13P23] = 
(Zo. 


1 1 
13 74 [qPo1P12P13] of mx [qPo1Po2P12] + 
1 
— 74 lq Po3P13P23] 


In the right side of this relation we find twelve terms corresponding with 
the twelve tetrahedra into which zz, z2z3 is divided. In connection with 
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(5) the point [zo z1 Z2 zg] lies in the f’(z)-plane within the convex closure 
defined by the twelve difference-quotients of the right side. Each of the 
twelve tetrahedra is now likewise divided into twelve tetrahedra, and this 
process is infinitely continued. Always after the mth division [zp z1 Zs z3] 
lies within the convex closure of the 12” corresponding difference-quo- 
tients. By induction it is now possible, though complicated, to generally 
determine the division of the n-dimensional simplex zp z; ... zn, correspon- 
cing with the nth difference-quotient [zg z ,...2z2] and the corresponding 
relation (7(")), Because the general formulas are complicated we shall not 
enter further into these, but shall close this subject by the following 
remarks. It appears that one must distinguish between odd and even 
dimension. For the n-simplices with odd n the centre of gravity always 
acts as point of division, while for the n-simpilices with even n this is not 
the case (in case n = 2 one had a “‘centre-simplex” po py po, for n = 4 
one finds a ‘“‘centre-simplex” qo q1 929394, where the points qi are the 
centres of gravity of the five tetrahedra by which the 4-simplex zg z; Zo Z3 Z4 
is bounded, etc.). In case n = 3 one may also attain one’s purpose by a 
simpler division, namely a division into eight tetrahedra, where instead 
of the inner eight tetrahedra of fig. 3 we have the four tetrahedra 
Poi P12 Po2 P13, P13 Po2 Piz P23, Poi Po2 P23 Pis and P03 Poz P13 Pes: The 
point g now does not appear in this division. This division is, however, no 
longer symmetrical and I do not think it will be easy to generalize this 
division, although it is simpler, for a general n. 

We denote [Zo z,... Zn] by A”, and have stated that the corresponding 
n-simplex is then Sabdivided ais kn n-simplices, where we denote the nth 
difference-quotient of such an n-simplex by ore (ay == 1,2). ke) ee 
equation of the character (7’) holds true: 


Ky Kn 
Le = 2) ha, aye (0<ha, <1; a Aa, = 1). (7) 
From now on, if no mistake is possible, we shall denote by A” not only 
the nth difference-quotients but also the corresponding n-simplices, 
Each of the simplices A”, is again subdivided in the same way into 
kn n-simplices A? es (ao a4: 2,...,kn), and this division is infinitely 
continued. Thus in “General: 


Kn 
Ata Gate | 7; a 1 ha j 1 Bt CO | ajtl (j oe 1, 2, hai a ) (7) 
J — 
with the conditions 
: ka 
Aj+i=1 


The diameter of a sequence of monotonicly decreasing sets of n-simplices 


iat 2 Eh D Ata > et: (8) 
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apparently tends to 0, in other words the sets of (8) have one point 
d;a,a,a,--. 4S intersection; so the sets of (8) converge to that point. The 
corresponding nth difference-quotients then tend to the. nth derivate 


a a (a ee 
ae 1 Sa, a, = f™ (dia, ay ate AF 


We now consider the f(")(z)-plane, where the values A” are 


la; a,...a; = 
introduced as points (comp, fig. 2). From (7) it follows that point AP 
lies within the convex closure of the points Afg,a,...a; ({=1,2,...% 
aj —1,2,...,kn). We still have to prove that point A” lies within the 
convex closure V of the set of points f(")(z), where z runs through the 
convex closure of 29, 21,...,2n, ie., the n-simplex A”. Suppose on the 
contrary that point A” lay outside V. V is, as the convex closure of the 
continuous image of a bounded closed set, bounded and closed. Between 
point A? and V there is a certain distance 22. Consider an e~neighbourhood 
V. of the set V. This apparently is again a convex set while point A” is at 
a distance « of Vz. 

The points A? (a= = 1,2,...,kn) of the first division have a convex 
closure to eh: point aN, Beers according to the afore-said. Therefore 
there exists at least one Gait At, lying outside Ve. With the simplex A” b, 
‘corresponds a division into kp n- patibliees Abb, ‘ (a5 Pokal or at 
least one of these points again the corresponding point At, ,, lies outside 
V.. By infinitely continuing this process we find a sequence of points 
Br ty Oty py ne eo such that for the corresponding n-simplices an 
equation of the character (8) holds true, in other words, this sequence of 
points converges to a point determining a value f(")(dj5,5,...). Here 
div,o,... apparently belongs to the convex closure of 29 2; zg... Zn. 
But then f(") (di5.5,...) bust belong to V, which is impossible as the 
points A” As, , ++., Converge to a point of the boundary of V: or outside 
V:. Thus the pitied contradiction is reached, by which theorem III (and 
then by specialization also theorem II) has been proved. 


7. Following directly from the mean value theorem derived in 6. is 

Theorem IV. Be f(z) defined and analytic in a convex region G. We 
consider the nth difference-quotient A"(n = 1,2,...) defined on (n+ 1) 
arbitrary points of G. Now 


> bv? [=P Ee Az.) (9) 
where z’ is a suitably chosen point of G+). Or in other words: the upper 
bound of | A"| in G is smaller than or equal to the upper bound of 


| f°") (z) 


Proof. Point A* in the complex plane of the points f(")(z) lies, accor- 


4) z' even is a point of the convex closure of the (n-+ 1) points. — REMARK, As G 
is a region the =-mark in (9) may even be left out. 
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ding to theorem III, on the joining line of two points f(")(p) and f(")(q), 
where p and q are suitably chosen points of G. In the triangle determined 
by the points 0, f("(p), f(")(q) the distance | A"| between 0 and A” is 
smaller than or equal to 5) | f(")(p)| or | f((q)| by which the theorem has 
already been proved. 


8. Condition (2) mentioned in theorem I is also necessary. f(z) is a 
- given function, which certainly is one-valued and analytic in a circle- 
region around point z’. According to an extension of a well-known in- 
equality of CAUCHY 

2nl M 


TPA) |e are 


Here z is an arbitrary point of a (sufficiently small) circle-region C 
(within the given circle-region) with z’ for centre, and @ for radius; M is 
the maximum of | f(z)| on the circumference of a circle with z’ as centre 
and radius 2 @. According to (9) now for all points of C 


2n! M 

ee 
If 2M <1, then (10) is <n!r* where l/o=r. If 2M>1, then (10) is 
also < n!r", where 2M/o =r. 

Thus in both cases the required condition (2) holds true as one may 
take i so great that all points zi, zi41,..., on which A” is defined, belong 
to the circle-region C. 

By this we have also proved the following 

Theorem V. Jf f(z) be analytic in a point z’, we may write f(z) — 
besides the power-series-expansion in z’ — by an expansion of the shape 


PANS feels (10) 


ao //\n n 
F() = Fla) +3 ie IT (z= 2) 

n= ‘ jJ=1 
where z1, Zo, Zz, ... is an arbitrary sequence of points converging to z’; these 
points have to lie within a sufficiently small neighbourhood of z’ 6). A®” is 
the difference-quotient [z, Zz, ... zn41](f). 

As this expansion is a generalization of the interpolation-formula of 

NeEwTON (for infinitely many terms) one might call this the NEWTON- 
expansion of f(z) to the sequence z,,Z9,... 


5) When p and q coincide. 
6) For that neighbourhood we may always take the above-mentioned circle-region C. 
In this region the series in question is certainly converging. 


Mathematics. — The foundation of the invariant theory of linear systems 
of curves on an algebraic surface. By B. L. VAN DER WAERDEN. 
(Communicated by Prof. J. G. VAN DER CorRPUT.) 


(Communicated at the meeting of January 26, 1946.) 


The birational transformation of a linear system of curves on a surface 
can easily be so defined that the transform of a system without fixed 
components is again a system without fixed components. But according to 
this definition the notion of a ‘complete system” (WVOLLSCHAR), that is of 
a linear system which is not contained in a larger one, is not invariant. 
For instance, a Cremona transformation of the well-known type with 3 
singular points: : 


, ’ , - A 
Xt Xt Hz HH Hz Xt X, X, 


transforms the complete system of all straight lines of the plane into a 
system of conics with three basic points, which is not complete, because 
it is contained in the larger system of all conics of the plane. 

In order to establish the invariance of the notion of a complete system, 
the Italian geometers have introduced the notion of virtual multiplicity of 
an assigned base-point of a linear system. The system of conics with 3 
base-points, obtained by the above transformation, is complete, if these 
base-points are assigned with virtual multiplicity 1, that means, if only 
those larger systems are let into consideration, whose curves have in these 
points at least these multiplicities. 

But it is not enough to consider ordinary base points with assigned multi- 
plicities; one has to consider also ‘‘infinitely near’ base points. For instance, 
the transformation 


Tag sy! — : « 42 
Xt Ht Hz HHH, Xz XZ 


transforms the system of all straight lines of the plane into a system of 
conics with two ordinary base points P and Q and a “neighbour point’ P,, 
infinitely near to P. The conics of the system have at least multiplicity 1 
at P and Q, and the sum of their multiplicities at P and P, is at least 2, 
some of them having a double point at P and others passing through P and 
P,. With these assigned virtual multiplicities the system is complete. 

The notions of neighbour points and multiplicities in them can be strictly 
defined, according to NOETHER, ENRIQUES, and ZARISKI, but the analysis 
is very complicated and the extension to more than 2 dimensions seems 
hardly possible. Therefore it is desirable to find a simpler notion, by which 
the analysis of neighbour points is avoidable and which can easily be 
generalised. This simpler notion turns out to be the notion of valuation. 

15 
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Let £ be a general point of an algebraic surface F, Rational functions of 
€ are quotients of forms f(&)/g(&) of equal degrees. They form a field, 
invariant on birational transformation. Now consider valuations w of this 
field, whose values w(y) are real numbers, with the well-known properties 


w(t) = w(y) + w(C) 
w(7 + ¢) 2 Min { w(n), w(c)} 
wa 


) = 0 for constant a 


Any such valuation defines a valuation ideal p, consisting of those 
elements 7 whose values are positive, situated in the valuation ring 9, which 
consists of the elements » of non-negative value, and a rest class field 
o/p, which is a field of algebraic functions of 0 or 1 variable. 

This number 0 or 1 is called the dimension of the valuation. In the more 
general case, when F is replaced by a variety of r dimensions, the dimension 
of the valuation can be any one of the numbers 0, 1, ..., (r—1). We 
restrict ourselves, however, to valuations of dimension (r—1). As 
ZARISKI has shown, these valuations are discrete, that is, they can be 
normed in such a way that the values w(m) are whole rational numbers. 

Any valuation w can be extended to forms f of arbitrary degree g, by 
the definition 


w (f) = Mex, w (55% f(é)). 


The values w(f), so defined, are non-negative whole numbers. Secondly, 
if the surface F is free from singular curves, the valuation w can be 
extended to curves C on F, the value w(C) being defined as the minimum 
of all values w(f) for all forms f, whose intersections with the surface 
contain the curve C. These values w(C) are again non-negative, and the 
value w(C + D) for a reducible curve C + D is the sum of the values 
w(C) + w(D). Moreover, the value w(C) of any curve C of. a linear 
system of curves is at least equal to the minimum of the values of the basic 
curves of the system. 

An example of such a valuation is the multiplicity w(C) of the curve C 
in a point P of F. Another example is the sum of the multiplicities of C 
in P and in a neighbour point P, of P. This sum can also be defined as 
the minimum of the multiplicities of intersection of C with an arbitrary 
curve branch passing by P and P,. In the same way a valuation can be 
defined for any neighbour point of P, also to those of higher order, by 
means of branches passing through them. 

On comparing these examples with those given before for assigned 
virtual multiplicities of base points of linear systems of conics, one sees 
that the notion of virtual multiplicity can be defined just as well with the 
aid of valuations without making use of the concept of infinitely near 
points. For instead of assigning virtual multiplicities to base points and 
their neighbour points, one can assign “virtual (minimal) values’ wo for 
the values w(C) of the curves C of a linear system in certain valuations w. 
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In order to work out this idea, we must introduce a distinction between 
“higher” and “lower’’ valuations. To any valuation w corresponds an 
irreducible manifold J on F, such that all forms f containing J have a 
positive value w(f), and all forms f not containing J have the value 0. 
The dimension of IJ can be any one of the numbers 0, 1, ..., d, where d is 
the dimension of the valuation (hence in our case d =r—1). If the 
dimension of I is (r—1), the valuation is called a higher valuation, if it 
is less, a lower one. The higher valuations are also called prime divisors 
(“Kurvenprimteiler’’ in the terminology of H. W. E. JuNG). In the case 
ot a surface F the higher valuations corresponds to irreducible curves J 
on F: if C contains the curve J with multiplicity m, the value w(C) is m. 
The lower valuations correspond to points P on F and their neighbour 
points P,, P, ...: the value w(C) is the minimum multiplicity of intersection 
of the curve C with an arbitrary curve branch passing through the neigh~- 
bour point in question. 

It is a generally adopted convention, not to assign virtual values wo in 
higher valuations, but only in lower valuations w. This means geome- 
trically, that no fixed components are assigned for linear systems of curves, 
but only basic points and their neighbour points. But even these lower 
virtual values wy cannot be assigned arbitrarily, for there is a very useful 
general theorem in the Italian theory, to the effect that any complete 
linear system with assigned virtual values can be represented as the 
difference of two linear systems without fixed components, whose virtual 
values are equal to their effective ones, the effective value of a linear 
system in any valuation w being defined as the minimum of the values 
w(C) for all curves of the system. In order to verify this theorem it is 
necessary to restrict the virtual values to those which can be represented 
as differences of the effective values of two linear systems | C, | and | C, | 
without fixed components, so that the equation 


Wo = Min w(C,) — Min w(C,) 


holds for all valuations w. Adopting this restriction, the theorem just 
mentioned can be proved and generalised to r dimensions. 

As I said before, the aim of the theory is birational invariance. Now the 
notion of valuation is invariant by itself, and so is the restriction to valu- 
ations of dimension (r—1). The distinction between higher and lower 
valuations, however, is not invariant: any lower valuation can be trans- 
formed birationally into a higher one. The transformation of a linear system 
is governed in the Italian theory by the following rules: 

1°. If a basic point with virtual multiplicity wo and effective multi- 
plicity w, is transformed into a curve, this curve is to be taken into the 
transformed system as a fixed component with multiplicity m = w, — wo. 

2°. If, conversely, a fixed component of the linear system with multi- 
plicity m is transformed into a point, the virtual multiplicity of this point 
is defined by the equation m = w,— w. 
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3°. The multiplicities of all other fixed components remain unchanged. 

4°. For all basic points and neighbour points which are not transformed 
into curves the differences w; — wp remain unchanged. 

These rules can be combined into one general principle of invariance, 
valid for all higher and lower valuations: 

The difference w,— wy between effective and virtual value of a linear 
system in any valuation shall remain unchanged upon birational trans- 
formation. 

This principle can be extended without any change to r dimensions. 
The virtual value in a higher valuation being zero, the effective multiplicities 
of all fixed components of the transformed system are determined by the 
principle of invariance. The variable components are simply the transforms 
of the variable components of the original system, The fixed and variable 
components of all curves of the transformed system being thus determined, 
the effective values w, are fixed, and as the differences w, — wp are again 
determined by the principle of invariance, the virtual values wo are fixed 
also, 

If a linear system |C| is contained in a larger system |D| with the 
same virtual multiplicities, the transformed system |C”’| is contained in 
| D’|. From this theorem follows at once the invariance of the notion of a 
complete system. 

The notions sum and difference of complete systems are also invariant 
on birational transformation, if their virtual values are defined as sums 
and differences of the virtual values of the component systems. The com- 
plete systems with assigned virtual values form upon addition an abelian 
semi-group, which can be extended to a group by the adjunction of “virtual” 
differences |C|—-| D|, to which may or may not correspond effective 
linear systems. 

The proofs of the theorems announced in this note are contained in a 
manuscript, which I hope is not lost and shall be published some time. 


Mathematics. — On the G-function. I. By C. S. MEIJER. (Communicated 
by Prof, J. G. VAN DER CoRPUT.) 


(Communicated at the meeting of January 26, 1946.) 
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§ 1. Definition of the function G54 (z). 
Suppose that m, n, p and q are integers with 
q=1, D=n=p=q and O=m=q; 
suppose further that the number z satisfies the inequalities 


zoe 0 and fe) <clrif ¢.=p, 


z#0 if q>p;: 
moreover that the numbers aj, ..., an and by, ..., bm fulfil the condition 
aj—bnF~ 1, 2, 3,... FasL re Tie salsa) .e« Uh) 


Then the function G’4 (z) is defined as follows 1) 


m n 
ee wie fa! OC) ty I'(1—a; + s) 


— . q p 
Bi eae abe 22 II T(i—bj +s) WU P(aj—s) 


jJ=m+1 JjJ=n+1 


z5 ds, (2) 


m,n 
Gp,o (: 


Cc 
The contour C runs from © —it to © + ir (1 is a positive number) 
and encloses all the poles 
b;,b; +1,6;+2,... Uf Ee IP ome ei inact xo oh) 
but none of the poles 
aj—1, aj=2,aj—3, .... Ciesla aft) ate. te ee 4] 


of the integrand 2). 

It follows from the asymptotic expansion of the Gamma function that the 
integral (2) is convergent and independent of r. 

If m = 0, the integrand in (2) is analytic inside C. Hence we find 


AS Ayys++sap\ 
Gp. (: Hee a al =e. ere Ad SD (5) 
More generally: Suppose m = 0 and 
bj—brn 0, 41,42,... (fat fon Ae le ten tits J 3 (6) 


then the integrand has simple poles at the points (3) and the value of the 
integral (2) is equal to minus the sum of the residues of the integrand at 
these poles. By evaluating these residues we obtain 3) 


1) If p= 0, the function G is denoted by ex (zp bis <x, bg). 
2) Such a contour C can always be drawn, since, because of (1), none of the poles (3) 
coincides with one of the poles (4). 


8) We employ the usual notation for the generalized hypergeometric function: 


p 
o 2H tay (ay + 1)2..(ay + h—1)} 
pFy (01,.-+.4p3 Bys--38g3 2)= D> ee 
h=0 SEAS Ee eg aed ab 


m 
EP bn ee eer 
Bisse Gp m igh Thea 
Gp, (. Lane \=3 q p aes (7) 
af Te Eee bby eee 
j=m+1 j=n+1 


X pF q-1(1+ba—ay,..., 1+bn—ap; 1+br—by,..*.., 1-+bp—bg; (—1)P-™-* 2); 

the asterisk denotes that the number 1 + b; — ba is to be omitted in the 
sequence 1 + b, — by, ..., 1 + bx — bq. This expansion holds, provided 
that a; and 6b; satisfy not only (1) but also the additional condition (6) 4). 

I may remark here that in my former papers5) the function G’q (z) 
has been defined by means of (7). 

From (7) it is apparent that G5'G(z) is a many-valued function of z 
with a branch-point at z= 0. 

The function Goole) is a symmetric function of a,, ..., an, of 
Ani, «+, ap, Of by, ..., bm and of bm4y, ..., bq; this follows immediately 
from the definition (2). 

When there is no risk of ambiguity, we shall in our notation omit the 
parameters aj, ..., ap and by, ..., bg. The function G defined by (2) will 
then be denoted by G%’G (z). When the parameters are not explicitly 
mentioned, it will always be supposed that they are aj, ..., ap and by, ..., bg. 


For instance by the symbols G2) (z) and Gi4(z) we shall denote the 
Fee oe 


functions 
Siti a 
0 Pp k,l 1» ep. 
(S5 ane respect. G;’ (: 
P,q , pect. Up,q : 
Dy + ee bg b,, eee bg 


*) The generalized hypergeometric function pF yg (a1, ...,@p; 1, ..., giz) is meaning- 
less if 8; = 0,—1, —2, ... (1S jSq). The function 


1 
Pee CHEAT HUE ha) Ke 
HT I'(B;) 
f=—s+1 
is only meaningless when £; = 0, —1,—2,... (1 <j <s). If one or more of the numbers 


B; (s+1<j<q) is equal to zero or a negative integer, the last function is in the usual 
way defined as follows: 


1 
—— pkg (a1, san pe eee) 
It T(B)) 


j=st] 


zt IF fa;(aj +1)... (aj + ht) 


fo Al It 18)(8) +1)...B)-+ 4-1} HTB, +h) 


when 6; = 0, —1,—2,... (s-++-1<j<q), then some initial terms of the series on the 
right-hand side of this relation vanish. 
5) MEIJER, [18] — [25]. 
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Now let 


we consider 


In this function we change the order of the parameters aj, ..., ap in a 
special way; we replace the sequence 


A1,+++, 4p by An—[4+2) +++ +1 Ap, Ay, +++ 5 An—I41- 


Then we obtain 
An—lt2> +++» Apr Assos ae 
q 


k,l-1 
a ae 


This function we will, briefly, denote by G5, ”” (z). 
We now suppose 


1S=lSn=p= q 1StHn—I/1+1, 0=k=q 
and consider 
Agee ap 
ee 


In this function we change the order of the parameters ay, ..., ap in the 
following way: we replace the sequence 


Gib (= Gh (- 


Fie pope OY cats Gn—14 2) 6 <5.- Ape ais =< so Ailes Atty += +s An—tels 
Then we get 
At, An—14+21++++ ap, Ayres At—1, At4+1, +++, An—-I+1 
Gpilz ; 9 
p,q De alg (9) 
This function shall be denoted by Gh j” (z\lat). 
Since Ghi(z) is a symmetric function of ai41, ..., ap, the functions (8) 
and (9) are independent of n if 1 = 1. Hence we find 
1 
Sis aa 
k,0,n __ pxk,o iy Ltd Ne ay) 
Gpig (z) = Gog (: b b seep (204 tog wg (EO) 
lr sees OG, 
and 
At, Aj, +++» At—-1, At+1,+++, ap 
Gig” (z || at) = Gra (2 
b,, PR ron | bg 


The function 
Bee Aer LAS kc GET b «so af 


k,l 
Gh (2 bn bi 


shall henceforth be denoted by Gry (z||at). So we obtain 
eet alay) aay (2 Waid sess vd et a4 (11) 


232 
§ 2. Asymptotic expansions of BARNES’ type for G5’4(z) (q>p). 
In some cases an asymptotic expansion of G5’¢(z) (q>p) for large 
values of |z| can be deduced by means of the methods of BARNEs ®), I will 
communicate here the results. First I give two definitions. 
Definition 1. Suppose that p, q and t are integers with 1 <tSp<q; 
suppose further that the numbers at and by, ..., bg satisfy the condition 
a:—b; # 1, 2, 3,... Ce Re et: ace (12) 


Then, for brevity, we formally 7) write 


(—2)oh TH Pl by ap) 


ie] 


E,,q(2||a) =2-1"*. ) 1 . (13) 
h=0 h! IT I'(1 + aj—az + h) 
j#t 


If the divergent series on the right-hand side of (13) is written by means 
of the hypergeometric notation, the formal expansion (13) takes the form 


q 
z-+at JT T (1 + bj—az) 


j= 1+ b,—az,...,1+ bg—az; 
E p,q (z|| at) = = gE p-1 ( cb tiga "4 sip Bg ey Pye i) 
IEG + aj—az) 1+ a,—a,.. als + ap—at;—Z 
iF | 
the asterisk denoting that the number 1 + at —at is to be omitted in the 
sequence 1 + a;—at, ..., 1 + ap—at. 


From this definition it follows ; 
Ep, q(ze??™ ||a;) = e* 4 By o(z\laz) (y= 0, 221, 2). 
Definition 2, Suppose that m, n, q and t are integers with 
=St=n and 0=m=q; 
suppose further that the numbers ay, ..., an satisfy the condition 
aj—az 0, +1,+2,... G1). a net): 


Then the coefficient A(t) is defined as follows: 


Wl sin (b;—a;) x 
Amn()=amtaat ee +s oh gale 

IT sin (aj—ar) a 

iz 


This coefficient may also be written in the form 8) 


IT P(ar—aj) (1 + aj—ay)} 


J 


Amn (= (—1ymtacga SFE | 47) 
je BR Piaget 


6) BARNES, [3]. Some of BARNES’ formulae are also proved by WINKLER, [34] and 
MACROBERT [14]. 

7) The series on the right-hand side of (13) is divergent because of q> p. 

8) (17) follows from (16) by means of 


a = — F(z) Pe 


sin z7 
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The results obtained by BARNES can now be stated as follows 9): 


Theorem A. The function G%§(z\lat) with 1<t<p<q admits for 
large values of |z| with |argz|<(4q—4p+1)a the asymptotic 
expansion 10) . 


Ger, (allan te Pero lellans, 6 cia! ater.» (18) 
More generally 11): 


Theorem B. Suppose that m, n, p and q are integers with 
l=Sn=p<q, l1=m=q andm+n>tpt+t4q:i 


suppose further that the numbers aj, ..., an and bj, ..., bm satisfy the 
conditions . 


ee ee are Eales oe fod, ss yy o *- G19) 

nye ap O)-- il, + 2, ee (Pl i be. 2 nif Ff). (20) 

Then for large values of |z| with |argz|<(m+n—}p—34q)a 
the following asymptotic expansion holds 1?) 


Goyq (2) oD em tana atae Am 0 (t) Ey,g (ze +97 | as) « (21) 
t=1 


®) BARNES, [2], 295—296 and [3], 65. The tormulae of BARNES are written in another 


notation, The symbols Gia: Ep,g and A" do not occur ia his papers. 

10) In (18) it is of course supposed that the numbers a; and 6y,...,bg satisfy the 
condition (12). 

Formula (18) is not true uniformly for | arg z| << ($qg—4p + 1)q; it is true uniformly 
only for | argz| < (+qg—4p-+1)a—4 for, every 6>0. A similar remark holds with 
regard to the asymptotic expansions (21) and (22). 

11) BARNES, [3], 70. The formulae (21) and (18) are proved by evaluating the 
residues of the integrand in (2) at the poles outside the contour C. 

The result of BARNES with regard to formula (21) is not entirely complete; he seems to 
consider, only the case with m >q—p. 

12) The expansion of the term 


elm +n—g—l)i ay 1D (t) Ep,@ (z e((—m—n +1) xi | at) 


can according to (17) and (13) be written in the form 


n 
I+a¢ ITD’ (a,—aj) 
j=1 


a {Arena} MIT (1+ b arth) IT +b ja (24:8 }~ai):..(h-+-bj-ag 


mJ Ft =m+ 
q n Pp 
et (ar—bj) A=0 Al I {(1 +aj-at) (2 + aj—ay)...(h-baj—ay)} ES PUsPajrecth) 
= = jn 
j#t 


The coefficients in this divergent series are significant, if the numbers aj,...,a, and 
61, ...,bm satisfy the conditions (19) and (20). 
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Barnes has also investigated the behaviour of G?$(z) for |z| tending 
to infinity. His result runs as follows 13): 
The function G35 (z) possesses for large values of | z| an asymptotic 


expansion of the form 
q—p-1 


Gog (2) Ex (Hees) rns) | 7? (22) ? we 
Vq 


beac taotl Eat 


ae z9-P 29-P 


=. 5 (22) 


where 


a 


q 
ea + he Span eo eee eee 
q—p h=1 h=1 


*This expansion holds for |argz|<(q—p-+te)a; herein is 


ext ifq=ptlcHlMitglp+22a See 


The coefficients M,, Mo, ... do not depend on z, but are complicated 
functions of the parameters ay,..., ap and by, ..., bg which I will not 
record here 14), é 

In what follows we shall, for brevity, formally write 


oe? 1 
Hy ate) Leap ip (p—q) 27-7) | 2 et Ms + 


Ey i zI—P zi-P 


M, tof (25) 


where # is defined by (23). 
The results contained in (22) and (23) can then be formulated as 
follows: 


Theorem C. The function G%§ (z) possesses for large values of | z| 
with |argz|<.(q—p-+t)a the asymptotic expansion 


GEo (2) td g dele Tes a vig sae 


It appears from (25) and (23) that the formal function Hp, ¢(z) 
satisfies the relation 


(—1)?-9+! exp 2ni 2 br— 3 an] | Hy-y (z e2@ P20") =A g (Zz) (2) 
=) —a 


§ 3. The analytic continuation of the function G5’; (z) (simple cases). 
The function Gj'p(z) has been defined in §1 only for |z|<1. The 
analytic continuation of this function when | z|21 will be denoted too = 
' by the symbol G77" (z). 
13) BARNES, [2], 296—297; [3], 80 and 108—110. 


The proof of (22) is much more difficult than that of (18) and (21). 
14) The reader, is referred to BARNES’ paper [3]. 


ty 
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Now it is well-known15) that the generalized hypergeometric function 
pF p—1 (ay, .-., ap; By, -.., Bp-1;z) has a branch-point at z = 1, and that, 
if a cross-cut is made along the real axis of the z-plane from 1 to ~, then 
the function is analytic and one-valued throughout the cut plane. 
Considering the function Gps (z), which can by (7) be written as a 
linear combination of functions of the type z4pFp_,((—1)?-™-"z), we 
shall make a cross-cut in the z-plane along the real axis from (—1)™+"-? 
to co. (—1)™+"-?; we may expect that Gp’'>(z) is analytic (not one- 
valued in general) in the cut plane. 

I will now shew that a somewhat more general result holds when 
ee Me pet 2: 

For this purpose I consider the integral 
\ II Tb; —s) I T(\—aj + 5) 

j=! J 


nn Heel ie hed oT (ay os) 


j=m+i1 j=n+! 


Fle Ce ee F234 


where 1=m=p, 1=n=p, m+n=p+1 and aj—b,71,2,3,... 
Muerte, 7; i — 1, ...,-11). 

The contour L runs from — ©i+o to ©i+o (o is an arbitrary real 
number) and is curved, if necessary, so that the points 


Bybee Trey ep, &. aa AS ed) 
lie on the right and the points 
aj—1l, aj—2, aj—3,... Ugcoeeh teed pelt) 


lie on the left of the contour. 

The integral (28) is a function of z which is analytic for each value of 
z whether |z| is greater than, equal to, or less than unity, provided that 
z0 and |argz|<i1(mt+tn—p)a 16), 

If |z|<1, we may 17), without altering the value of the integral, bend 
round the contour L so as to coincide with the contour C defined in § 1. 
We therefore get in view of (2). 


Theorem D. The function Gj'p(z) with m+n2pt1 is an 
analytic function of z in the sector |argz|<(m+n—p)a; this 
function may be represented by the integral (28). 


Now, when m + n=p + 2, the point (—1)™+"-? lies in the interior of 


15) POCHHAMMER, [26]; WINKLER, [33]; MMACROBERT, [16]. Comp. also 
MACROBERT, [17]. 

16) The reader may compare BAILEY, [1], 5—6 or WHITTAKER and WATSON, [32], 
286—288, where a proof for a special case is elaborated. The proof of the general case 
runs along the same lines, 

17) Comp. BAILEY, loc. cit. or WHITTAKER and WATSON, loc. cit.. 
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the sector | argz|< (m + n—p)z. So, if we restrict ourselves to values 
of z for which |argz|<(m+n—p)a, the function Gp’; (z) with 
m+n2p+2 has no singularity at z= (—1)™+"-?, 

Hence, if m + n=p + 2 and at the same time | arg z| << (m +n—p)a, 
the cross-cut from (—1)™+"-? to co . (—1)™+"-? is superfluous. 

In all other cases, in continuing the function G’p (z) outside the circle 
| z| = 1, we will make a cross-cut along the real axis from (—1)™+"-? to 
co, (—1)™+"-P, 


Replacing s by —s in (28) we get 


Tell ay al eee : 
a it ( ds 
2ni z : 
II I'(aj+s) I I'(1—b;—s) 
jun+l j=m+1 


L 
On comparing this integral with (28) we find in virtue of theorem D 
that it is equal to 
n,m al 
P,P & 


Theorem E. The function Gp’'p (z) with m+ n2p +1 possesses in 
the sector |argz|<(m +n—p)a the following analytic continuation 
outside the circle |z| = 1 


Aj,+++, Ap As n,m i 
Re ate hele 


In order to obtain a convenient notation for the continuation of the 


1—b,, Oo ats ae 


aj 0g Ap 


So we obtain * 


eee me ec 


I—Ajy ios 35 eae 


m,n 
Gp,p (: 


function GF; (z\jaz) I give still another definition. 
Definition 3. (Comp. Definition 1.) Jf p and t are integers with 
1 St <p and if the numbers at and bj, ..., bp satisfy the condition 
ar—b; #1, 2,3,... (f= lpaawels 
then the function Ep p(z\|at) is defined as follows: 


1—b,,..., 1—bp ‘ 
+ (430) 
1—a;z, 1—a,,..., l—az_-i, _—aty1,..., l—ap 


1 
Ep,p(z || at) = Gp (4 
This function may because of (7) also be written (comp. (14)) 
p 
z-'tar TT P'(1+6j;—az) 


Ep, p(z\\az)= faa cae php 
I ficiin ae) 


1+-b,—az,...,.1+bp—at; ‘ (31) 


1+a,—ay,.."..,1+-ap—azs—z 
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the asterisk denotes, as usual, that the number 1 + at — at is to be omitted 
in the sequence 1+ a,—at, ..., 1 + ap—at 18), 

Now it follows from (7), (17) and (31), if the numbers aj, ..., an and 
b,, ..., bm satisfy the conditions (19) and (20), 


nom 1 Di, ee 1—b, 
P,P 2 


1—a,, ce 9 1—ap 
n 
— as e(m+n—p—1) vi ay (Mit (t) Ep p (zeP—m-ni hat || at). 
t=1 


Theorem EF may therefore be stated in another way, namely 


Theorem E*. (Comp. Theorem B.) Jf m +n=2=p +1 and the numbers 
ay, ..., an and by, ..., bm satisfy the conditions (19) and (20), then the 


function Gj’, (z) possesses in the sector |argz|<(m+n—p)a an 
analytic continuation outside the unit-circle which can be expressed in the 
form 


n 
Gre (z) => e(m+n—p—1) xi at 1a (t) EB, plz e(p—m—n+1) at | at). (32) 
‘ Er — 4 | 
The particular case with m = p and n = 1 of formula (29) (which is, 
of course, also the corresponding particular case of (32)) is worth while to 
mention it separately; because of theorem EF and (30) we obtain: 


Theorem F. (Comp. Theorem A.) The function G) (z|| at) 
possesses in the sector |argz|<a the following analytic continuation 
outside the unit-circle 


Gre tzlaA a lolbae eo 4. 024 >. ..(33) 


This formula and the particular case with m = 1 and n = p of (32) are 
well-known. For p= 2 the formulae are proved by GAuss, KUMMER, 
GoursaT, BARNES and VAN DER CorpuT 19). The general case has been 
treated by THOMAE, WINKLER, MACROBERT and F. C. SMITH 2°). 


18) Comp. footnote *), 

19) Gauss, [10], 220; KUMMER, [13], 60; GOURSAT, [11], 29; BARNEs, [5], 
146—152; VAN DER CORPUT, [6]. Comp. also: FORSYTH, [8], Chapter VI; KLEIN, [12], 
§ 10; WHITTAKER and WATSON, [32], § 14. 51. VAN DER CORPUT and WHITTAKER and 
WATSON give the formula in question with some misprints. 

20) THOMAE, [29]; WINKLER, [33]; MACROBERT, [15]; SMITH, [27]. Comp. also 
MEIJER, [19], formula (40). 


Mathematics. — Primitief-symmetrische projectieve invarianten. I. By P. G. 
MOoL_eENAAR. (Communicated by Prof. J. A. SCHOUTEN.) 


(Communicated at the meeting of November 24, 1945.) 


Samenvatting. 


Naar men weet, kan elke projectieve invariant J(a), die van de graad t 
is in de coéfficiénten van de grondvorm f = a?, door gelijkstelling van 
aequivalente coéfficiénten worden afgeleid uit een simultaaninvariant 


i,(a,b,...,l), die lineair en homogeen is in elk der coéfficiéntenrijen 
van ¢ aequivalente grondvormen 
fi=at f= — — — free. 


Deze simultaaninvariant is in het algemeen niet symmetrisch in de coéffi- 
ciéntenrijen. Beschouwt men de grondvormen als niet-aequivalent (en dit 
is noodzakelijk bij het onderzoek van invarianten van gemengde vormen 
(§ 6)), dan is het wenselijk, deze invariant te splitsen in delen, die 
behoren tot primitieve symmetrieklassen. 

Met behulp van hypercomplexe getallen, ontleend aan de volledig 
gereduceerde reguliere voorstelling ener permutatiegroep (§ 1) verkrijgt 
men primitieve karakteristieke eenheden, waardoor primitieve symmetrie- 
klassen bepaald worden (§ 2). De invariant J, (en tevens elk van zijn 
isomeren) kan nu worden gesplitst in primitief-symmetrische invarianten 
(§ 3). Eén en ander wordt toegelicht, door invarianten van vier binaire 
cubische grondvormen te onderzoeken, waarbij symmetrische, anti-symme- 
trische en cyclisch-symmetrische invarianten tevoorschijn komen (§ 4). 
Het symmetrische deel levert bij gelijkstelling van de als aequivalent be- 
schouwde coéfficiéntenrijen juist de invariant [(a) van a3 op. Het anti- 
symmetrische deel valt uiteen in een som van producten van primitief- 
symmetrische invarianten van lagere graad. De cyclisch-symmetrische delen 
vallen eveneens uiteen. Zij leveren de voorwaarden voor ,,cubisch-harmo- 
nische” ligging van puntentriples (§ 5). 

Bij het opstellen van invarianten van een gemengde vorm F = aP az moet 
men kunnen beschikken over de invariantensystemen van twee groepen van 
gelijksoortige grondvormen 


al bE ene ae 


Allereerst wordt bewezen, dat elke invariant van F symbolisch is voor te 
stellen door een product van haakfactoren 


(ab ci ahi siv ye lee See ee 
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Haakfactoren (aa...) behoeven dus niet voor te komen (§ 6). Voorts 
wordt uit een primitief-symmetrische invariant L = (a,b,...,1) en een 
primitief-symmetrische invariant A — A (a, B,...,4) door ,,contractie’’ een 
invariant J van F afgeleid, welke in het algemeen niet primitief-symmetrisch 
is. Door een KRONECKER’s productvoorstelling volledig te reduceren, vindt 
men een splitsing van I in primitief-symmetrische invarianten (§ 7, 8). 

Als voorbeeld wordt een invariant van de gemengde vorm F = a3 a; 
onderzocht. De niet-aequivalente grondvormen 


a 3 B3 Fash 3 33 
Bes a Oiled Cee. vy 2.02 


leveren dan 3 symmetrische, 3 anti-symmetrische en 10 cyclisch-sym- 
metrische invarianten (§ 9). De symmetrische worden nader beschouwd. 
Zij leveren na gelijkstelling van de als aequivalent beschouwde coéffi- 
ciénten drie vierdegraads invarianten van F = a3 a? (§ 10). Tenslotte 
wordt voor twee gemengde vormen een overschuiving gedefinieerd. Hier- 
door wordt wederom een symmetrische invariant van F verkregen (§ 11). 

Er zij op gewezen, dat de splitsing in primitief-symmetrische invarianten 
berust op volledige reductie van de reguliere voorstelling. Deze is echter 
niet eenduidig. Wel kan men steeds reduceren tot irreducibele voorstel- 
lingen met rationale coéfficiénten. 


§ 1. Laat 
Sots, Alb, 2G 


de symmetrische permutatiegroep van t grootheden zijn 1). 
AB zij de permutatie A, gevolgd door de permutatie B. Voegt men aan 
de elementen van deze groep n = t! basisvectoren of hypercomplexe een- 


heden 
CCU ER hse ari ies 2 ts 9. stey (1) 


toe, met voorschrift e,e,—=e,,, dan wordt de vermenigvuldiging der 
vectoren of hypercomplexe getallen 


Bese, ey en ey hh ott.te ee 


gedefinieerd door 


C= En = LEpepDNgeg= LX Eplgepg— ZX EpNpiperp-:> 
Pp Pe NO SOT ee PIQ oPQ— 2 SP IPR CR 


dus (2) 
R= 2 Sp "pig—==Rpxlp SCE BOM ONC AC Me Ce a 


De vectoren  vormen de groepenring of groepenruimte Rt. 
De reguliere voorstelling It van ©t wordt verkregen, door de vectoren 
van §t rechts te vermenigvuldigen met de basisvectoren (1). Aan de 


1) Zie P. G. MOLENAMAR, Eindige Substitutiegroepen, pag. 38—40, Noordhoff, 
Groningen 1930. 
16 
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permutatie S is dan toegevoegd de afbeelding van é naar &: 


Se ox Eat, MESnt Tt ee 


of in componenten: 


(3) 
§, = Fis (R= B,-AvB tua, G)ae eee 


Bevat Gt r klassen van geconjugeerde elementen, dan zijn er juist 
r niet-aequivalente irreducibele voorstellingen 


JO tee 


Deze zijn, tot op transformatie na, eenduidig bepaald. 
Door volledige reductie van [Jt komen deze r voorstellingen alle voor 


de dag: 
T=n, Tl +n21,+...+n-Tr 


n, geeft de multipliciteit aan, waartoe I's in IJt voorkomt. Tevens is ns de 
dimensie van de voorstelling I's. 
Bovendien is dus 


fis nic Ne eee are 


Zijn de irreducibele voorstellingen I's (o = 1,2,...,r) gegeven door 
de unitaire afbeeldingen van x naar x. 


dan wordt de groepenruimte # volledig onderspannen door de n vectoren 


ke Tata k k \ 
oS een tavle, +... + ge eg | * 6. ns 
/ 
ChE EZ tei Y Oat eee 
Verder is 
Ay St sae My i ok RO pay uk 
eg 2 Sub + 2 SAC a, = Dr) Cu) | ee 
ike oh 1k Mae yet A Siete ast 


waarin || Sie || de inverse matrix is van || ste) ||. 
t l 


St is dus gelijk aan de algebraische minor van st gedeeld door de 


; k 
determinant | s() 
. l 


Uit (5) volgt in het bijzonder nog 
m { Ny {7 ip i 
ep = LLM SlHM+...F Helry.. « ws - (6) 
Lowe i Loi? 


2) Over gelijke boven- en benedenindices sommeren, tenzij het tegendeel wordt heweerd. 
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De nieuwe basisvectoren (4) voldoen aan de betrekkingen 


1 ok k 
Ot) ot) — ct) (niet sommeren over /) 


ter tin =O (I) brads ent EP) 
tin tte =0 (c#¢) 


De betrekkingen (5), (6) en (7) worden afgeleid met behulp van de 
orthogonaliteitsrelaties voor unitaire irreducibele voorstellingen. Gaat men 
echter door middel van de transformatie 


A Be k wk 
Pe@) se) pe) = se) 
1 2 “ue 1 
ever op niet-unitaire voorstellingen, dan is 
rs “ k ~k 
a G (on Ses et 
Pr) Ce) ple) (0) 


en dan controleert men gemakkelijk, dat de betrekkingen (5), (6) en (7) 
ook gelden voor niet-unitaire irreducibele voorstellingen. 
De vectoren der ruimte i), onderspannen door 
tf 


vormen een rechtsideaal in . 
Binnen ft) levert de reguliere voorstelling juist de irreducibele voor- 
iu 
stelling I's. Is 


dan luidt xe, =x in componenten 


n n 
a a ee i nl eee 
Rey ere OU MOL Xe) ==>. SO) xe) Vast kk — 152, . ne). -> * (8) 
k l k l k iiuk l , 


De voorstellingen J's binnen de ruimten 


Ro, Ro,..., Ro 
1 2 n 


c 


zijn dus congruent. 


§ 2. Onder een karakteristieke of idempotente eenheid verstaat men 
een grootheid « (hypercomplex getal of vector in #) die voldoet aan de 
betrekking 

gE — E, 


Een karakteristieke eenheid bepaalt door middel van 


eFeg=é Leh a ee Og Cy OR eee erro mere @ 9 
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binnen de ruimte ¢ & (rechtsideaal) een voorstelling van Gt. Is deze voor- 
stelling irreducibel, dan heet ¢ een primitieve karakteristieke eenheid. 


Volgens § 1 (7) is ao een karakteristieke eenheid. Het rechtsideaal Lie é 
valt samen met de arate Ki. De voorstelling (1), die door de requilen 
voorstelling binnen deze Tia wordt geleverd, is echter irreducibel (I's). 
Le is derhalve een primitieve karakteristieke eenheid. 

 Voldoet £ aan de betrekkingen 


af=0" fBE=07 26 0 lege Comstant) 


dan zegt men, dat & behoort tot de symmetrieklasse C(a, B,...,x) 3). De 
vectoren § vormen dan een rechtsideaal in R en zijn voor te stellen door 


oo ae: 


waarin ¢ een karakteristieke eenheid en &’ een veranderlijke vector in ft is. 
Is ¢ een primitieve karakteristieke eenheid, dan heet C(a,f,...,%) een 
primitieve symmetrieklasse. 

Deze stelling is om te keren. Behoort £ tot een rechtsideaal ° 


Saye 
(y constant, &’ variabel binnen 9%), dan behoort & tot een symmetrieklasse 
C(a, B,...,%) en vult deze geheel. Bovendien is & dan voor te stellen door 
—— Ey é 


waarin ey een karakteristieke eenheid is. 
Beschouw als voorbeeld de vectoren van het rechtsideaal 


= tl) & (6:0), Vast) cae Ue ae: ve oe ee 


De symmetrieklasse C(a, f,...,%) wordt gevonden door de lineair-onaf- 
hankelijke oplossingen van de vergelijking 


atin = 0. oy. ga eigen ae 


te geven. Stelt men 


dan geeft (3) 


fy 8S poe 
a> »&» ale) Co) Ci) =0 
iy | PW q P i ¢ 


8) Zie H. WEYL, Rendiconti di Palermo 48 (1924), pag. 29—36, of P. G. MOLENAAR, 
Eindige Substitutiegroepen, pag. 50—54. 
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dus volgens § 1 (7) 


Ne k 
> als) Co) =0 
Pp Pp 


Hieruit volgt 


s 
ale) = variabel voor 90 <¢; I en s willekeurig. 


: 
a(?) = variabel voor 1 i; s willekeurig. 


~ 


s 
a) = 0; s willekeurig. 

Voor (a, f,...,%) kan men dus geven de basisvectoren 

I 1 i-—1 ,i+1 ii 

wave Nhe eB aat lid fers 

cto) (o #0) en Ct) Ct) ct) Ci) 

Daar deze uitkomst onafhankelijk is van k, behoort het rechtsideaal 
i 
E— Cele’ . 6 5s a es.) 


tot dezelfde symmetrieklasse als het rechtsideaal (2). 


i 
Ce) is echter een primitieve karakteristieke eenheid, Het rechtsideaal (2) 
l 

of (4) behoort dus tot een primitieve symmetrieklasse en valt samen 

met Re. 


§ 3. Laat I(a,b,...,1) een simultaaninvariant zijn van t gelijksoortige 
grondvormen 


oes fe ae lt— e e e  e  (Y 


die lineair en homogeen is in de coéfficiéntenrijen van elk dezer vormen. 
Hierin is a? de symbolische notatie voor af!---!p x;, Xiges Xt yy Onderwerpt 
men de coéfficiéntenrijen aik!..., pikl..... |, Jikl... in J] aan de permutatie P, 
dan ontstaat een vorm I ,(a, 6, ..., 1), die wederom een invariant van (1) 
is, en die een isomeer van I(a,b,...,1) =I, genoemd wordt. Aldus 
ontstaan n = f¢! invarianten 


ar em Ate eee eS , . (2) 
die kunnen worden opgevat als componenten van een vector 
l= Jne,-l,e,+.-. +leeg 


in R. Noem I de representerende vector van I (a, b, ..., 1). 


Tussen deze isomeren kunnen lineaire betrekkingen bestaan, b.v. 
Gol eit Gy to by. <a, Ig = 0 ba Disa} 
Bed oa ed gett 2 Pg ig-1 = 0 fa? bes Lt 


enz. 
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Door a, b,...,1 aan de permutatie R te onderwerpen, volgt hieruit 
dn li-ip + O, lamtp the ear ep a eee 
enz. 
Volgens § 1(2) is dus 
al=0° PIS) Lael See ee 
De representerende vector behoort dan tot een symmetrieklasse 


C(a, f,...,%). Kortheidshalve zeggen we, dat de invariant I(a, b, ..., Ll) 
behoort tot deze symmetrieklasse. 


Een belangrijke opgave uit de theorie der projectieve invarianten is het 
opstellen van een kleinst volledig systeem of moduulbasis. De op te nemen 
isomeren moeten lineair onafhankelijk zijn. Bovendien kan men eisen, dat 
deze invarianten behoren tot primitieve symmetrieklassen. 

Dergelijke primitief-symmetrische invarianten verkrijgt men, door I te 


ontbinden langs de n basisvectoren tle E 
Volgens § 1(6) is 


“. [et eg lS Hahes Sleek tee 


: o 
1,9 


en volgens § 1(5)(7) is 


lo = Co) f fre fie a4 eg = ohn pag BOOS Sto) tte — 
i i rec Las 


pge 9 
= FHS Ts y= YY sl 1 oh ois tee 


De vector Ji) ligt binnen de ruimte 3tv) en heeft langs tb de coérdinaat 
t t 

Esto Is-1, 

S$ 9 


Stelt men nu 


i Ne i 
Le =— JsolI iI et oS ae 
q nis 4 toe (6) 


dan is 


[=> 2 Tei he en 
igoMco @ ! 
Uit (6) en § 1(4) volgt, dat 
i i i 
Le, Le ...., Ley, 


i 
de componenten zijn van de vector Ci) J. 
q 
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i 
Lt is dus een primitief-symmetrische invariant. 
q : 
Voorts volgt uit (6), dat de n? + n3-+...+ n? =n invarianten Le zijn 
q 


uit te drukken in de n isomeren I, I,,...,Ig. 
De S-component van (7) geeft 


Is= 2% sty Le. EO ye eee (=) | 


i,q,¢ 


Hieruit volgt, dat de isomeren tes I,,.--,Ig zijn uit te drukken in de 


: 3 i 
invarianten Lio. 


De isomeren kunnen als basisinvarianten dus vervangen worden door 
deze primitief-symmetrische invarianten. 
Uit (8) volgt nog een splitsing voor de invariant 


Ia, bs. D=Ip= 2 Lo= FE Bs Ie =oetnat =19} 


i, 
Verder kan men de lineair onafhankelijke invarianten Li gemakkelijk 
q 


opsporen. Bestaat er namelijk tussen de n invarianten Le) een lineaire 
q 

betrekking 

q 

( 


Z ph Lin =0 Peene nerd Cont tee sn, (10) 


i, q,s 


(waarin pe gewone complexe getallen zijn), dan is ook 


Z pale) =0 (S=E,A,...,G) 
A ey ES 
dus 
Da pe) te) [=0 
igo * @ 


Door links-vermenigvuldiging met af) (e, l,m vast) volgt hieruit 


gm. t eat § 
om pe) Cte) Ge) a TOL 2'pe bo) I =O, 


i, q, A 
dus ook 


2 ple Lin = 0. chipset. ss 8 “(T)) 


De lineaire betrekkingen (10), waarvan er meerdere kunnen bestaan, 
vallen dus uiteen in betrekkingen tussen primitief-symmetrische invarianten 
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met dezelfde klasse-index (@) en dezelfde beneden-index /. Rangschikt 
men de invarianten met dezelfde klasse-index (o) aldus: 


1 4 
Lee) Lio) ett be 


( ( Lee) 
(hn Tiel eLAe 
Lk Ls 2 


Oo! SoU e 62% «epee ee 


dan kan men enige kolommen lineair homogeen uitdrukken in de overige 
kolommen, Invarianten ener zelfde kolom zijn lineair onafhankelijk. 


§ 4. De vier binaire cubische vormen 
fia b= pe aie 
bezitten een simultaaninvariant 4) 
R (abed) =.(ab)2cd)2 (ad) (bc) 


Deze is noch symmetrisch, noch anti-symmetrisch in de coéfficiéntenrijen 
alkl) pikl, cikl, dikl, Het zal blijken, dat de 24 isomeren van deze invariant 
zijn uit te drukken door 4 primitief-symmetrische invarianten, waarvan de 
eerste symmetrisch en de tweede anti-symmetrisch is, terwijl de derde en 
vierde behoren tot hogere symmetrieklassen. 

Uit (1) volgt onmiddellijk 


R (abcd) = R (bade) = Ri(cdab) = Rdeba) oe 
De vier isomeren, die uit R (pqrs) ontstaan door de permutaties van de 
vier-groep van KLEIN %4 
(Pp) (q) (t) (s) (pq) (es) (pr) (as) ~— (ps) (ar) 


zijn dus aan elkaar gelijk. 

Er zijn dus hoogstens zes onderling verschillende isomeren. Deze vindt 
men als volgt: onderwerp abc aan de zes permutaties der symmetrische 
permutatiegroep G3 


B=( A=(i B=(30) 

123 231 312 

c=(2"] D=("3) F=(9) 
321 ZS 132 


4) Zie GORDAN—KERSCHENSTEINER, Vorlesungen iiber Invariantentheorie II, Leipzig 
(1887), pag. 167. , 


(3) 
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dan ontstaan uit R (abcd) de isomeren 


R, = R (abcd) = (ab)? (cd)? (ad) (bc) 
R, = R(bcad) = (bc)? (ad)? (bd) (ca) 
R,z = R (cabd) = (ca)? (bd)? (cd) (ab) 
R, = R (chad) = (cb)? (ad)? (cd) (ba) (4) 
R, = R (bacd) = (ba)? (cd)? (bd) (ac) 
R, = R (acbd) = (ac)? (bd)? (ad) (cb) 


Uit elk dezer isomeren verkrijgt men door de permutaties van 4 vier 
gelijke isomeren. Deze verdeling van de 24 isomeren van R in zes groepen 
van vier correspondeert met de splitsing van @,4 in zes nevenklassen (rest- 
klassen) door middel van de normaaldeler B4. De factorgroep @4/%4 is 
isomorph met @s. 

Tussen de zes isomeren (4) bestaan lineaire betrekkingen. Deze kan 
met alle vinden door identiek omvormen van haakfactoren 5). Zo is 


(ab)2 (cd)2 (ad) (bc) = 
= (ab) (cd) (cb) (ad) (ad) (bc) — (ab) (cd) (ca) (bd) (ad) (bc) = 
= (cb)? (ad)2 (cd) (ba) + (ab) (ac) (ad) (bc) (bd) (cd) 
dus 
Nese tly SS ee: «Ae ee ae eee need Fe) 
waarin 


Pg = (ab) (ac) (ad) (bc) (bd) (cd) 


een anti-symmetrische functie van de coéfficiéntenrijen ai*!, bik!, cik!, dik! is, 
De compositie der permutaties (3) kan men aflezen uit de groepentafel 


Pipe AB Cir 


Bi A BeG Dik 
AVAIB- ED FEF: C 


BB -ELALFeG D 
CiC le D fy Biv 
DID Gok ACE B 
Ptr DEG - BAER 
E, A en B zijn even permutaties. 
Uit (5) volgt nu 
ep bee Ou ae — ge cg «78 ) (6) 
Eliminatie van Pg uit (5) en (6) geeft 
fee Dat Sas Oma | Sn er ai A Sa #8 


5) Zie R. WEITZENBOCK, Invariantentheorie, pag. 95, Noordhoff, Groningen (1923). 
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Op analoge wijze vindt men nog 
Rp Ra Rete RS 


De 24 isomeren van R kunnen dus lineair worden uitgedrukt door 
4 isomeren. Deze behoren echter niet tot primitieve symmetrieklassen. 


Primitief-symmetrische basisinvarianten vindt men aldus: de reguliere 
voorstelling JJ3 van ©3 is volledig te reduceren tot drie irreducibele 
voorstellingen 


Wz; = 1, + 1,+27;3. 


Hierin zijn I’; (de identieke) en Ig voorstellingen van de eerste graad. 
met ,,matrices”’ 


i A B LG; D F 
Pye [eT ee ee eee 
Pot fs TP ER ell te De Nee lee 


I; is een voorstelling van de tweede graad, die echter bepaald is tot op 
transformatie na. Zo bestaat er een voorstelling door unitaire matrices, 
wier coéfficiénten primitieve derde eenheidswortels zijn 6), doch ook kan 
men niet-unitaire voorstellingen construeren, wier matrices bestaan uit 
rationale coéfficiénten 7). 
Onderwerpt men b.v. de codrdinaten x,, xg en x3 aan de permutaties 
EA ees 
xy = x x = Xp xy =X 
El 4 SCAR A ha ee as 
Ny es Xz eee Nae 
en stelt men de voor deze permutaties invariante som der coérdinaten 
gelijk nul 


xy =o Xo ae xz = 0 
dan kan men b.v. xg elimineren, 


x, = x; C1 = eee y= X 
be A io ‘oer ee a ae 
X3— 8X3 x3 x Xz XX 
waardoor men een irreducibele ek r3 mete met matrices 


EB 


“12 Hie te aif ? 


Yo alle NT 


6) Zie P. G. MOLENAAR, Eindige Substitutiegroepen, pag. 67. 
7) Zie B. L. v. D. WAERDEN, Moderne Algebra II, pag. 203—207, Spriager, Berlin. 
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Uit deze voorstellingen I';, I’, en I’3 vindt men volgens § 1(4) de hyper- 
complexe getallen 


cin =$ (eg te, te, tec ten ter) 


1 
02) =% (e, te, + ep —€c — Cp — ep) 


63) = $(ep—e, en te) 
(10) 
bao 6,16, +e. — ep, ) 
fo—t( -+e,—ep+e, = Cp) 
t= 4 (eg — Cr oho 9) ! 
en volgens § 3(6) de primitief-symmetrische invarianten 
Lw =4 (Re + Ra + Ra + Re+ Ro + Rr) 
La =4(Re+Ra+Rs—Re— Ro— Rr) 
La=$(Re  —Rs  —Ro+Rr) 
P (10a) 
Lj =$( +Ra—Ret+Re—Rod ) 
Lis = $ ( —Ra+Rst+Re — Rr) 
Lo) =4(Re—Ra — +Ro—Rr) 


Volgens § 3 verwachten we lineaire betrekkingen uitsluitend tussen 
invarianten met dezelfde klasse-index en dezelfde beneden-index. Inder- 
daad is volgens (10a), (7) en (8) 


1 2 1 2 
La Le en” “Lo = Le: 
, 1 2 2 
Stelt men eenvoudigheidshalve 
1 1 1 2 1 2 
La) aa Bi Le) = BY Ls) = Le) = Le) en Le) —= Le) cd Le) 


dan komen dus Ln), Ley, Le) en Le) in aanmerking voor opname in een 


kleinst volledig systeem. Li) is symmetrisch, Lis anti-symmetrisch in de 
coéfficiéntenrijen. 
Le) en Le) behoren resp. tot de primitieve symmetrieklassen 


1 1 2 2 1 1 1 1 
Cw) — oS (Cw), 2), o6), 13) en Ce) coal 2 (cw, cai, o8), C03). 


250° 


Volgens § 3(8) is tenslotte 
Re=Ly+Lea+ Le) + Le) 
Ra=La+ Le ~ Le) 
Re=Loa) + La — Le) 
Re= Lo) — La+ Le) aa Le) 
Rp = Lo) — Le — Le) 
Rr= Lo) — Le — Le) 


(11) 


Biochemistry. — Complex relations in the 2nd. phase of blood coagulation. 
By C, VAN DER MEER. (Communicated by Prof. H. G. BUNGENBERG 
DE JONG.) 


(Communicated at the meeting of November 24, 1945.) 


1. Introduction. 

For a detailed description of the theories of blood coagulation and a 
survey.of the literature we refer to WOHLISCH, Erg. Phys. 43, 174, 1940 
and Howe Lt, Phys. Reviews 15, 43, 1935. 

_ The formation of thrombin from prothrombin is called the first 
phase of blood coagulation, while the second phase is that in which fibrin 
is formed from fibrinogen under the influence of thrombin. Then follows 
a third phase, in which there is retraction of the clot, the liquid being 
pressed out. 

Little is known as yet as to the chemical composition of thrombin. Most 
investigators are of the opinion that it is a proteid or polypeptid. 

Since A. SCHMIDT expressed his opinion that thrombin is a ferment, 
this theory has always had many adherents. Many investigators (a.o. 
WALDSCHMIDT LEITZ) have pronounced the opinion that thrombin is a 
proteolytic ferment, which causes the formation of fibrin through a slight 
decomposition of fibrinogen. WOHLISCH has advanced the theory, based 
on a great many investigations, that thrombin is a denaturase of fibrinogen, 
i.e. a ferment that accelerates the normal denaturation of fibrinogen. 

In addition to this enzyme theory a number of theories has been 
developed, according to which thrombin should bind with fibrinogen, 
flocculating with it. For this and other theories of the second phase we 
refer to the literature. Here we will only mention the theories of DEL 
BAERE 1) and of GLAZKO and GREENBERG 2), as there is a direct connection 
between them and the investigation described in this paper. 

In our investigations we started from the viewpoint of the theory of 
complex relations as developed by BUNGENBERG DE JONG and his colla- 
borators, of which we shall first give a short survey. 


2. Complex relations according to BUNGENBERG DE JONG. 


For a detailed description and discussion of the theory of complex 
relations we refer to the following surveys: BUNGENBERG DE JONG Kolloid 
Z. 79, 223, 334, 1937; ibid. 80, 221, 350, 1937; Proc. Kon. Ned. Akad. v. 
Wetensch., Amsterdam, 41, 776, 1938. 

Here follows a short survey only of the most important phenomena, 
which were first of all observed in the investigations of so-called complex 
_coacervates. Since the complex coacervate gelatin + gum arabic is at the 


1) Bioch. Z. 296, 38, (1932). 
2) Am. J. Phys. 128, 399, (1939). 
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moment the best known, we take this system as an example in this dis- 
cussion. 

For the formation of such a complex coacervate certain conditions must 
be fulfilled, while a coacervate, once it has been formed, possesses a 
number of properties the most significant of which we shall now mention. 

Ge phi: 

Coacervation only occurs in a pH tract in which the gelatin is positively, 
the gum arabic negatively charged. 

b. Mixing proportion. 

When two isohydric sols of gelatin and gum arabic are mixed in varying 
proportions, we find on measuring the coacervation volumes or turbidities 
a curve with an optimum. 

So there is a certain mixing proportion in which coacervation is strongest. 

The electrophoretic charge of the coacervate drops is zero at or near 
the optimum; when there is a superabundance of gelatin it is positive, when 
there is an excess of gum arabic it is negative. The coacervates with a 
positive charge contain relatively more gelatin than the uncharged 
coacervates, whereas the negative ones have a proportionally higher gum 
arabic percentage. The water percentage of the coacervate is minimal in the 
optimum, increasing on both sides of it. 

c. Suppression through neutral salts. 

The coacervation can be suppressed through the addition of neutral salts. 
These salts arrange themselves according to the double valence rule, i.e. 
a valence rule for cations and one for anions. When the monovalent anion 
remains the same a salt with a bivalent cation will have a greater effect in 
an equivalent concentration than a salt with a monovalent cation, the effect 
of a trivalent cation will be greater than that of a bivalent one, etc. 

The same thing goes for anions, when the cation remains the same. 
This may be symbolically indicated by 3 —1>2—1>1-—1 and 
1—3>1—2>1—1, . 

d. Maximal salt resistance in the optimum. 

The salt concentration necessary to obtain total suppression is highest 
in the optimum of an isohydric mixing series, and decreases as we move 
further away from the optimum; in other words, the salt resistance of the 
coacervate is greatest in the optimum 1). 

e. Continuous valence rule on either side of the optimum 1) 2). 

When we consider the influence of neutral salts on coacervate volume 
or turbidity on either side of the optimum, we find that, in low salt 
concentrations, the curves may arrange themselves in a continuous bundle. 
With negative coacervates the salts n—1 will, compared with 1—l, 
promote coacervation more strongly or suppress less strongly as n increases, 
and the salts 1 —n will suppress more strongly or promote less strongly. 

1) BUNGENBERG DE JONG and DEKKER, Koll. Beihefte 43, 143, (1935). 


*) BUNGENBERG DE JONG and VAN DER MEER, Proc. Ned. Akad. v. Wetensch,, 
Amsterdam 45, 490 (1942). 
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So we find: relatively stronger promotion 3—1 /2—1/1—1/1—2/1—3 
relatively stronger suppression. We will indicate this as the continuous 
valence rule of the cations. 

With positieve coacervates the bundle is reversed: relatively stronger 
promotion 1—3/1—2/1—1/2—1/3—1 relatively stronger suppression, 
the continuous valence rule of the anions. 

In higher salt concentrations we again find the double valence rule. 

On measuring the electrophoretic charge we find with all coacervates, 
positive, uncharged or negative, the continuous valence rule: relative 
positivation 3—1 /2—1 / 1—1 / 1—2 / 1—3 relative negativation. 

f. Shifting of the optimum through neutral salts. 

Neutral salts of type 1—1 will generally not affect the position of 
the optimum in a mixing series. Salts with a high-valence cation and 
monovalent anion shift the optimum to an excess of the negative compo- 
nent, salts with a high-valence anion and monovalent cation shift the 
optimum to higher concentrations of the positive component, and the more 
so as the valence of the high-valence ion is greater 1). 

All these phenomena, however, are by no means restricted to coacervates 
only. Various flocculations, gels, sols, fibrils, films etc., show them under 
certain circumstances. These systems are then called complex systems and 
the general phenomenon is referred to as the occurrence of complex 
relations. 


3. The influence of neutral salts on the second phase of blood 
coagulation. 


When investigating the effect of neutral salts on the isolated second 
phase of coagulation, the authors originally confined themselves to the salts 
NaCl and CaCl, (lit. see WOHLISCH Erg. Phys. '29 and Erg. Phys. '40 
and also WEITNAUER, GRUNING and WOHLISCH Bioch. Z 307, 325, 41), 
sometimes also other earth alkali metals (WEITNAUER see WOHLISCH 2) ). 
GLAZKO and GREENBERG 3) investigated the influence of salts with poly- 
valent anion and monovalent cation on the second phase and found an 
increase of the impeding effect with the valence. They also found that 
high-valence cations (Th(NOz),4) have a strongly impeding effect, whereas 
monovalent cations hardly have such an effect at all. 

In view of the great importance of the arrangement of ions according to 
their valence in recognizing complex relations according to BUNGENBERG 
DE JONG, we compared the effect of neutral salts with 1-, 2- resp. 3-valent 
cation and 1-valent anion on the one hand, and neutral salts with 1-, 2-, 
resp. 3-valent anion and 1-valent cation on the other hand. 

The fibrinogen used was prepared as follows: 

To 200 cc 0.3 % oxalated cows plasma was added 40 cc of a Mg(OH). 


1) BUNGENBERG DE JONG and HOSKAM. Proc. Ned. Akad. v. Wetensch., Amsterdam, 
45, 59 (1942). 

2) Erg. Phys. 43, 174 (1940). 

Be de: 
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suspension (SMITH, WARNER and BrRINKHOUS!)), After half an hour’s 
stirring the liquid was centrifugalized during 20 minutes. With 0.5 N HCl 
(10—15 cc) the pH was brought to ca. 7,4. After this saturated NaCl was 
added to a concentration of 72.5 % saturated. Centrifigalizing during 20 
minutes after 5 minutes’ standing. The precipitation was loosened with aq. 
dest. and as a whole brought over in 100 cc aq. dest. After solution 
centrifugalizing for another half hour. The advantage of this method is that 
only NaCl is used for salting out, so that with the tests on the effects of 
salts there are no additional high-valence ions in the system. 

This fibrinogen has a concentration of ca, 0.4 %, ca. 10 % of which is 
dispurification and it contains averagely 1,4 % NaCl. It was used 
exclusively on the day after the preparation. 

Preparation of thrombin. 

1 L 0.3% oxalated cows plasma was added to 10 L ag. dest. plus 
385 cc 1 % acetic acid. After a few drops of toluol were added it was left 
for a week at room temperature. The precipitate was dried with acetone. 
Before use 10 gr. powder was extrahated during 2 hours with 150 cc 0.9 % 
NaCl, at room temperature, centrifugalized and filtered. After one night 
again centrifugalized. 

The experiments were made at 37° C. In determining the coagulation 
time all the reagents necessary, except fibrinogen, are placed in a test 
tube in a thermostat of 37° C during 1 minute. Then the fibrinogen, which 
is also in the thermostat, is added while a stopwatch is pressed. After 
thorough mixing the tube is sunk into the waterbath, after which every 5 
seconds the tube is placed in a horizontal position, to see if coagulation 
has set in. The criterion is the occurrence of an evident clot or of fibrin 
threads. In the graphs 1000/t in seconds is set out as coagulation velocity. 

The salts used were NaCl (1—1), CaCl, (2—1), Co (NHs3)., Clz 
Luteocobalt chlorid (3—1), NagS.O3 (1—2) and Kz Fe (CN)¢, (1—3). 

None of these salts gives flocculation with thrombin or fibrinogen only. 

Arrangement: 

0,25 cc fibrinogen, containing 1,4 % NaCl. 

1 cc thrombin, containing 0.9 % NaCl. 

0.5 cc aq. dest., resp. salt solution of the concentration required. 

So this system contains a basis concentration of 123 m. aequ. NaCl. 
See fig. 1. 

When we compare the action of the different salts, it appears that 
in order to cause a certain degree of impediment a lower concentration in 
aequivalents of CaCl, (2—1) is necessary than of NaCl (1—1). Luteo- 
Cl, (3—1) acts in even lower concentration than CaCl,. According to the 
strength of their effect the salts are therefore arranged according to 
3—1 >2—1 > 1—1, the valence rule of cations. At the same time we see, 
however, that K3Fe(CN), (1—3) has a stronger effect than NagS Oz 
(1—2), while the effect of the latter is greater than of NaCl (1—1), so 


1) Am. J. Phys. 107, 63 (1931). 
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that at the same time the valence rule for anions (1—3>1—2>1—1) 
appears. 

So we find the double valence rule. 

We also saw, under 2, that the occurrence of the double valence rule is 
a positive indication of the presence of complex relations in the sence of 
BUNGENBERG DE JONG. 
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Fig. 1. Impeding effect of neutral salts on the second phase. A. valence rule of cations 
B. valence rule of anions. 


absciss: log. conc. salt in aequ. p. Litre. 
ordinate: coagulation velocity 1000/t in sec. 


4. Optimal mixing proportion. 


We have come to recognize the existence of an optimal mixing proportion 
as one of the principal criteria for the existence of complex relations, while 
an excess of one of the components can partially or entirely suppress the 
complex formed. So it was important to check our coagulation system for 
this phenomenon. 

Thrombin in increasing concentration was added for this purpose to a 
constant quantity of fibrinogen. 

Several investigators (DUCLAUX, ARTHUS, RETTGER, MELLANBY, 
BLEIBTREU, Quick 1), ASTRUP and DARLING 2)) have shown the existence 
of a direct proportionality between thrombin concentration and coagulation 
velocity. But nearly all these investigators find deviations from this rule with 
low and high concentrations of thrombin so that the rule seems to be 
restricted to a certain tract. 

At the other side FuLD, MADSON and WALBUM, KUGELMASsS 1) find 
a certain other law. 


1) For lit. see WOHLISCH Erg. Phys. 1929 and 1940. 
2) -Acta Phys. Scand, 2, 22 (1941). 
17 
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STROMBERG, TSUNOO1) found that in an extensive concentration tract, 
none of these laws persist throughout. 

EAGLE and WOHLISCH, DIEBOLD and KIDERLEN 1) likewise found devia- 
tions from the inverse proportionality. 

RETTGER, STROMBERG found that the addition of more thrombin to a 
certain thrombin concentration does not result in shortening of the 
coagulation time, so there is a certain concentration section where the 
coagulation time is independent of the thrombin concentration. 

Here follows a series of experiments which, in order to exclude any pH 
differences between thrombin and fibrinogen was made with a 1/15 M 
phosphate buffer of pH 6.81. 

This experiment was made as follows: 

On preparing the fibrinogen was dissolved in 1/15 M phosphate buffer 
pH 6.81 instead of in aq. dest. This solution still contains 1.47 % NaCl. 

The thrombin was also dissolved in this phosphate buffer. On checking 
with an indicator it was seen that the pH’s of these two solutions were 
about the same. 

Arrangement: 

x cc thrombin undiluted, resp. 10 X diluted with 1/15 M phosphate 
buffer Ph 6.81. 

(2—x) cc. 1/15 M phosphate buffer Ph 6.81. 

1 cc buffer, as above. 

0.5 cc fibrinogen, undiluted resp. diluted with 1/15 M phosphate buffer 
Ph 6.81, containing 1.47% NaCl. 

All this at 37° C, 

The result is seen in fig. 2, where log. % Hobs (in which x = 2 cc 
undiluted thrombin is supposed to be 100 %) is set out against the 
coagulation velocity as 1000/t in seconds. 

So we see at first, that on increasing the thrombin concentration, the 
coagulation time decreases, (the velocity increases) then to remain 
constant in a certain concentration tract. 

When more thrombin is added we see that the coagulation time 
increases again (the velocity decreases) the result being a curve with a 
fairly pronounced optimum. 

The same curves result from experiments with rabbit citrate plasma 
instead of the fibrinogen solution, similarly with fibrinogen prepared 
according to ASTRUP and DARLING’s method 2). 

An experiment was made with the usual thrombin preparation which 
had been purified as much as possible 3) and the usual fibrinogen. 

Here again we found the same curve with an optimum, 

These experiments further show that on a decrease of the fibrinogen 


1) For lit. see WOHLISCH Erg. Phys. 1929 and 1940. 
2) Acta Phys. Scand, 4, 45 (1942). 
%) Later on we hope to give a detailed description in a more extensive publication. 
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concentration the optimum is also reached with lower thrombin concentrat- 
ions (see table 1). 


TABLE 1. 
Conc. fibrinog. Log. 9/9 thromb. in optimum 
1 1.83? 
I/2 1.61 
"4 1.42 
"/g 1.26 
M16 Te 12 


This points to a certain extent of proportionality between fibrinogen and 
thrombin in the optimum. 


In order to detect the regularity in this shifting we set out the data ina 


a Log'/e THROMB. 2 


Fig. 2. Optimal mixing proportion of fibrinogen and thrombin. Shifting of the optimum 
to lower thrombin concentrations on diluting the fibrinogen 2, 4, 8 and 16 times. 
absciss: log. c.c. added thrombin stock solution in %, 2 c.c. being taken as 100%. 

ordinate: coagulation velocity 1000/t in sec. 
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graph in which {the absciss indicates the quantity of fibrinogen in an 
arbitrary measure and the ordinate the quantity of thrombin in % 
(arbitrarily 2 cc is supposed to be 100%), which react together in the 
optimum, The points belonging to the different curves of fig. 2 lie in a 
straight line intersecting the ordinate at a finite value. The line obtained 
shows that in the optima a certain quantity of thrombin reacts to a certain 
guantity of fibrinogen and that when the quantity of fibrinogen is doubled 
the quantity of thrombin is also doubled, But there is always a certain 
amount of thrombin which does not take part in the reaction, but which, as it 
were, is present in the equilibrium liquid and which in this case is 10.4% of 
the quantity of thrombin present in 2 cc of liquid (point of intersection with 
ordinate) or about 1/7 of the total quantity which in the optimum reacts 
with 0.5 cc undiluted fibrinogen. 

We may remark that also when plasma is used instead of fibrinogen the 
optimum shifts on dilution to lower thrombin concentrations. 


So these experiments show us an optimal mixing proportion between ~ 


thrombin and fibrinogen, while in case of lower fibrinogen concentrations 
kept constant, ever less thrombin is needed to reach the optimum, two 
phenomena in keeping with what we know of complexes. 


5. Maximal salt resistance in the optimum. 


We have seen under 2 d that it was found in a complex coacervate, that 
the resistance to neutral salts, measured as that concentration, which 
can exactly suppress the coacervate totally, is not equally great at all 
points of the mixing proportion curve. The resistance is seen to be greatest 


TABLE 2. 
Dilutiontot Salt conc. in m. aequ. p. L. needed to obtain 
Coag. time sec. chron the coag. time of column 1 

added NaCl CaCl, | Luteo Clz| NayS,O3 |K3Fe(CN)¢ 

30 <x 48 31 16 22 4 

100 5.¢ 150 73 25 73 33 

undil. 80 33 19 53 15 

30 & 93 60 21 45 16 

200 3 ae 240 94 36 105 48 

undil. 115 56 26 74 22 

30 170 91 26 115 30 

500 3k 400 107 54 210 71 

undil. 160 85 43 105 39 

30 & 263 112 28 195 40 

1000 5 479 145 72 347 !) 96 

undil. 214 93 63 145 63 


1) By extrapolation. For 700 sec, the conc, is 288 m. aequ. 


a 
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in the optimum, to decrease on both sides of it. As we have seen that in our 
system of thrombin plus fibrinogen there is also a curve with an optimum, 
the neutral salt resistance must also in this system be greatest in the 
optimum and less on either side of it. 

At three points of the curve, the optimum and one point on each of the 
branches, we determined the coagulation times under the influence of the 
five neutral salts discussed with the experiments concerning the double 
valence rule. The three thrombin concentrations used were: undiluted 
(excess of thrombin), 3 X diluted (optimum) and 30 X diluted (excess of 
fibrinogen). The coagulation times of the blanks were 40 seconds for 
undiluted thrombin, 16 seconds for 3 X diluted thrombin, 60 seconds for 
30 X diluted thrombin, 

The data of table 2 were taken, partially through interpolation, from the 
curves obtained in this way. They show that in order to obtain a certain 
degree of suppression 1), it may be said of each of the salts that the 
highest concentration is necessary in the optimum, while on either side of it 
this degree of suppression is reached with lower salt concentrations. 

This entirely agrees with what is known of complexes. 


6. Shifting of the optimum through neutral salts. 


If the curves we have seen in fig. 2 do indeed point to the existence of 
complex relations, between thrombin and fibrinogen, we must also expect 
shifting of the optimum to higher or lower thrombin concentrations under 
the influence of added neutral salts. 

In the arrangement used in these experiments, in which the fibrinogen 
concentration was kept constant and the thrombin concentration varies, 
we shall expect shifting to lower thrombin concentrations with polyvalent 
cations, if thrombin is the positive component, and with polyvalent anions 


TABLE 3. 
Exp. Log. 9/9 thromb. in optimum 
CaCl, 66.7 m.a. 1.34 
1 Blank 1.56 
Na 2SO3 66.7 m.a. 1.78 
CaCl, 86 m.a. 0 38 
2 Blank 0.65 
Liquoid 2.3 mgr/p 1.11 


1) We can hardly — with this system — speak of total suppression as one would, 
for instance, have to wait 24 hours to see if coagulation yet occurs, so that it is better 
to compare certain coagulation times as corresponding with a certain degree of suppression. 
For the matter of that we did not take total suppression as a criterion in the 
experiments with coacervates, but a turbidity, which after being left for 30 minutes still 
gave 2% absorption in Moll’s extinctiometer, in the arrangement ‘sed. 
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we shall expect shifting to higher thrombin concentrations. When, on the 
-other hand, thrombin is the negative component, more thrombin is needed 
with polyvalent cations whereas polyvalent anions lower the optimal 
thrombin quantity. 

The results of the first experiment are found in table 3 exp. 1. The final 
concentration of CaCl. and NagS.O3 was 66.7 m. aequ. p. L. 

So there actually proves to be a certain amount of shifting. CaCl, shifts 
the optimum to lower thrombin concentrations, NagS.O3 to higher thrombin 
concentrations. In the terms of complex relations this means that of the 
thrombin-fibrinogen complex the thrombin carries the positive charges 
needed, the fibrinogen the necessary negative charges. 


e BLANK. 
xCaClL2 86M.AEQU. 
© LIQUOID 2,3M.GR%. 


0 1 Log “/o THROMB 


Fig. 3. Shifting of the optimum through CaCl and liquoid. 
absciss: Log c.c. added thrombine stock solution in %, 2 cc. = 100%. 
ordinate: coagulation velocity 1000/t in sec. 


Another experiment with CaCl, and K3 Fe(CN)g¢ shows the same 
shifting. 

A number of experiments was further made with the well-known anti- 
coagulation expedient liquoid of ROCHE, the formula of which is not entirely 
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known, it is true, but which is stated to be a polyanethol sodium solfonate so 
that it gives a high valence negative ion. This always gave evident shifting. 

A result is seen in fig. 3 and table 3 exp. 2; 2,3 mg% final concentrat- 
ion liquoid shifts the optimum from 0,65 to 1,11 in the log., while 86 m. aequ. 
p. litre final concentration CaCl, gives the optimum at 0.38 in the log. 

Summarizing we may say that the above experiments have given us 
important data, These shiftings of the optimum agree with our expectations 
that there are complex relations between thrombin and fibrinogen, they 
have considerably strengthened our presumption that there is indeed such 
a complex relation between thrombin and fibrinogen, moreover they have 
shown that the positive charges of this complex are to be found in the 
thrombin, while the negative charges must be found in the fibrinogen. 


7. Continuous valence rule. 


Now that we have seen, that in the thrombin-fibrinogen complex, the 
thrombin contains the positive charges, and the fibrinogen the negative 
ones, it follows that the two branches of the curve, found on either side of 
the optimum, obtained by adding an increasing quantity of thrombin to’a 
constant quantity of fibrinogen, represent complexes of different charges, 
namely negatively charged with thrombin concentrations lower than the 
optimum, and positively charged complexes with thrombin concentrations 
higher than optimal, while in the vicinity of the optimum the charge must 
be zero. It seemed worth while to determine if in our thrombin-fibrinogen 
system the continuous valence rule could also be found on either side of 
the optimum. 

Experiments made on this score showed that for the manifestation of 
this salt sequence it is essential that the total salt concentration in the 
system (so the basis concentration of NaCl) should be low. It was also 
found that, especially on the side of the optimum where there is an excess 
of thrombin, the reproducibility is sometimes bad, as here the curve often 
shows a sudden descent, making it impossible to select a point of experi- 
mentation too far removed from the optimum. : 

Here follows the result of an experiment where the reproducibility 
was good. 

A thrombin-fibrinogen curve was made beforehand and then the effect 
of salts was determined at two points. 

The first point was approximately in the optimum, the second on the 
branch which was expected to be positive. See fig. 4. A and B. 

The first point (A) shows us the continuous valence rule of cations, as 
we expect in a negatively charged complex 1), at the second point (B) this 
has passed into the double valence rule, which appears in uncharged 


1) In higher salt concentrations we again see the double valence rule for the impediment 
of coagulation. 
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complexes, The explanation of these facts may be that the point of reversal 
of charge does not coincide exactly with the optimum, but it is also possible 
that the complex is, indeed, formed by the negative groups of the fibrinogen 
and the positive groups of the thrombin, but that as an ampholyte the 
thrombin has so many negative groups that as a whole it is still negatively 
charged, or at least that it cannot give the complex a positive charge. 

Although we have not seen that an excess of thrombin can give a 
positive complex, these experiments do show that the addition of thrombin 
can make the whole more positive. 


1000/t.aS%o OF BLANK. 1000/t.a5Yo OF BLANK. 
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Fig. 4. A. continuous valence rule of cations, point of experimentation nearly in the 
optimum, 


B. double valence rule, point of experimentation at excess of thrombin. 


absciss: salt concentration in m. aequ, p. Litre. 
ordinate: coagulation velocity 1000/t in sec. 


8. Conclusion. 


In studying the coagulation time of the 2nd, phase of blood coagulation 
under various circumstances, we have seen appearing a number of laws as 
we know them in complex coacervates, or more generally, complex 
systems according to BUNGENBERG DE JONG. So complex relations must be 
of decisive significance in this 2nd. phase. 

As we have seen that in this complex thrombin is the positive component, 
we should expect that the I.E.P. of this substance lies at a pH > ca 7.3. The 
L.E.P., however, is usually found at pH ca. 5. The investigations of 
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TsUNOO 1) show the probability that, with the usual determinations, the 
thrombin is always carried away by negative dispurifications. It is also 
very well possible that the thrombin in toto is negative, but that it contains 
a number of positive groups, which are adjusted specifically to the negative 
groups of the fibrinogen; so that, as it were, a complex is formed locally, 
which determines the second phase of blood coagulation and of which we 
have found the manifestations in our experiments, but that the clot as a 
whole remains negative owing to an excess of negative groups, present in 
the thrombin molecule. 

Finally this complex conception does not account for the irreversibility of 
the clot. A great number of positive substances can make fibrinogen floc- 
culate, or even ‘‘clot’’, but then the products are always reversible which is 
never the case with real coagulation. So after the thrombin has been 
attached another process is to occur to make the fibrin irreversible and it 
seems best to follow the denaturase theory of WOHLISCH. As is seen from 
the experiments, the attachment of thrombin according to complex relations 
is determinative, then the thrombin has an effect of denaturizing the 
fibrinogen, producing an irreversible clot. Owing to this change the throm- 
bin loses its affinity to the fibrin and is partially detached again, which 
accounts for the fact that after coagulation thrombin is still found free in 
the liquid pressed out. It is possible that the detachment of the thrombin 
does not occur until the retraction (or the artificial retraction by stirring 
or pressing out) of the clot. 

As in our experiments the onset of coagulation was only noted, i.e. the 
moment at which a minimal quantity of fibrin has been formed, sufficient to 
form a distinct clot or floccule, we did not in our experiments find any 
confirmation of the latter possibility, The phenomena we observe are 
dominated in the first place by the primary binding of the thrombin to 
the fibrinogen according to complex relations. 

I may here express my deep-felt thanks to Prof. Dr. H. G. BUNGENBERG 
DE JONG, director of the laboratory of Medical Chemistry at Leiden, and 
Dr. W. A. L. DEKKER, concervator in this laboratory, for their highly 
appreciated assistance and support, and to Prof. Dr. J. JONGBLOED, 
director of the Physiological laboratory’at Utrecht for his kind interest and 
willingness which have made it possible for me to continue this investigation 
in his laboratory. 


Summary. 


1. In studying a number of influences on the coagulation time of the 
second phase of blood coagulation we found a number of phenomena which 
agree with the data known from the study of complex relations by BUNGEN- 
BERG DE JONG c.s. 


1) Pf, Arch. 210, 343, (1925). 
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These phenomena are the following: 

a. Neutral salts arrange themselves in the impeding effect on the 2nd. 
phase of blood coagulation according to the double valence rule 
3—1 > 2—1>1—1 and 1—3>1—2>1—1. 

b. With a fibrinogen quantity kept constant and a varying thrombin 
concentration the coagulation velocity passes through an optimum. 

c. This optimum shifts to lower thrombin concentrations when the 
fibrinogen concentration is lowered. 

d. The resistance to neutral salts is greatest in the optimum, to decrease 
on removal from the optimum. 

e. Neutral salts with a polyvalent cation and a monovalent anion shift 
the optimum to lower thrombin concentrations. Neutral salts with a 
polyvalent anion and a monovalent cation show shifting to higher thrombin 
concentrations, 

f. In the optimum there is a continuous valence rule of the cations 
3—1 / 2—1 / 1—1 / 1—2/ 1—33, the addition of more thrombin gives rise to 
a double valence rule. It has not been possible with an excess of thrombin 
to show a double valence rule of anions 1—3/1—2/1—1/2—1 /3—1. 

2. This has given rise to the notion that there is complex formation in 
the second phase of blood coagulation, the positive charges being provided 
by the thrombin, the negative ones by the fibrinogen. 

3. It is probable that after the attachment of the thrombin to the 
fibrinogen according to complex relations, the thrombin still affects the 
fibrinogen, in the sense of the denaturase theory of WOHLISCH. 


Physiology. — De beteekenis van groeihormoon en schildklierhormoon 
voor de groei van de ingewanden (II). By J. H. GAARENSTROOM. 
(Uit het Pharmacologisch Laboratorium der Rijksuniversiteit te 
Leiden, Beheerend Directeur Dr. S, E. DE JoncH). (Communicated 
by Prof. J. VAN DER HOEVE). 


(Communicated at the meeting of January 26, 1946.) 


De splanchnomegalie (ingewandsgroei buiten verhouding tot die van 
de rest van het lichaam), welke het gevolg is van de toediening van 
hypophyse-extracten, wordt, zooals wij in een vroeger beschreven onder- 
zoek 1) konden aantoonen, niet veroorzaakt door het in de extracten 
aanwezige groeihormoon, Integendeel, na toediening van behoorlijk ge- 
zuiverd groeihormoon aan ratten van de dag der hypophysectomie af, 
blijven de ingewanden in groei ten achter. De toediening van schildklier- 
poeder geeft, ook nog na de hypophysectomie, een vergrooting van dé 
inwendige organen (SWANN 2), KRET en DE JONGH)); het was dus voor 
de hand liggend, het in de hypophyse-extracten aanwezige thyreotrope 
hormoon voor de splanchnomegalie verantwoordelijk te stellen. Verdere 
analyse bracht aan het licht, dat de omvang der ingewanden nauw corre- 
leert met de behoefte aan functie van deze organen. De invloed van de 
schildklier moet, aldus gezien, bestaan in het doen stijgen van het stof- 
wisselingspeil, wat meer functie eischt, en ook groeihormoon moet dan 
tenslotte toch een indirecte werking op de ingewandsgrootte uitoefenen, 
daar de veroorzaakte lichaamsgroei meer eischen aan de inwendige organen 
gaat stellen. 

Het boven vermelde achterblijven in groei van de ingewanden, als 
groeihormoon aan kort te voren gehypophysectomeerde ratten wordt ge- 
geven, moet naar onze meening toegeschreven worden aan het atrophisch 
worden van de schildklier. De negatieve invloed hiervan uitgaande moet 
dan de positieve, veroorzaakt door de, door groeihormoon gestimuleerde 
lichaamsgroei, tegengaan. 

Het leek nu van belang te onderzoeken, welke invloed groeihormoon 
op de groei van de ingewanden uitoefent, wanneer de beoordeeling van 
deze groei niet wordt vertroebeld door een, gedurende de proef, wisselend 
peil aan schildklierhormoon Daartoe werd een proef gedaan met (vol- 
wassen) ratten, die 3 weken tevoren waren gehypophysectomeerd en zoo- 
doende gelegenheid hadden gekregen hun schildklier volkomen atrophisch 
te doen worden *), 


*) Over een klein deel van dit materiaal werd vroeger reeds bericht (BOERE en 
GAARENSTROOM #)); dit was echter voor het nu nagestreefde doel veel te gering. 
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Een groep dezer dieren werd direct afgemaakt, een tweede groep 
gedurende 14 dagen met 20 E groeihormoon*) (vrij van thyreotroop 
hormoon) behandeld, terwijl bij de laatste groep slechts het oplosmiddel 
ingespoten werd. Bij de sectie werd het gewicht bepaald van lever, nier 
en m. gastrocnemius. Een indruk van het skeletgewicht werd verder ver- 
kregen door het gezamenlijke gewicht van tibia, fibula, femur, radius, 
ulna en humerus (nadat deze waren gedroogd) te bepalen. 

In tabel I zijn de uitkomsten samengevat. Alle gewichten zijn uitgedrukt 
per 100 gram lichaamsgewicht bij hypophysectomie, ten einde vergelijk- 
bare waarden te verkrijgen. Het lichaamsgewicht bij hypophysectomie 
wordt afzonderlijk opgegeven, 


TABEL I. 
Gem, eindgewichten 
Gem. gew. Behahdeling Toeneming in % 
Groep eis bij hyp. | Sectie na Sub een oe. eats Per 100 gr.| tov, io 
at gew. bij hyp.|  aanv., eind 
contréles | contréles 
I lichaam 80 gr. 
aanvangs- lever Disdignes 
contréles 12 212 gr. ‘| 3 weken nier 235. mgr. 
m. gastrocn. 446 x 
»Skelet”’ 427 5: 
II lichaam (40 Gt: —8 
eind- lever PLAN I 
contréles |. 14 216 gr. | 5 weken nier 237 = mgr. 1 
m. gastrocn. 409 i —9 
»»Skelet”’ 424 hs —1 
Ill lichaam Lp) sonra 15 24 
groei- 20E lever SYST iy 27 27 
hormoon groeihormoon|nier 298 mgr. *4/ 26 
dieren 12 210 gr. | 5weken | per dag m.gastrocn. | 503 13 24 
»skelet” 429 3 0 0 


Vergelijkt men de getallen van de met groeihormoon ingespoten dieren 
met die van de ,,aanvangscontréles”’, dus eigenlijk met de _ ,,uitgangstoe- 
stand" (d.w.z. 3 weken na hypophysectomie), dan ziet men dat lichaams- 
gewicht zoowel als spiergewicht met ongeveer 15% zijn toegenomen. 
Voor de lever en nier bedraagt deze toeneming aanzienlijk meer, nil. 
27 %. Dit laatste is opmerkelijk en zou toch weer op een afzonderlijke 
,ingewandsvergrootende” invloed van groeihormoon, zelfs als dit vrij is 
van thyreotroop hormoon, kunnen wijzen. De resultaten komen evenwel in 
een ander licht te staan, als ook de ,,eindcontréles’’ in de beoordeeling 


*) Welwillend afgestaan door Dr, E. DINGEMANSE te Amsterdam. Droogrest 
1E=50y». 
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worden betrokken, Bij deze dieren ziet men een achteruitgang van 8 en 
9% t.o.v. de ,,aanvangscontréles”, voor zoover het lichaamsgewicht en 
spiergewicht betreft, het gewicht van lever en nier daalt echter in het 
geheel niet meer. Waarom dit laatste niet gebeurt, blijft onzeker (men 
zou kunnen denken aan een grootere activiteit der ingewanden, door dat 
na het opgebruiken der vetreserves het lichaamseiwit moet worden aan- 
getast), doch het verklaart de geringere stijging van het spiergewicht 
vergeleken met het ingewandsgewicht, bij de met groeihormoon behandelde 
ratten. Wat de spier betreft moest het groeihormoon immers een achter- 
uitgang tegenhouden, hetgeen bij de lever en nier niet het geval was. 
Betrekt men de toeneming der gewichten op die gevonden bij de eind- 
contréles, dan bedraagt het verschil voor lichaam en spier 24 %, voor lever 
en nier 27 %, dus practisch evenveel. 

Kleine verschillen tusschen ingewands- en spiergroei kunnen verder nog 
worden veroorzaakt door de grootere eischen, die door het tot zich nemen 
van meer voedsel der met groeihormoon behandelden, aan de ingewanden 
worden gesteld. 

De slotsom is, dat bij laag, niet wisselend peil aan schildklierhormoon, 
de gewichtstoeneming der ingewanden door groeihormoon correleert met 
die van het lichaamsgewicht en hieraan dus zeer wel ondergeschikt kan zijn. 

De aandacht moet nog gevestigd worden op het in alle diergroepen 
nauwkeurig gelijk blijven van het skeletgewicht. Kennelijk gaat de doode 
botmassa, zooals reeds vroeger beschreven (BOERE en GAARENSTROOM) 
door hypophysectomie niet in gewicht achteruit, terwijl toeneming door 
groeihormoon eveneens onmogelijk is, omdat de epiphysairschijf zich in 
de eerste drie weken na de hypophysectomie heeft gesloten. 

Het is wellicht van belang hier nog de aandacht te vestigen op een 
vraagstuk, dat ons bij de bewerking van het bovenomschreven getallen- 
materiaal bezig hield. Bij een proef met gehypophysectomeerde ratten 
sterft gedurende de proefperiode gewoonlijk een deel der dieren. Aan 
het einde houdt men slechts rekening met de nog levende. Wordt nu, 
zooals in ons geval, als contréle tusschentijds een aantal ratten afgemaakt, 
dan bevinden zich hieronder dieren die niet (A) en dieren die wél (B) 
het tot het einde van de proef zouden hebben uitgehouden. Voor een 
exacte beoordeeling zou het nu gewenscht zijn alleen met de laatste 
rekening te houden. Het is immers niet uitgesloten, dat tusschen groep 
A en B verschil bestaat; b.v. het lichaamsgewicht en dus misschien ook 
het orgaangewicht; ligt bij de lang levende doorgaans hooger dan bij 
de snel stervende. A en B uit elkaar houden is echter onmogelijk, wil men 
genoemde fout dus niet maken, dan is een, langs een omweg soms te 
berekenen correctiefactor noodzakelijk. 

Deze correctiefactor was gebaseerd op het feit, dat de invloed van de 
genoemde omstandigheid wel te bepalen is voor het lichaamsgewicht. 

Wij bepaalden eerst de achteruitgang in lichaamsgewicht van een groep 
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(van 55) ratten (boven 150 gram), die niet behandeld werden en 3 weken 
na de hypophysectomie werden afgemaakt, daarna geschiedde hetzelfde 
voor een groep (van 41), die na 5 weken was geseceerd. Deze gewichten 
waren, uitgedrukt in % van het gewicht bij hypophysectomie, resp. 83 
en 79, Dezelfde getallen van 22 ratten, op welke na 5 weken sectie werd 
verricht en waarbij na 3 weken het gewicht was bepaald, waren 85 (na 
3 weken) en 77 (na 5 weken). Corrigeert men deze laatste waarden (voor 
een goede vergelijking met de eerstgenoemde) door hen beide met 4% 
te vermenigvuldigen, dan verkrijgt men 87 en 79. Met andere woorden 
het lichaamsgewicht van gehypophysectomeerde ratten, die na 5 weken 
nog leven, is na de 3e week slechts 13 % gedaaald, terwijl dat van wille- 
keurige hypophyselooze ratten na 3 weken met 17 % (tot 83) was ver- 
minderd. Iets dergelijks moet gelden voor het orgaangewicht; wil men 
dus het orgaangewicht van 3 weken tevoren gehypophysectomeerde ratten, 
die tot 5 weken na deze operatie blijven leven, weten, dan is, aangenomen 
dat het orgaangewicht na hypophysectomie parallel met het lichaams- 
gewicht daalt, een correctie van 8% noodig. De daling van het orgaan- 
gewicht is meestal grooter dan die van het lichaamsgewicht, althans in 
de eerste weken na hypophysectomie, eigenlijk is de correctie dus in- 
gewikkelder. Men zou in ons geval behalve met $4 nog moeten vermenig- 
vuldigen met de breuk: 


gem. achteruitgang orgaangewicht in 3 weken (in %) 


gem. achteruitgang lich.gewicht in 3 weken (17 %) 


en dus ook de gemiddelde daling van het orgaangewicht bij een groot 
aantal ratten moeten kennen. 

In ons geval bleek de toepassing van genoemde correctie niet van groote 
invloed te zijn, weshalve deze werd achterwege gelaten. Dat deze invloed 
ditmaal zoo gering was, was echter naar onze meening toeval en wij 
achten het daarom gewenscht op dit feit kort de aandacht te vestigen. 


Samenvatting: 


De invloed van groeihormoon op de groei van de ingewanden bij de 
hypophyselooze rat, is pas zuiver te beoordeelen als variaties in de activiteit 
van de eveneens ingewandsgroei gevende schildklier, zijn uitgesloten, 
Laat men de schildklier eerst atrophisch worden dan is deze voorwaarde 
vervuld. Wanneer men, met doelmatige contréleproeven, de beoordeeling 
zoo volledig mogelijk maakt, blijkt de ingewandsgroei door groeihormoon 
parallel met die van het geheele lichaam te verloopen. Het aannemen 


van een bijzonder aangrijpingspunt in de inwendige organen is dus niet 
noodig. 


Summary: 


The effect of growth hormone on the growth of the bowels in hypo- 
physectomized rats can only be judged correctly when fluctuations in the 
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production of thyroid hormone (which also affects bowel weight) are 
excluded, This condition is fulfilled when some weeks after hypophysecto- 
my the thyroid gland has become atrophic. Under these circumstances and 
when suitable control experiments are made, the growth of the bowels 
runs parallel with that of the whole body. So the assumption of a particular 
point of attack of growth hormone at the bowels is not necessary. 


Résumé: 

Liinfluence de l'hormone de croissance sur la croissance des viscéres 
du rat hypophysectomisé, ne peut étre jugée de facgon précise que lorsque 
des variations dans l'activité de la glande thyroide (celle-ci donnant 
également lieu 4 la croissance des viscéres) sont exclues. Cette condition 
s accomplie en laissant d’abord atrophier la glande thyroide. Lorsque l'on 
rend, au moyen d’expériences de contréle, le jugement aussi complét que 
possible, il parait que la croissance des viscéres provoquée par l’hormone 
de croissance est paralléle 4 celle du corps entier. Il n'est donc pas 
nécessaire d’admettre un point de saisissement dans les organes internes. 


Zusammenfassung: 


Der Einflusz des Wachstumshormons auf das Wachstum der Eingeweide 
(verfolgt wurden Leber und Niere hypophyseloser Ratten), ist nur dann ein- 
wandfrei zu bewerten, wenn Schwankungen in der Leistung der, gleichfalls 
Eingeweidewachstum hervorrufende, Schilddriise ausgeschlossen sind. Diese 
Bedingung wird erfiillt, indem man die Schildriise vor dem Versuch atro- 
phisch werden laszt. Wenn man dariiber hinaus, mittels zweckmasziger 
Kontrolversuche, die Beurteilung méglichst vervollstandigt, so stellt sich 
heraus, dasz das Eingeweidewachstum parallel mit dem Kérperwachstum 
verlauft. Einen dortigen besonderen Angriffspunkt braucht man also nicht 
an zu nehmen, 
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Aerodynamics, — On the transmission of sound waves through a shock 
wave. By J. M. Burcers. (Mededeling No. 47 uit het Laboratorium 
voor Aero- en Hydrodynamica der Technische Hogeschool te Delft.) 


(Communicated at the meeting of February 23, 1946.) 


1. Introduction. — The problem considered in the following pages is 
related to the one treated in a paper on the propagation of certain pressure 
disturbances in an ideal gas1). As in that paper wave propagation in one 
dimension only is considered, while it is assumed that the gas carrying the 
waves obeys the ideal gas laws, internal friction, heat conductivity and heat 
radiation being neglected. It was shown in the paper mentioned that when 
two shock waves meet, or when a shock wave is met by an expansion wave, 
special frontiers will appear at which there is a change of the entropy of 
the gas. It will be the object of the present lines to show that a similar 
phenomenon occurs when a shock wave is met by sound waves. 

In order to fix ideas it is convenient to take in view the case of a 
stationary shock wave, forming the boundary between two regions (comp. 


shock 
wave 
4 (C1) Vo («C9) 
SS 
sf Z 
Fig. 1 


fig. 1), in one of which the gas moves with the supersonic velocity v, 
directed towards the shock wave, whereas in the other region the gas 
moves away from the shock wave with the subsonic velocity vy. Indicating 
the pressure, density, temperature and the velocity of sound in the gas on 
ene side of the shock wave resp. by py, 0,1, 71, c ,, and on the other side 
resp. by po, Qo, T'2, Co, we have the following well known relations: 


Op Uyp=—— 107 U2 
+o,v?=—p,+ 02,02 
Pi ote 01,05 = P2 Bae 2U> 
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(1) 


1) See: J. M. BURGERS, Over de eendimensionale voortplanting van drukstoringen ia 
een ideaal gas, Versl. Nederl. Akademie v. Wetensch., afd. Natuurkunde, 52, 476, 560 
(1943). — The present problem was suggested to me by professor S. GOLDSTEIN at 
- Manchester during a discussion in February 1946. 
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Together with the formulae: 
Pile, = RT, = ci/k 
P2l02 = RT, = c3/k } 
we have sufficient equations to calculate e.g. ve, ps, 02, Tz and cy when 
V1, Py and o, have been given. 
Next suppose that a sound wave is generated in the region 1 and is 


propagated relatively to the gas with the velocity c, towards the shock 
wave. Then a transmitted sound wave will appear in the region beyond 


(2) 


the shock wave. It is impossible, however, that a reflected sound wave 
makes its appearance in region 1, as every reflected wave, although rela- 
tively to the gas it would travel away from the boundary with the velocity 
c,;, nevertheless is carried back into the boundary in consequence of the 
fact that the gas itself moves with a velocity exceeding c,. Now at the 
boundary usually two conditions are observed, one referring to the con- 
tinuity of mass transport, the other one referring to the pressures. In 
ordinary cases these two conditions suffice to determine the amplitudes of 
both the transmitted and the reflected waves. When no reflected waves are 
present, it seems to be impossible to satisfy both boundary conditions. This 
dilemma is solved by:the circumstance that beyond the shock wave (i.e. in 
the region 2) not only a sound wave is propagated, but that at the same 
time in this region is produced a field of spatial inequalities in the entropy, 
which inequalities are transported by the moving gas with the velocity vy 
and which in a certain sense take the part of a second wave motion. 

The physical cause of this fact is to be found in the circumstance that 
a shock wave introduces a change of the entropy of the gas which moves 
through the wave front. In the case of an undisturbed stationary shock 
wave this change of entropy is independent of the time. As soon, however, 
as sound waves are superimposed upon the shock wave, the change of 
entropy of the gas passing through it is no longer constant, and a periodic 
field of entropy changes makes its appearance. 

Actually the situation is still more complicated. In reality there are three 
boundary conditions to be fulfilled, corresponding to equations (I) for 
the stationary shock wave, the third equation referring to the energy. 
Owing to the periodic changes of state of the gas (changes of velocity, of 
pressure and of density) produced on both sides of the shock wave, the 
position of the latter will not remain fixed, but will oscillate. The amplitude 
of the oscillations forms a third unknown in the problem, and it thus 
becomes possible to satisfy the three boundary conditions. 

A slightly different problem is obtained when the original sound waves 
should have been produced in the region where the gas is moving with the 
subsonic velocity (i.e. in the region 2). In that case sound waves clearly 
cannot be transmitted into the region on the other side, as again every 
wave motion on that side inevitably will be carried into the boundary. 
Hence in this case we shall have a reflected sound wave only. At the same 
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time, however, there appears a field of periodic inequalities of entropy on 
the same side as where the reflected wave is formed, which field again is 
carried along by the moving gas with the velocity vy. Also in this case the 
shock wave itself will oscillate. Again there are three unknowns, which 
can be determined in such a way that the three boundary conditions will 
be satisfied. 


2. Equations for the sound waves and the entropy waves. — In deriving 
a set of equations which will enable us to describe the peculiar system of 
wave motion produced, we must keep in mind that in the domain where 
the gas moves with the supersonic velocity, the state of the gas will always 
be homogeneous, so that here pressure, density, temperature and entropy 
will have constant values. Hence in this region we have to do with ordinary 
sound waves, propagating themselves with the well known velocity of 
sound, deduced on the supposition that the changes of state of the gas are 
not only adiabatic, but at the same time isentropic, 

In the region on the other side of the shock wave this latter supposition 
is untenable. In order to deduce an appropriate system of equations, we 
start from the equations of motion: 


Ou Ou 1 Op’ 

at) ax oar 

do, a ” g 
a be Oe 

oct "Ox? dx 


To these equations must be added the equation of energy, which expresses 
that energy is neither lost nor gained, and that the work which is performed 
by the pressure in changing the volume of an element, must find its equi- 
valent in a change of the interior energy of the gas U = RT/(k —1). This 
equation takes the form: 


ou Olio .06 oe | 
pitas at (ae te) pay ens, © Si rhe (4) 
Together with the gas law: 
ple—RT 


we have four equations, connecting the four variables u, p, o, T. 
It is convenient to make a change of variables and to use as ‘dependent 


variables the velocity of the gas u, the quantity c defined as |“ kp/o, and 
the quantity 6 = p/o*. The latter quantity is connected with the entropy S 
per unit mass by means of the relation: 


R i In 6 + constant. 


aye 
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The temperature can be eliminated altogether, as T = c2/kR. The resulting 
equations obtain the form 2): 


\ 0 0 k—1 c (0 0 . 
oe {(¢ 5 #) = Rha t gh ln af.) 

In applying these equations to the case of sound waves we may consider 
the deviations of 6, u and c from their normal constant values as small 
guantities of the first order. When all quantities of higher order are 
neglected, the factors u and c before a differential operator can be treated 
as constants. Writing 60, dc, du resp. for the deviations of In 0, c, u from 
their normal values, the equations reduce to: 


038, 000 _ 


These equations are linear in the unknowns and can be used in describing 
the propagation of the combined system of sound and entropy waves of 
small amplitude. i 


3. Solution of equations (8)—(10) for the case of sound waves trans- 
mitted through a shock wave. — The form of the differential operators 
occurring in eqs. (8)—(10) induces us to look for solutions which are 
functions resp. of the following combinations of the independent variables: 


x—ut;x—(u+c)t; x—(u—c)t. 

The first expression refers to phenomena which are simply carried along 
by the gas, moving with the velocity u; the second and third expressions 
refer to phenomena which, apart from being carried along by the gas with 
the velocity u, moreover show a propagation relatively to the gas with the 
velocity c, either in the same direction as u, or in the opposite direction. 

In the case of the transmission of sound waves from the supersonic 
region into the subsonic region there clearly cannot appear waves moving 
with the velocity c against the motion of the gas (such waves might appear 


*) These equations have been given on page 561 of the paper mentioned in foot- 
note ') (p. 273 above), 
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only in the case where obstructions would be present in the field at some 
distance downstream from the shock wave, which could produce a reflection 
travelling towards the shock wave). Hence we must discard the combination 
x —(u—c)t, and restrict ourselves to expressions depending upon x — ut 
and x —(u+c)t. 

The following solution seems appropriate to this case: 


d0—=e(x—ut) (11) 

bet bu Se (eu) + (k-I). p(x—ut—er) (12) 
k—1 

ded. a(x — at) Boar Mecut te Mich cs, cs ane Saw ay CES) 


where e and » provisionally are two arbitrary functions, afterwards to be 
fixed by means of the boundary conditions to be satisfied at the shock 
wave. From (12) and (13) we deduce: 


c k—1 
dc=5,-e(x—ul) +4 - p(x—ut—ct) eeatac et VS) 
A leat Meat he A Che ty Ns a5. son et twin yt (LS) 


The corresponding values of the deviations of the pressure, the density and 
the temperature are given by: 


Opa Gee: Li Says Gd ang issyacy Bi (16) 

QS are <2 

Sys pete Pee wats 83 90! SULA) 
ar k—1 

sT=T(E+ Se) . tae ete: 


In the case of simple harmonic sound waves, the functions « and » will 
become simple harmonic functions of their respective arguments, both 
having the same frequency with respect to the time as the original sound 
waves. 

It will be seen from the expressions (15) and (16) that there will be a 
simple train of waves both in the velocity and in the pressure, propagated 
with the velocity c relatively to the moving gas. According to (11) there 
will also*be a simple train of waves in the entropy field, carried along by 
‘the gas with the velocity u (and thus being stationary with respect to the 
gas). In the density and in the temperature on the other hand a double 
system of waves makes itself felt, which can give rise to a system of beats. 

In the case of sound waves originating in the subsonic domain and 
originally travelling towards the shock wave, where a reflection takes place, 
the solution assumes the form: 


60 = (x—ut)-5 25) 4.) eRe i ae 
dc 15S on = — . €(x—uat) + (k—1). mp (x—ut—ct) . (12a) 
; k—1 c 
dc — —~— du = = . € (x—ut)—(k—1). B(x—ut+ct) . (13a) 
2 2 ee 
from which: 
G k—1 k—1 
Oca a fae as Virgen ae Ns oie 
éu= 94+ BS 284 Ree eee eee 
and further: 
dp 0c(9—D) ik. hae a ee 
5p = ie gD) ee 
ee (17a) 
Sry Ee oe 
S Bat. at (p oN sea ae eee ee 


The function @(x—ut + ct) introduced here describes the original sound 
waves, travelling relatively to the gas with the velocity c in the opposite 
direction of the flow velocity u; hence @ is to be considered as a given 
function. 

As equations (11)—(18a) all refer to the domain where the flow is 
subsonic, the flow velocity u introduced here corresponds to vy in fig. 1, 
while c corresponds to cy; similarly for 9 must be read gy and for T: Ty. 

It is convenient to add to these results the corresponding expressions 
for the sound waves which in the first case are present in the supersonic 
region (in the second case sound waves are absent from this region). They 
have the form: 


66 06 Nude se ae 
bet AO bu = (kl). F (x—ut—et) Sg ake wee dees 
eee Lage oe bate a re 

from which: 

Soa F. Matin pl elena 

jase ee ay OMS = oe 

Sp = oc: yh ene.) eee 

icede nee 2 SSG ein in gopcaier Spiatnae 


éToee tee = Sere tee 
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Here F represents a given function, while now u, c, 9, T resp. correspond 
to vy, Cy, 01, Ty. 


4. The motion of the shock wave front itself and the boundary con- 
ditions. — We write & for the velocity of the shock wave front, which 
velocity in the case of a shock wave disturbed by sound waves will be a 
small quantity of the first order. 

The conditions to be fulfilled at the shock wave can be deduced from 
eqs. (1) by subtracting the amount £ from all velocities, simultaneously 
paying regard to the changes of the various quantities, described by du, 
do etc. In this way the following set of equations is obtained 3): 


(01 + 401) (¥; + 6a,;—&) = (02 + 402) (v2 + du2—&) 
(pi + dps) + (@1 + 901) (0 + Oa,;—€)? = (p2 + Op2) + (22+ 902) (v2 + du2—§) 


kR (v, + du,—é)? _—skR (v. + du,—é)? 
co eee g eld ton a 


(iol) 


8) The equations also can be deduced from equations (3) and (4) of the text above 
by making a change to coordinates fj, x; in such a way that ft, =f ; xy = x—y (tf), 
where y (¢) provisionally is an arbitrary function of ft, which is independent of x. We 
write: y’ (tf) = §. The equations then assume the form (with a change of order): 


Oe OG. 2p 5-08. 
ao aie So 
Ou Ou 1 op 
a4 ane Oxy 
GU pig OU be pS 00.4 aps (00) 
Of; ( ive Hip? (Of; asic! Ox; 


We multiply the second and third one by 0; moreover the third equation is transformed 
by introducing the expression for U, eliminating the derivatives of o bij means of the 
first one and adding to it the second one multiplied by e(a—§). In this way we arrive 
at the following system: 


de 0g ‘Om _- 
u Ou Op | 
a oa ere & (II) 
Ro oT du , R oT | ou 
Rp oe ee ae he ax 
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When we restrict to the case of sound waves originating in the region 1 
(the supersonic region), and for du, 601, ... dUo, ... introduce the appro- 
priate expressions obtained from eqs. (146)—-(18b) and from eqs. (14)— 
(18) respectively, neglecting quantities of higher order of magnitude than 
the: first and striking out all quantities of zero order on the ground that 
they already satisfy eqs..(1), the following results are obtained: 


ea Pct Pp ss gets 7e+o2(~—é .. . (19) 


Cy 
nna tee MF +20) 0 (F-8)= ] 
(20) 
oS Ng e+ oo 29 + ermal o| 
SRE B40 (P= 2 J -ERh, +: 93 (@-8). oe ee 


In these equations we must take the values of the functions FP, m and « at 
the point x = 0; hence F, @ and «, like &, in these equations are functions 
of the time t only. In the case of simple harmonic functions they all can 
be taken as having the same time factor, e.g. sin y (tt); as this factor 
drops out, the equations in reality determine the ratio of the amplitudes of 
the waves. 

By making use of the first line of eqs. (1) in order to eliminate 9, and 


These equations are still perfectly general. In the case of a shock wave the derivatives 
with respect to x, take very large values. The assumption now is introduced that a 
suitable function y(f) can be found, such that d0/dt;, du/dt;, OT/Ot; all three remain finite 
when the domain of steep variation of e, u, p and T with respect to x1 is narrowed down 
without limit. When the equations are multiplied by dx, and are integrated over the 
domain of steep variation, the contributions to be derived from the terms with time 
derivatives can then be neglected, so that attention only is to be given to the contributions 
deriving from the derivatives with respect to x1. 
The first equation then gives: 


o(u—t)= constant —. °s "5-0 SS ee ge 


Introducing this result into the second equation we obtain upon integration: 


o.(a—é)? +p = constant; . < “2 =. >. aie 
The third one gives: 
o (u—é) ae + (a—é) p+ — = constant, 
or, after division: by, ofa ——€)) aad: makinguash a kegiin seis 
kRT — 


pag le =“canstants "Fy aces (VI) 
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Gs, and of eqs. (2) in order to eliminate the temperatures, we find, after 
some reductions: 


ee be (cy +01) + [e+ 2) Vv; oe =| 


Oo) ea + 02 ' oes 
a te os v = {2 (cz + 02) + (k—1) v2 (v,;—v2)} 
= e 2 _ F ge vs) Y (co “f v2)! Bie e)) Se 
1¥; C2 U2 
(v;—v2) &— po im v;) ‘a HF vj—V2) —o ete e ay (24) 


The first one of these formulae determines the ratio of the transmitted 
wave @ to the original wave F *); having found this ratio the values of « 
and & can be obtained by means of the other two equations. 

In the case of waves originating in the subsonic domain, which are 
reflected at the shock wave, a similar set of expressions is obtained. In 
this case the equations corresponding resp. with (19)—-(21) are found by 
substituting zero for F, and » + @ for » in terms referring to du, while 
.y—® must be substituted for m in terms referring to dp, do, dT. The 
final equations take the form: 


PD (cy—v9) 1 C2 (cg—v2) + (k—1) v2 (v1 v2) } = ) 


ee ee este, o5y (ela, for—PA\} keg) 

B21 <p, (Ger tel” ~ (eo Fv)? 

» ges Dp ay — is eek ie mie (23a) 

(v,—v,) E= ® (Co—v2) 4 (C2 + ¥2) Bi a ast 2 (248) 
U2 v2 


London, February 1946. 


4) In order to obtain this equation in the form given above use has been made of 
the relatioa: 


> c/v, + kop c3/v2 + k v2. 


which follows from the second one of eqs. (1). The final result is not wholly symmetrical. 
It will be observed, however, that when cy = ce, vy = ve, the equation gives F = 9, 
as the unsymmetrical terms then reduce to zero. 
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Mathematics. — On Unities and Dimensions. I]. By H. B. DorGELO and 
J. A. SCHOUTEN. 


(Communicated at the meeting of February 23, 1946.) 


If in threedimensional space a negative or positive definite fundamental 
tensor gix is introduced it is possible to consider orthogonal coordinate 
systems. Denoting orthogonal coordinates by £1, €2,&31) we have 

Gu — 922 = 9a9 = Fle Gin 0} 1k ae 
The quantity 
def 
g =| Det (gz) |.- . . oS age (27) 
is a scalar density of weight + 2, having with respect to every orthogonal 
coordinatesystem the value + 1. For orthogonal coordinatesystems we have 
é, = +1 and accordingly the difference between ordinary quantities and 
densities vanishes, This identification can be got by multiplying with gq’: 
or g—' respectively. Accordingly we get the following table of identification 
(in orthogonal components) 


4 op) 23 123). awa A 
S=O= = . = : = . = - = Z =| 
¥ on 3 a i ; t Or, 3 ho Wai P as Goa 129 
cycl 12.3 
volume = scalar /=¢ KS= is ; ay == EQ w = & volume = scalar 
Fig..2 


From fig. 2 we see that the identification is brought about by means of 
the unity volume fixed by g. For instance to derive the arrow of v* from 
the tube of h* we have to construct two parallel planes cutting the unit of 
volume from the tube. Then v* fits precisely between these planes and its 
direction and orientation is that of the tube. Using the fundamental tensor 
only as far as the unit of volume is concerned we have got four different 
quantities. In physical publications these are often called (in the order of 
fig. 2) polar vector, polar bivector, axial bivector and axial vector. But the 
fundamental tensor fixes also the notion ‘‘perpendicular’” and this gives 
rise to more identifications. The fundamental tensor establishes a one to 
one correspondence between co- and contravariant vectors and bivectors 
according to the formulas 


10, = iy. 0 oO a ae ) 


io zh 20 _~Ac. 28 
hix == Qie Gael 2: [P= 9408 hia) \ ) 


1) We always use greek indices ruaning from,/ to 3 (4) for general coordinates and 
latin indices running from 1 to 3 (4) for orthogonal coordinates. 
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Hence we get the identifications of fig. 3 (orthogonal components): 


/f-E-S8 efrl 
$-¥-& a D ah Wom £ 


cycl. 1,2,3 
Fig. 3 2) 


Now there remain only two quantities, in physical publications often 
called polar vector and axial vector according to their simplest geometrical 
representation. 

The difference between these two quantities depending only on the 
difference between inner and outer orientation, it is possible to get a last 
identification by introducing next to gix a definite screwsense in space. 
Then we get the identification 


eee) re Me ea eg Jy, WU? ae fs cycl..1,.2, 3. (29) 
leaving only one quantity, the ‘vector’, having eight different geometrical 
representations. It has to be remarked that these different identifications 
have not to be mixed up (as is often done) but that at each stage it has to be 
absolutely clear what we have introduced: either only the unit volume or 
the whole fundamental tensor or the fundamental tensor and a screwsense. 

The following algebraic operations (corresponding to the scalar and the 
vectorial product of vectors in ordinary vectoranalysis) are invariant with 
general coordinate transformations: 

1. The transvection of a contravariant and a covariant vector: 


LA SEER aA TURES Bieeetd Bae A Bs Sacer Pi venue na ve 8) 
2. The alternating product of two contravariant or covariant vectors: 
oa et ss ee? | gS? Uy wt AS SF. 3 G1) 


In orthogonal components the scalar product can be written in the following 


ways 
v.w=Fv'w'+cycl. =o! w, + cycl. =F vo, w, + cycl. = 
= F v3 w! + cycl. = 0 w, + cycl. = F 023 w! + cycl.= | (32) 
= v3 w,-+cycl = \ 
= F v3 w% + cycl. = F v2 w23 + cycl. = F v3 w.3 + cycl. 


For the vectorial product we have in orthogonal components the forms 
31 w2 a py)? w?! i (33) 


and all the forms that can be deduced from these by raising and lowering 
of indices with the aid of the fundamental tensor. 


a1? =v? w3 — 0 w? = 03, w? — 0,2 w* = 


2) In the figures with two arrows the arrow to the left belongs to the case of a negativ 
definite fundamental tensor and the arrow to the right to the other case. 
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The following differential operations (corresponding to the operations 
grad, div en rot in ordinary vector analysis) are invariant with general 
coordinate transformations: 

1. the gradient of a scalar s: 


def 
wi=h S; a= Raz 1,2, 33>. i yee ee 


2. the rotation of a covariant vector: 
Figs = 2 On Wigs) ASR ee YZ, 33 5 Se eee 
3. the rotation of a covariant bivector: 
dashes 3 Biv hia 
4. the divergence of a contravariant.vectordensity of weight + 1: 
po 0, PMs: eed 2g ee 


5.. the divergence of a contravariant bivectordensity of weight + 1: 


BF 8, WES 9 ee 232) od ie. a 
6. the divergence of a contravariant trivectordensity of weight + 1: 
10 == 0, Bes eed ee I es Ae 
The equations 
20, n= 0 andy 0, WP ae0) 290" Fe 


express the invariant property, that the double-planes of the field (con- 
structed on an infinitesimal scale) fit together to form a system of double- 
surfaces, filling the whole space. 

The equations 


- 3 Of» hua — 0 and On bh“ — . . + . . + (41) 


express the invariant property, that the tubes of the field (constructed on 
an infinitesimal scale fit together, filling the whole space. 


§ 4. The electromagnetic equations independent of the choice of the 
electromagnetic unities. 


The electromagnetic equations are mostly formulated with respect to 
ordinary orthogonal coordinates and certain well chosen electromagnetic 
units, In general this is very convenient but the special choice of coordinates 
and units has as a consequence that the difference between vectors, bi- 
vectors and densities gets lost and that the equations do not give a clear 
insight into the possibilities concerning the choice of the electromagnetic 
units. In this section the equations will be made independent of the choice 
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of these units. The units of mass, length and time may be arbitrarily chosen. 
We start from the equations 


a) VXF+aB=0 ): K=00F 
b) V.B=0 f) ee | 
eT j 4) 
c) pD-7VXBM——eu 9) B=gekF 
d) CV.D= Fe’) GR symone g | 
where 
F = electric fieldstrength @ = electric charge density 
D = electric displacement Q = electric charge 
H = magnetic fieldstrength « = dielectric constant 
B = magnetic induction (© = €9 in vacuum) / (4-14) 


= permeability 
(4 = mo in vacuum) 
K = force; u = velocity of electric charge 


and where a, f, y, ¢, 9,4, m and y are eight constant parameters depending 
on the choice of the electromagnetic units. The fundamental units of mass, 
length and time being chosen, the electromagnetic units can be fixed by the 
following seven assumptions: 

1. Unit of F. The unit of F is the field strength exerting the force a 
on the charge 1. 

2. Unit of Q. Two positive unit charges on a distance 1 exert on each 
other a force h’-1. 

3. Unit of D. D has the value hf on a distance 1 of a unit charge in 
vacuum. 

4. Unit of H. The unit of H is the fieldstrength on a distance 1 of an 
infinitely long straight conductor carrying a current 4 k. 

5. Unit of B. If the current of magnetic induction through a closed 
curve changes with hk’ units in the unit of time, the electromotoric force in 
the curve (i.e. the integral of the electric fieldstrength along this curve) 
has the value 1. 


6. Unit of «. The unit of « is Be 
P 


/ 


7. Unit of uw. The unit of » is a 
Pp 


Every one of these assumptions contains one constant, that can be fixed 
in an arbitrary way. In consideration of (4.1) we get from them 


eke Se at ie | Sk ee eee oe 9 
ee 
Se Seer eet (4. 3) 


%) The sign — belongs to a negative definite fundamental tensor and the sign + to a 
positive definite one: v.w = + vt wl J v? w? = v3 w?. 
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1 1 


Senne SE: yp & ahh’; Paae . . . . (4. 4) 
k 

=F, (4. 5) 
1 

a= k’ . * ° . . . . . ° (4. 6) 

sp==p 2593. Oy Maes eee 

fig == pp -) a See 


From the fact that the propagation of electromagnetic phenomena has the 
velocity c in vacuum it can be deduced that 


CF OE ee 
P Fo Y Mo 
or 
kk’ 
Ww — ah’ pc Ps (4. 10) 


Hence the eight parameters a, B, y, C, 0, 4 m and w and the values of e 
and 4) can now be expressed in terms of the seven constants a, k, kh’, h, h’, 
p and p’: 


i i yon 
peas | ah’ 
1 ahh’ 
, 40h sn 
wk DR 
! hoy Y. ah’ p’ 
pane lS es 
"a 4ah ng? 
G=a iar | 


That implies that there have to exist just three relations between the eight 
parameters and é&9 and wo. In fact it is readily proved that 


1 ? 
2 ——— eee a a ee 
Ce aed cael ; PY ab &, age >» ae — aalas 
The equations (4.1) now take the form 
a) kVXF+tB=0 e) Kone OE 
1.0) 
b Beo = Bee. 
) V bees: ah Eee 
Way k ihe fea 
1 ae kk’ 
d) Tah D=+ 0 h) eee, 7} > HH 
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The choice of the seven constants a, k, k’, h, h’, p and p’ is entirely free: 
It is allowed to give them a dimension, i.e. to take them dependent on the 
choice of the fundamental units of mass, length and time. To every choice 
belongs a system of electromagnetic units. 

If the fundamental units of mass, length and time are multiplied by 
m-1, I-1 and t-1 and the constants a, k, k’, h, h’, p and p’ bya’, x, x’, z, 7’. 
w and w’ respectively, it follows from (4.13) that the units of F, D, H, 
B, Q, « and uw get the following factors: 


F : m-'ls [ls ty’ "la a’ Q : mo-'ls [-*le Sh ile, 
D: mh [ty y/—"h ea. 

4.14 
Hi: mo‘ [- "ls t2 % y’— "hs 2 ott ( 


B: mh [h x!) x’ a! 


If the factor of the unit of charge is denoted by q-1, it is possible to 
eliminate y’ and to express the factors in terms of m, I, t, q, a’, x, x’, y, 
and w’: 


Fever ga (OU Rs fe 
Dee aay! e+ or! 

4,15 
His fégulx Pe oe ene! ( ) 


Bieri tg eka 


and these expressions do not contain any fractional exponents. Instead of 
the unit of charge it would have been possible to take the unit of F, D, H 
or B to get rid of fractional exponents. 

In the following four wellknown systems the seven constants have the 
values: 


Electromagnetic Electrostatic Gauss Giorgi 
C.g.S C.g.S. C558. m.kg.s 
a 1 1 1 1 
k 1 1 1 1 
k’ 1 1 Cc 1 (4. 16) 
h 1 1 Cc 1 
h’ 1 1 1 107 <2 
P "fs 1 1 107/ce 
p’ 1 tree 1 10-7 
(c in <={,) (cin ¢*/,) (c in @/,) (c in ™/,). 


In each of these systems the constants are chosen in such a way that 
en y in (4.1, g, h) have dimension [1]: 
ahh’ _ kk’ 


1; ee le nee tt eae) 


ae ES 


19 


Force 


Work 


ip Atl & gaotee oy eens ae) 
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The units belonging to these four systems are 


Electromagnetic Electrostatic Gauss Giorgi 
C.g.S C.giss C.g.S. m.kg. s. 
1 dyne 1 dyne 1 dyne 1 Newton = 10° dyne 
1 erg 1 erg 1 erg 1 Joule= 10’ erg 
10 coulomb 10/, coulomb 10/, coulomb 1 coulomb 
10-8 ort 10-8 .c ag 10-8 .c a oe 1 volt} 
l coulom 1 1 coulom 1 10 coulom l coulom 
ee 10 coulomb] rea as lomb 2 ae Jed = lomb 2 
1 oerstedt c-! oerstedt 1 oerstedt 10-3 oerstedt 
1 gauss c gauss 1 gauss 10-* gauss 
C? & Eq £ LO-hc*e, 
Mo C? Mo Ho 107 Uo 
10-° volt 10-8. c volt 10-8 .c volt 1 volt 
10 ampére 10/,ampére — '!°/, ampére 1 ampére 
10° ohm 10°. c? ohm 10>. ce ohm 1 ohm 


(cin </,) (ce ing") (c in :“Y,) (c in ™/,) 


and the equations (4. 13) take the form 


Electromagn., electrostat., Giorgi Gauss 
a) VX<F+B=—0 cVXF+B=0 
b) Vo BS 0 : Vie B=0 
1 1 1 c ‘oe 
c) 40 4a AHS Sem qos Go eS 8 
(eee) ey 2 
d) a7 Vv Dare yes) Seater (4.19) 
e) KOs ies Gree 
ua Sole 
f) ‘FP en 
g) D=e«F D=eF 
h) B=wH B=vH 


In every one of these four systems it is inconvenient that there occurs a 
factor 4 in (c) and (d). Comparing (4.19) with (4.13) we see that 
it is possible to get rid of this factor by starting from (4.19) and choosing 
a’, x, x’, 4, 7, w and w’ in such a way that 


a) x=427; b) 1=75 £0. tl sec eee 


But from (4. 13) we see that then (g) and (h) also change. Now we make 
the condition that the factor 4 vanishes in all formulas but for (f) and 


. (4. 18) 
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that in (f) a factor 4% comes in the denominator of the right member. Then 
from (4.13, a, c, d, e) it follows that 


is as 4 eds raze. oe tS 1a) 
and from (4.13, f, g, h) that 
ee ACU, tO ems a ee es 4s (4218) 


Considering only simple values of w, w’ and 7’ there are only two possi- 
bilities: , 


First method of rationalization (Gauss): 
de SS > Was 4x: Secret not te 1, 4228) 


Second method of rationalization: 


‘Tle Apemenitl Sy Valeeedly rc ae deme 


1 
gai K= 1; = G3 


With both methods the values of m and yw in (4.1 g, h) remain 1. With 

the method of Gauss all units except those of ¢ and u get a factor |“ 42 

or 1: |“ 4a. This is highly objectionable. Using the second method, only 

the units of D, H, « and uw change and the unit of H gets the factor 42. 

Because of 

ampére windings 
cm 


4x oerstedt = 10 (4. 23) 


the new unit of H is certainly better than the old one for all practical 
purposes. For the new units of D, H, « and yw we get for the second method 
of rationalization 


Electromagnetic Electrostatic Gauss Giorgi 
egies. Cats cagas. m.kg. s. 
10 10 

coulomb/ ——coulomb/ , —— coulomb/ coulomb/ , 
D 10 7 ie e been Cc dos 1 Im 
H 10 2™P. bcs 10 amp. i 1Q amp. w. | ] amp. w han 

ae EE fe my (4. 24) 
é 420? & 47 & 4n& 42.107" c? & 
1 ae 1 1 . 

yf ane PS a: 470 47°19 Mo 


(c in “/,) (c in “/s) (c in /,) 
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and for both methods of rationalization the equations take the form 


Electromagn., electrostat., 


Giorgi Gauss 
a) VXF+B=0 cVXF+B=0 
b) V.D==0 Vo Bie0 
c) D—V XH=-— eu D—cV XH=—eu 
d) V.D=+¥e V.D=+e (4. 25) 
e) Ke Ge ; Ks Ger 
a nr rar 
g) D=eF D=—eF 
h) B=vH B=yvH 


According to (4.24) with the second method of rationalization ¢9 and uo 
take the values 


Electromagnetic Electrostatic Gauss Giorgi 
CLguS. Cig, Coes m.kg.s. 

~o VW ascc2 Nak Ue ed Pee ° (4. 26) 
Ho 4x cad 4n 471077 


(c in ™/s) (c in ™/.) (c in ™/s) 


Comparing (4.18) and (4.19) with (4.24) and (4.25) we see that the 
system of GIORGI, especially in the second rationalized form is the most 
recommendable for all practical purposes, 


§ 5. The relative dimensions independent of the choice of the electro- 
magnetic units. 


The table (4.14) or (4.15) is the base of all dimension formulas. The 
constants a, h, h’, k, k’, p and p’ can be chosen in such a way that all or a 
part of them depend on some natural unit (cf. § 2). In fact this is done in 
the four practical systems mentioned above by relating the constants with 
the velocity of light (cf. (4.16)). There would be no objection to the use 
of other natural units as the mass of the electron, the charge of the electron 
or the elementary quantum. 

In order to deduce from (4.14) or (4.15) the dimensions in m, l, t or 
m, 1, t, q of the units of a definitely given system it is not allowed to drop 
only the factors a’, x, x’, x, 4, w and w’ because among the constants 
a, k, k’, h, h’, p and p’, fixing the system, there may be some having a 
dimension. This dimension has to be taken into account, Then we get the 
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following general dimension formulas, valid for vectors only as far as 


orthogonal components are concerned Won [el = [1]): 
Q: [m'h Ph e-1] [A’*h] =I[q] 
FB: [mist ¢] [h’ha], =[mlr gq] [a] 
D: [m': lk ¢"] h hh] =—[Fta\ {hl 
Hi: [m'? [2 ¢-2] [k-! h’*h] = [l- ¢-! g] [k] 
B: [m'h th] [hk h’-ha] = [me q ‘| [k’ a] 
€ : [p]=[hh’ a] =[m" F # q?] [ha] 
we: [p]=[le] [kk h’ a = [ml q] [kk’ a-] 
EB: [m2 Phe") [h’-ha") = =[mP q | [a7] 
Les [mis Phe) [Ah] =[t" q] 
RelESt) (ho a] =[mP t* q~] [a7] 


Mathematics. — On the theory of linear integral equations, III. By A. C. 
ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of February 23, 1946.) 


§ 1. Introduction, 


We suppose the reader to be acquainted with the contents of the pre- 
ceding two papers bearing the same title, to which we shall refer with I 
and II1). In many textbooks on integral equations kernels of the form 
K(x, y) = A(x, y) h(y) are considered, where A(x, y) is Hermitean and 
the positive function h(y) is bounded. It is proved then, that every theorem 
for integral equations with Hermitean kernel has its analogue for integral 
equations with a kernel of this kind. This is done by writing 


K (x9) = Fi) hl (x) A (9) A) = poe Rg (0 


~ 


where K(x, y) is evidently Hermitean, and proving then in the first place 


that K(x, y) and K(x, y) have the same sequence of characteristic values 
0 (compare I, Theorem 18). To be able to write (1), it is however 
necessary to suppose that h-1(x) is also bounded, hence in particular that 
h(x) £0 for every x. We shall show now that this restriction is not 
necessary or, more precisely, that every theorem proved in II for Hermitean 
kernels, belonging to L?”, has its analogue for kernels of the form 
A(x, y) h(y), where A(x, y) € L?”is Hermitean and h(y) is measurable, 
bounded and non-negative. For this purpose we prove the following 

Theorem 1. Jf, for xe A (A is the same m-dimensional interval as in 
II), h(x) is a measurable, bounded, non-negative function, the linear trans- 
formation H in L,(™)(A), defined by 

H f=h (x) f(x), 
is bounded, self-adjoint and positive. Necessary and sufficient that H 
should not be identical with the nulltransformation O is that h(x) 0 on 
a set of positive measure. The uniquely determined transformation H'! is 
given by 
F"h f = hi (x) F(x). 
Proof. If M = upper bound h(x) in A, we have 


|HeP= f wl ptde <M? |p? de < MPF? 
A A 


or || Hf || = M || f ||, so that H is bounded. Further 


(Hf9)= | ne.gde= | f.Tgdx=(6. Ho) 


rh 
and 


(HEN={ hifPax>o, 


so that H/ is self-adjoint and positive. 

If H ~O, it is clear that h(x) 40 in a set of positive measure. Con- 
versely, if this is the case, we have for f(x) = 1, Hf = h(x) 0, hence 
7 >= O,. 

The proof of the last statement is trivial. 

To terminate this paragraph we mention that the condition of H-ortho- 
gonality for two functions f(x) and g(x), belonging to Ly, takes the form 


[re fea @ar=o, 


A 
and that f(x) is H-normal if 


frcolfeyede=1. 

A 
* § 2. Integral equations with kernel K(x,y) = A(x, y)h(y), where 
A(x, y) « L'” is Hermitean, and h(y) is measurable, bounded and non- 
negative. 


If A(x,y) € LY” is Hermitean, the linear transformation A in the 
HILBERT space L,(A), defined by 


Af=[ Ale) FW dy, 


is completely continuous and self-adjoint; if h(x), for x € A, is measurable, 
bounded and non-negative, the transformation H, defined by 


H f=h (x) F(x), 


is bounded, self-adjoint and positive by Theorem 1; the transformation 


K = AH, given by 


Kf=AHf={ Ke fo) dy= J Aw AW) FW) dy 


. is therefore completely continuous and, by I, Theorem 14, symmetrisable 
relative to the transformation H. Supposing that h(x) £0 on a set of 
positive measure, so that H + O, all theorems proved in I, and in particular 
those in I, § 5, may therefore be applied to the integral equation 
Kf —Af =g or 


[Keno dy—afe)=o—) ---.. @ 


Bot 


where f(x) and g(x) belong to Lo. Here we may mention that they are 
even applicable to a wider class of equations, since it is not difficult to 
prove that every kernel of the form k,(x)A(x, y)ko(y), where A(x, y) is 
Hermitean, k,(x), ko(x),k,-1(x) are bounded, and k,(x) ko(x) is non- 
negative or non-positive, is expressible in the form A(x, y)h(y), where 


A(x, y) is Hermitean, and h(y) is bounded and non-negative. 


Theorem 2. The characteristic values of (2) are real and characteristic 
functions, belonging to different characteristic values, are H-orthogonal. 
Proof. Follows from I, Theorem 5. 


Theorem 3. If 4 +40 is a characteristic value of (2), this equation has, 
for a given function g(x) € Ly, a solution f(x) € Ly for those and only those 
functions g(x) that are H-orthogonal to all characteristic functions, be- 
longing to the characteristic value 1. If 4 40 is no characteristic value, so 
that it is a regular value, the equation has a uniquely determined solution 
for every g(x) € Lo. 

Proof. Follows from I, Theorem 12 and Theorem 3. 


Theorem 4. [f 
J Ktoaas =f Kony. x) dx dy #0, 


the equation (2) has a characteristic value = 0. 


Proof, Since, by I, Theorem 18, the transformation K = AH has the- 
same characteristic values +4 0 as the self-adjoint transformation 


K = H' AH’:with Hermitean kernel K(x. y) = h'h(x)A(x, y)h'2 (y), the 
equation (2) has a characteristic value 0 if only 
|Kix Dea = { [K(x y)Pdxdy #0 
AXA 
(cf. II, Theorem 4). Since 
|K (x,y) P=h (x) | A (xy) [? hy) =A (x,y) h(y) A (y, x) A(x) = K (x,y) Ky.) 


almost everywhere in A X A, this relation is equivalent with 
[ke y) K (y, x) dedy= | Ky(x x) dx = 0. 
AXA A 


Let now 4i(|4,|=|42| =...) be the sequence of all characteristic 
values + 0, each of them occurring as many times as denoted by its multi- 
plicity, and yi (x) a corresponding H-orthonormal sequence of characteristic 
functions. These functions satisfy therefore the relations 
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[AG lwilx) Pde, 


[ree wi (x) py; (x) dx=0 for ij, 


or, sete kilts yap n(x) rn (x), 
1 tertr—7, 
fou@d=}y gia 


so that the sequences yi(x) and y:(x) are biorthogonal. 

Theorem 5. (Expansion Theorem). If ai = (f, yi) = | fein) dx, 
A 
then 


[Ke 9) Fl) dy Ba aryi x) + ple) 


A 

for any f(x) € Ly, where the function p(x) satisfies the relation 
Hp = h(x)p(x) =0. 

Furthermore 


_[ h(2) K (= 9 Fl8) Fly) de dy = tu lav?. 


AXA 


Proof. Follows from I, Theorems 15 and 9. 


Theorem 6. Let dn,(i=1,2,...) be the subsequence of all positive 
characteristic values where dn, = 4n, =..., let the functions p,(x),..., 
Pi-1 (x) € Ly be arbitrarily given, and let 


supper bound fh (x) K(x.) FCs) Fu) de dy f h(x) if)? ax 
for all f(x) € Ls satisfying { h(=)| f(x) |2dx s4 0 and 


A 


[hemde=...={ nfpmide=o. 
4 A 


The number yi depends on p;(x), ..., pi-1(x). Letting now these functions 
run through the whole space Ly, we have dn, = min pi. 
A similar statement holds for the negative characteristic values. 


Proof. Follows from I, Theorem 11. 


Theorem 7. Let 4 =40, and let g(x) € Lz be H-orthogonal to all char- 
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acteristic functions of (2), belonging to the characteristic value }. (If 2 is 
no characteristic value, g(x) is therefore arbitrary). Then every solution 
) of (2) satisfies a relation of the form 


fx) — 2 — 37 as yi (x) +a (0) 


where ai = | g(x) xi(x)dx for 4:44, h(x)q(x) = 0, and where &’ 


A 
denotes that for those values of i for which ii = A the coefficient of wi(x) 


has the me fe )yi(x)dx. For every set of arbitrarily prescribed values 


of the latter soefficients there exists a solution of (2). 
Proof. Follows from I, Theorem 17. 


Theorem 8. We have 


Ky; (x,'x) =i K(x,y)K(y, x) dy=24; wi (x) xi (x) for almost every xe A, (3) 
a : 


| Kosa) de= 2H, oe 
A 


K (x, y) — p (x, y) ~ DA: wi (x) xi (y) (Expansion Theorem), . (5) 


where p(x,y) € LY” satisfies h(x)p(x, y) = 0. 
Proof. 


K, (x, x) =| Kt y) K (y, x) dy ={n (x) | A (x, y)|? h (y) dy = 


= {|r (x) A (x, y) h' (y)|? dy 
A 


for almost every x €A, and, since the Hermitean kernel h'ls (x)A(x, y)h'l: (y) 
has, by I, Theorem 18, the sequence di of characteristic values 4 0 with 
the corresponding orthonormal characteristic functions h'ls (x) wi(x), we 
have by II, Theorem 8 


[kh A by) y) hile (y)? dy = SA; h (x) | ye (x)? = DA ys (x) x (&) 


A 


for almost every x € A, hence the relation (3). Integrating over x, we 


find (4). 


aot 


To obtain (5), we observe first that the expansion theorem for 
h'ls (x) A(x, y)h'(y) gives 


hile (x) A (x, y) hile (y) > 2A; hls (xc) wa (x) h'* (y) vi (y); 
hence, since h(y) is bounded, by multiplication with h'2(y), 
hile (x) K (x, y) Ai h'h (x) wi (x) xi(y). - - « » (6) 
It is evidently not permitted to multiplicate now with h-}(x), since h-}(x) 


may be infinite on a set of positive measure. We must proceed, therefore, 


in a different way. Now, since A(x, y) € LY” and h(y) is bounded, the 
function k(y) = A(x, y)h':(y) belongs to Ly for almost every xeA. 


Hence, by BESSEL’s inequality (the system h'(y)wi(y) is: orthonormal), 
& |(k, Ah yi)|? S || k |? 


or, since 


(k, Hh) = | A (wh) wi) dy =A yew) 


Tlie <f A wMPhWdy .. 


for almost every xe A. 


Then we observe that the functions fi(x, y) = diyi(x)h'2 (y) wily) are 
orthogonal in the space L$” on account of the orthogonality of the system 


h'lk (y) pi(y) in the space Li", Furthermore, by (7). 


Diifile. Nm =Z [Bly hw) |y (VP dedy= 


AXA 


pa |wi (x)|? dx <{ |A (x, y)|? h (y) dx dy << 0, 
ay LS 


AXA 


which shows, since 
i 2 l Z 
| 2 hcoal = 2 lie allbe 
[=k 2m i=k 


by the orthogonality, that Sfi(x, y) converges in mean. Denoting the sum- 
function by f(x, y), we have therefore 


f (x, y) 2 3 Ai wi (x) h'* (y) yi (y), 
so that, writing f(x, y)h's(y) = K(x, y) —p(x.y), 
K (x, y) — p(x: y) — DAyyi(x)x%,(y) . - . . - 5) 
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The only thing that remains to be proved is h(x)p(x, y) = 0. From (5) 
we deduce 


h'ls (x) K (2, y) — hi (x) p (x, y) > 2 Ag hls (x) wis (x) x; (y), 
hence, comparing this with (6), 
h'hs (x) p (x, y)=0 or h(x) p(x, y)=0. 
This completes the proof. 
Defining the Hermitean kernels Bn(x, y) € L}'” by 
B, (x, y) =A (x, 9), 


Bn (x, y) =| A (x2) hz) Bailey) don 2; 3.) 


it is not difficult to see that the iterated kernels 


K,(x.y) and Kn (x, y) 
of 
K (x, y) = A(x, y) h(y) and K (x, y) = hls (x) A (x, y) A’? (y) 
are given by 


Kn (x, y) = Bn (x,y) hy) and Kn (x, y= hb (x) Bn (x, y) h'h (y). 


These kernels stand therefore in the same relation to each other as the 


original kernels K(x, y) and K(x, y). Since Kn (x, y) has the sequence Ai” 
of characteristic values =£0 with the orthonormal sequence h'/:(x)pi(x) 
of characteristic functions, it follows that Kn(x,y) has also the sequence 
i" of characteristic values 4 0 with the H-orthonormal sequence wi(x) 
of characteristic functions. The Theorems 2—8 hold therefore for the 
integral equation with kernel Kn(x,y), replacing everywhere 4; by 27. 
in particular 


| Kale) Fla)dy o> 224 a1 ys (x) + pale), where h(x) pn (x) =0, 


Kn (x,y) — pn (xy) DAi yi (x) xi(y) where h (x) pn (x,y) =0. 


We shall show now that, for n= 2, the functions pa(x) and pn(x, y) 
vanish, That this is not necessarily true for n = 1, will be shown in § 3. 


Theorem 9. For n= 2 we have 
[k (x, y) f(y) dy ~ 31 ai yi (x), 
A 


Kn (x,y) > S74 yi (x) x: ()- 
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Proof. The first part of the theorem follows from I, Theorem 15. To 
prove the second part, we observe that, by SCHWARZ’s inequality, 


K (z, y) — p (z, y) ~ DA; yi (2) x; (y) 
implies 


[x (x, z) K (z, y) dz — [{ K. z)p(z,y)dzm ux) | K (x, z) wi (z) dz 
or, since 
K (x, z) p (z, y) =A (x, z) h (z) p (z, y) =0, 
K, (x, y) ~ D4 yi (x) xi (y). 


The proof for n > 2 follows easily by induction. 


Theorem 10. For the traces of K(x, y) we have 


[& (x, x) dx—= 341i for n>=2. 
A 


Proof. Since, for n= 2, 
Kaetxe cy Dale x) (oc) hh’ Ge)-B, (x, xy his {x)= Kn (x, x) 


for almost every x € A, we have by II, Theorem 9, 
[x (x, x) dx =| k, (x, x) dx= Sj. 
A A 


Remark. It is not difficult to prove that, if [ [Ale 9) ay is finite 
A 


for every xe A and 


lim fia (x2, y)—A (x1, y)|? dy —0, 
A 


Xo? X; 


while moreover h(y) is continuous on A, several of the results in this 
paragraph can be improved. The convergence in mean in the Theorems 5 
and 7, and also the convergence almost everywhere in Theorem 8, (3), 
may be replaced by uniform convergence, and the function p(x) in 
Theorem 5 is now continuous. Moreover, for n=2, the series 


Dhi"wi(x)zi(y) converges uniformly in A X A to Kn(x,y). 


§ 3. An example. 

We shall illustrate the theorems, proved in the preceding paragraph, by 
an example, showing that the functions p(x) and p(x, y), occurring in the 
Theorems 5 and.8, need not vanish identically. 
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Let A be the linear interval [0,3] and Aj, Ao, As the subintervals 
[0, 1], (1, 2), [2, 3]. The orthonormal system of functions 


p1(X), po(x), ps (x) 
is defined by 


757 Oe w NE ay (i= 1, 2, 3). 
Denoting by V the 3-dimensional subspace of L.(A), determined by yj, 
@2 and q3, we Shall suppose that the system yr is orthonormal and complete 
in the orthogonal subspace of V. 
Let now 


h(x) ==1in’ 4 dnd ike, la) 0 ieee 
The bounded, linear transformation H in the space Lo, defined by 
Hf = h(x)f(x), is then self-adjoint and positive. We observe that 
Hyp =%, Hr=0 Hos=¢93. 
The bounded, self-adjoint transformation A is now defined by 
AGi =x Avo=1 A %3= 93, Ayn = 0. 


Evidently A has only two characteristic values + 0: 
? = 1 with the orthonormal characteristic functions 2—"2{ m,(x) + go(x)} 


and 93(x), 
2 = —1 with the normal characteristic function 2-‘k { p,(x) — yo(x)}: 
this transformation is therefore given by 


Af={ Al oF ay. 


where 

A (x, y) = ¥ {91 (x) + 2 (x)} {M1 (y) + 2 (y)} + 3 (x) @ (y) 

—¥1 (91 (%)—Ga(x)} {91 (y)— G2(y)} = G1) P2(y) + 2 (x) 1 (y) + 5 (x) Y3(y)- 
The symmetrisable kernel K(x, y) = A(x,y)h(y) and the Hermitean 
kernel K(x, f= h'ls(x) A(x, y)h’ls (y), corresponding with the trans- 
formations K — AH and K = H': AH", are given by 


K (x, y) = 2 (x) p: (y) + 93 (x) 5 (y), 
K (x, y) = 93 (x) 93 (y). 
As we know, K(x, y) and K(x, y) have the same characteristic values + 0; 


hence, since K(x, y) has evidently only the characteristic value 2= 1, 
different from 0, with the characteristic function w3(x), the kernel K(x, y) 
has also 44 = 1 as the only characteristic value 0 with the H-normal 
characteristic function y (x) = g3(x). Observing that 


u(y) = h(y) vi (y) = hy) 3(y)=9s(y), so that Ay yy (x) x1 (y) = 3 (x) @s (y), 
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we have therefore 


K (x, y) — p (x, y) =; wr (x) m1 (y), 


where p(x, y) = p2(x)pr(y) 40 for (x,y) € Ay X Ay, and h(x)p(x, y) = 0, 
as required by Theorem 8. 
Furthermore, by Theorem 5, 


[ Ks 9 £0) dy =A a vi (x) +(e) 


A 
where 


ay =| Fen ae and h(x) p(x)=0. 


Taking f(x) = y,(x), we have 


[Kew f(y) dy = Ky, = A Ho, = 92 (x) and a, ={o (x) p3(x)dx =0; 


A 
hence 
P2 (x) =p (x), 
which shows that p(x) 40 for x€ Ag. Evidently h(x)p(x) =0, as 


required. 


1) Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, 49, 194 and 205 (1946). 


Mathematics. — Over het bestaan der oplossing van A*u = 0, die met 
haar k —1 eerste normale afgeleiden gegeven waarden aanneemt in 
de punten van een gegeven gesloten kromme. II. By H. BREMEKAMP. 
(Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


§ 3. Wij gaan nu over tot het bewijs, dat we een functie u kunnen 


construeeren, ey binnen C voldoet aan A3u = 0, terwijl in de punten - 
u 
van C w=fu § = — = fo oe 5 — fs gegeven analytische functies van de 


plaats op de ae zijn, wat weer is op te vatten, zooals in het begin van 
§ 1 is uiteengezet. 
Wij stellen daarbij 


u=rtu,+r7 4, + uy, (14) 
waar Aug = Au, = Aug = O, dan is, zooals bekend, aan A3u = 0 
voldaan en wij zullen nu uo, u1, ue zoo bepalen, dat aan C 
of wy oP ue + te =f oe 
) 
a hae bt + Hole = fa Gn Le ei ee 
92 
oon rte pede ie rr 


Met behulp van deze vergelijkingen trachten we uo,¢, ui,c, U2,< te vinden. 
Wij stellen r2u2 + uy = v dan is dus A2v = 0, dus volgens (13) 


0A A; (P, Q) 


1 
o(Py= Se Cer 


ae +f ee ae AH, (P, Q){ ds. 
c 


Uit (16) lossen wij op 


v Org 2 
& c Oe Dee £10) 
4 fQun’ Pog Q 


Ong sons On r% 
dus wordt 
7 (Py az { (2 ) (9 AAA(P, CARA OES Z Org AH; (P,Q)! ds + 
Ong fe) Ong 
4 (18) 
+32 a (gat), SP. Qds— Cees A Hi, (P, Q) ds 
um) t% On 
Cc 


Verder is 
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Haan 35 fe ¥o..(Q) 2F2-Q) gy — 


en dus 


OU _ 


dng i oe 


Hierin is 


Tong Q' 


ae », 0G(Q,Q 
-3 fren’ OOO as! + z_| f° vel) SSIS ds! 


ee ye AG CY 
8 fin? GOS a4 3 fo nten SiGe 


Ong Ong, 


gg { :(Q) SES ay = FQ 
F Q’ 
(6 


een bekende functie, dus ook 


Evenzoo 


8x} r2 On 
ae Q 


1 0F,(Q) 


A H, (P, Q)ds=@, (P). 


mipaaee H; (P, Q) ds = F, (P). 
TU i) 
é 


Door substitutie in (18) vinden wij nu 


1 


vo (P)=e 


(as 


Tort | = A H;(P, Q)ds ak: ve (Q/) 


0AH,(P,Q) , 2 or 


Tp 
ns 73 StH (P, Q)¢ ds + 

(19) 
PG(Q,Q’) 5. 


ag dng to PP)-FulP) 


Door nu P tot een punt P,; van C te laten naderen, vinden we een inte- 
graalvergelijking voor v-. De daarbij optredende integralen zijn op te vatten 
op dezelfde wijze als die in (6). Wij zullen in de eerste plaats de tweede 
integraal nader beschouwen. Daarbij is overeenkomstig het vroeger gezegde 


onder 


te verstaan 


0?G(Q;,Q’) 
fr MT Ong ds’ 


c 


0?G(Q, ,Q’) 


P i 2 , , 
im. | ry Ve (Q’) “Big, Ing. ang ds’. 
(as 


20 
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Noemen wij nu 


= AM, (P, Q nf 2, ve (Q ) & 0G(Q,,Q') ds / 


Ang, ang Ono, = F(P.Q)), 


dan wordt de herhaalde Geet in (19) 


lim f(P.Q,)ds 
Qa7Q 


Wij denken ons nu in de omgeving der kromme C de in de inleiding 
genoemde veranderlijken &, 7 ingevoerd, zoodat de kromme C wordt 
voorgesteld door 7 = 0 en op die kromme & loopt van 0 tot a, als men 
de geheele kromme doorloopt. De krommen = const zijn dan de ortho- 
gonale trajectorien van het stelsel krommen 4 = const. Het punt P zij 
bepaald door (9, 49). Wij zullen ons nu voorstellen, dat Q,, langs een 
kromme & = const. naar Q gaat, zijn dan de codérdinaten van Q(é, 0), dan 
kunnen wij die van Q, stellen (&, 71), wij zullen ons voorstellen, dat binnen 
de kromme 7 negatief is. Wij nemen verder aan, dat op de kromme 7 = A, 


als |h| beneden zekere grens ligt, “ = g(é, 7) voor alle waarden van 


tusschen 0 en a doorloopend is, dan wordt onze integraal 


iff lim o£ (85) 563 Een) @@ 0) dE 
A m+ 0 


en daarvoor kunnen we achtereenvolgens schrijven 


a 


f lim f (Eo. 403 & 1) ” (§ 71) dé = lim ic nos €. m1) p (& 1) dé, 
% 1,0 +> 0 A 

wat wij ook kunnen voorstellen door de notatie 

ae ff Q,) ds,. 


Wij kunnen dus voor de bekcuerds herhaalde integraal schrijven 


C3? C Ong, On no: 


1 


1 
lim nd H,(P, Qyds, [2 Mifeu yet G(Q), Q’) ay , 
: Cc 


Daar wij nu met eigenlijke integralen te doen hebben, kunnen we de 
volgorde der integraties verwisselen, waardoor we vinden 


1 
lim dire ro Uc (Q’) as { 3 A H, (P, ra) ie iu Q’ ) ds Sy. 
ey ta Cs Ong, no 


Hierin is de binnenintegraal een bekende functie van P, Q’ en 7. Wij 
willen nu vooreerst bewijzen, dat die oneindig wordt van de eerste orde in 
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de andere integratie-veranderlijke, als 7; > 0 en P > Q’. Wij kunnen voor 
die integraal aes 


sais AH,(, Q)2F(QQ 4, 
Na, 


waarbij we kunnen Bt aco dat differentieéren naar Ng, op hetzelfde 
neerkomt als differentiéeren naar 7. 

Wij hebben alleen te letten op de termen in Hy en G, wier afgeleiden 
oneindig worden als P en Q’ naar Q, gaan, dat is in H, PQ,2InPQ, en 
inG InQ,Q. De termen, die we nader te bestudeeren hebben, zijn dus van 
den vorm 


ae | 1 } 
fier Qi) GG 605 (ng QQ’) ds, en 
Cae 

— Q,Q’)d 
ie a, Q’ cos (ng, 1 ) S}- 
Cy 

Wij merken vooreerst op, dat, daar het punt Q’ buiten de kromme C, 

ligt, zooals welbekend 


fac cos (no, , Q; Q’) ds, = 0. 
1 . 


Om onze integralen verder te onderzoeken, brengen we het codrdinaten- 
stelsel aan met de raaklijn in Q’ aan C als x-as en de normaal als y-as 
De coérdinaten van Q noemen wij (x, y), die van Q; (x1, y;), die van 
P (xo, yo) en wij ontwikkelen de te behandelen functies in machtreeksen 
naar x, dan is weer 


eo oy 
verder xy = 44x. + aox?. 4+ ...., yy =. bo + byx + box2 + ..., waarin de 
coéfficienten functies zijn van 7, (den parameter der kromme Cj). Als 7, 
naar 0 gaat, gaan x, en y; naar x en y, waaruit volgt, dat dan a, naar 1 


gaat, de overige a’s naar nul, by en b, naar nul, by naar c enz. 


as hebben dan 


bo + b, oe 
Ziy ~ B+ 2b, b; x + (a? + b? + 2bpb ats eee 


Q, ‘5 cos (ng, Q, O: = 


Voor ce ds, vinden we een ontwikkeling (a9 + ayx + ...)dx en wij 
r 


Qa 
vinden 


ag (bo +b, x+...) 
lee 7B, Q “Gy C08( "1g. Qs Q)ds= f ‘ara bxH(a?+b?+2byb:)x*+.. + 


ts a, x(bo +b, x+...) dx 
FE 12b, bi + (a? + bf 26, bal Rib F : 
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Nu is 


by + by x — dx= 
bi + 2 bo b, x + (a? + b? + 2 bo bp) x? 


scat Delete 2 y J 2 di 
ACM EMEN MMIC sions 2 
Vat tr 2 by bz arct by + b, x 
a? + B+ 2by by x [at + 2b by 


Als 7, klein is, ligt a, dicht bij 1 en bg en 6, zijn zeer klein, de laatste 
term is de hoofdterm, deze stelt bij verwaarloozing van hoogere machten 


: x é 
van x, de verandering voor van arc tg —', dat is dus van den hoek, waar- 
1 


onder van uit Q’ gezien wordt de boog van C, van de y-as tot Q,;. (Wan- 
neer we over de geheele kromme integreeren, is die verandering nul, in 
overeenstemming met onze voorafgaande opmerking, hetzelfde geldt trou- 
wens van den eersten term, die, bij de zelfde verwaarloozing, de veran- 
dering voorstelt van 4 5, In Q,; Q’). Hieruit volgt, dat de beschouwde inte- 
graal eindig blijft, hetzelfde geldt voor de afgeleide naar . 
Om fe. In PQ pan ee (no, Q; Q’) ds 

rs, 1 OO’ Q” 1 1 


nader te beschouwen, schrijven we 


InPQ,—=Ih PO pia Pa 


waar Q’, het punt is, waar de normaal in Q’ de kromme C, snijdt. Het is 
uit het voorgaande duidelijk, dat wij alleen zullen hebben te letten op een 
term van den vorm 


Aln Pa fag cos (ng, » Q,Q’) ds, , 
1 


die een uitkomst oplevert van den vorm Bln PQ’;, waarbij B met zijn 
afgeleide naar 7 eindig blijft. In de afgeleide van deze integraal naar 7 
1 
PQ; 
wordt van de eerste orde, als P en Q’; naar Q, gaan. 
Voor de som der integralen in (19) kunnen wij dus schrijven 


komt dus een term voor, die 


als factor bevat en die dus oneindig 


fh v<(Q) 9 (P,Q) ds, 
Cc 
waarbij }(P, Q), in het algemeen, een enkelvoudige pool heeft voor Q in P 
(men merke op, dat ook San) een enkelvoudige pool heeft, als P 
Q 


en Q samenvallen). 
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Wij kunnen nu evenals bij de integraal in (6) bewijzen, dat het op het 
zelfde neerkomt, als we P op de kromme nemen en onder de integraal de 
hoofdwaarde verstaan. Zoo vinden we voor v- de integraalvergelijking 


etP\ f ve (Q) © (P,Q) ds — ®, (P) — F, (P) (20) 
oy 


Wanneer nu de bijbehoorende homogene integraalvergelijking geen op- 
lossing heeft behalve de nuloplossing — en wij zullen ons aan het eind van 
deze § er van overtuigen, dat dat zoo is — dan kunnen we uit (20) v 
bepalen en (15) geeft dan up, c. 

De vergelijkingen (15), (16) en (17) leveren nu 


raze tr? uc=—O, (21) 


ae inet (Se) +205 OP et (Sr) =e * (22) 


c 


2 
ji2e (Fr a +40 path tae FBP (s) +r (ae),t 
2 
+) (alec : ue +4 (Se) + (Sas) =P (23) 


waarin (1, Yo, ~3 bekende functies zijn, p, en Pe zijn, zoo bepaald, dat de 
beide eerste vergelijkingen met behulp van Au; = 0 en Aug = 0 voor 
r2u, + u, dezelfde functie opleveren. Voor het bepalen dezer functies zijn 
die vergelijkingen gelijkwaardig, een van beide is voldoende. Wij zullen ze 
echter beide gebruiken om u;,- en haar afgeleiden te elimineeren. 

Noemen we de richting der raaklijn ¢ dan is 


Oty 
Vas VLSI pe a ae 
Sp Oren OE Ore 
Os 
07u, Ouz 07t 07u, Ou, 07t 
07a, - 0s? Os Os? And 0? OP a2 _ Os? By e205 Os Os? 
af ae? fare" SS On? =~ ane t ary 
Os Os Os Os 
en evenzoo 
dm uy O°¢ 
074, ds? Os Os? 


cat dad ct FY: a ot 3 
(55) (55) 
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Voeren wij dat in (23) in en leiden we uit (21) door tweemaal differen- 
tiéeren af 


2r Prise 
pee BY eaefater (BR) +e () 


2 
+32 & ss) + 2°59 suet ar 5s (oe)? (Se) = 


Pa" 07u, 2 07u, re 
dan kunnen wij r Fs? +r? <> elimineeren. 
s 


Os 


Verder leiden we uit (21) af a. — PN si 2 U12,¢ 


r? 


en dus 


Qu) 2ow Oe 4 04 9, aur 
(a),= — p pall Pho al er) 


waardoor we voor uw, een vergelijking vinden van de gedaante 
Ate +B Gal ir, Gal =F, 


dat is juist die, welke door POINCARE is behandeld (l.c. zie pag. 252). Hij 
bepaalt daartoe de lading wy op de kromme, die aanleiding geeft tot den 
potentiaal ug. Voor uy vindt men dan de integraalvergelijking 


Baas +f mia 5 (Ale) BS Ge le F,. (24) 


waarbij 9 weer den afstand aanwijst van het punt P, waar we we willen 
bepalen, naar het punt Q van het lijnelement ds en Y den hoek tusschen 


= de kern 


sin 
QP en de normaal in Q. Ook hier wordt wegens den term 


oneindig van de eerste orde als Q > P, Daarom wordt ook hier de hoofd- 
waarde genomen. Volgens de theorie van POINCARE kunnen we uit (24) 
Ms bepalen tenzij de bijbehoorende homogene integraalvergelijking andere 
oplossingen heeft dan de nuloplossing. Door 2 wordt ook uy bekend en 
dus u2,-, daardoor ook m,- en volgens het principe van DIRICHLET u,. Men 
kan trouwens ook even goed uj, eerst bepalen door uit (21) ug en haar 
afgeleiden te elimineeren, 

Dat het geval van onoplosbaarheid zich noch bij (20) noch bij (24) kan 
voordoen, blijkt weer daaruit, dat wij dan voor de gegeven functies zoo- 
danige keus zouden kunnen doen, dat het vraagstuk oneindig veel oplos- 
singen zou toelaten en wij weten, dat dat onmogelijk is. 
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§ 4. Op deze wijze kunnen wij nu stap voor stap voortgaan. Om het 
bewijs af te maken, zullen wij nu nog doen zien, hoe we de stelling kunnen 
bewijzen voor de vergelijking A’+1u = 0, aannemende, dat zij voor A’u = 0 
geldt. Wij zullen daartoe vooreerst de oplossing van A’u = 0, waarbij aanC 


Ou 0?u 0”! 4 
On Of On 


gegeven waarden aannemen, voorstellen door een integraal over die kromme 
met behulp van een functie van GREEN Hy(P,Q), bepaald door de volgende 
eischen. 

1°, Als P en Q willekeurige punten binnen C zijn, geldt voor P~ Q, 
A’H,(P, Q) = 0, (de differentiaties hebben betrekking op de codrdinaten 
van P), 

29, Als P—Q heeft H,(P, Q) een singulariteit als 92(-VIng@ waarbij 
o den afstand PQ voorstelt, d.w.z. als men stelt Hy (P,Q) = 02-1) Ine + 
+ hy (P, Q), heeft hy (P, Q) doorloopende partiéele afgeleiden tot die van 
de orde 2» inclusief, hy voldoet dus in het geheele gebied binnen C aan 
Lh y=.0, 


3°: H, (P,Q), Oo; a Q) amc Q) Gis ates Q) 
n? On 


gaan naar nul, als P naar eenig punt van C gaat. 

Men ziet, dat deze definitie geheel analoog is aan die van He, waarin 
zij trouwens overgaat voor vy = 2, en dat de aanname, dat onze stelling 
bewezen is voor A’u = 0, meebrengt dat wij weten, dat we hy en dus ook 
Hy kunnen bepalen. 

Om nu de gevraagde functie u voor te stellen door een integraal, leiden 
we uit het theorema van GREEN een hulpstelling af. Wij passen de formule 
(11) achtereenvolgens toe door voor u en v te nemen 


tren D0 TL Uen AU as | U en UU", 


Dat geeft 
v—1 te 
fuouw—auaude= [{(u 9A 8B i) a 
fi (AUA U’—A2U A? Udo =|. (au? a en AM Ur ) ds, 
fwnus u’ — A’ UU’ daa f (onset, 2 dA” a U) aE 
n On 


waaruit door optelling 


faou— ua wee={ (a Saag Set 


0 A U _ 70 dAm ay, 
pe Rolle epee deh OO ela re See Tee oo u') ds, 
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Hierin nemen we nu voor U de gevraagde functie u, voor LI’ de functie 
Hy en voor het integratiegebied het gebied tusschen de gegeven kromme C 
en een cirkel om Q, met straal 6, zoo klein, dat de cirkel geheel binnen C 
ligt. Dan wordt het eerste lid nul. In het tweede lid moet de integraal over — 
den cirkel van teeken omgekeerd worden, als we de normaal in de richting 
naar buiten nemen, waardoor de differentiatie naar n op het zelfde neer- 
komt, als differentiatie naar 9, De integraal over den cirkel blijkt onafhan- 


kelijk van 6 en wij zullen die berekenen door 6 naar nul te doen naderen. 
Wij hebben dan aan den cirkel 


0 A, 
00 
LOA, = 2* 0 he eer 

A? Hy = 21 620-3) { (v—1)? (vp—2)? néd+....3+. 


— 6?’-3 {(2v—2)Ind+1}+. 


A’ H, = 2) {v2 Ind +... pees 
OP Aga cB whee eh ail 
perro (»—1)! gt t be 


waarbij telkens de niet opgeschreven termen met onbepaald afnemende 6 
sterker nul worden, of minder sterk toenemen dan de opgeschrevene. Het 
blijkt dus, dat daarbij voor de integraal over den cirkel alleen de eerste 
term van de integrand iets oplevert en wel —22’-1 (v—1)!2u(Q). Voor 
de integraal over C leveren wegens de definitie van Hy de y laatste termen 
in de integrand niets op en wij vinden voor vy even, y = 2 u, 


2’! (v—1)!? 2 u (Q) es ie aes —S4 AH, + 


> AnH, 0A 
ms OFT 


way * At H,) ds _ . (25) 


en voor vy oneven, y= 2u+1, 


oe (v—1)!? 4 u ( OS ae ae ET . gyrot HA, = 


y—2 
$0 uP RoR SO putt Ae 2S) cs; (26) 
On )~ On 
; 00, SOle ue “Se 
Uit de gegeven waarden van u, ant Snror aan C kunnen wij in die 


punten alle partiéele afgeleiden van u tot de (v—1)4 orde inclusief be- 
rekenen. Doordat u bekend is in alle punten van C, is es bekend en 


Os 
Ou du, du ou 
door —— en ——in — ’ 
oor S= en 5 in 5 en uit te drukken vinden we twee vergelijkingen 


oy 


311 


waaruit in alle punten van C deze laatste partiéele afgeleiden kunnen 


2 2 

worden opgelost. Daardoor worden ook ot. en sy 8 bekend; door die 
n es in 

oO On? 


Oru 2 EOre 07u 

Ox?’ dxdy ai Oy? 
uit te drukken vinden we drie vergelijkingen, waaruit deze drie afgeleiden 
kunnen worden opgelost en zoo kunnen wij voortgaan. Het blijkt daarbij, 
dat wij telkens stelsels vergelijkingen krijgen, waarvoor de determinant 
+ 1 is, zoodat inderdaad alle genoemde partiéele afgeleiden in de gegevens 
kunnen worden uitgedrukt en dus ook alsy=2u 


“ v1 
Ae BANS i a eta leeap 
On On 
en als y=2u+1 
An, 2a, A?2a... A*® u. 
On 


Door de formules (25 of (26) wordt dus voor de beide gevallen de waarde 
van u in een willekeurig punt Q binnen C in de gegevens uitgedrukt en 
men kan bewijzen, dat de zoo gevonden waarden van u en haar afgeleiden 
in de door n bepaalde richting, wanneer Q naar eenig punt van C gaat, 
naderen tot de voorgeschreven waarden. 


Mathematics. — Over het bestaan der oplossing van A*u = 0, die met 
haar k — 1 eerste normale afgeleiden gegeven waarden aanneemt in 
de punten van een gegeven gesloten kromme. III. By H. BREMEKAMP. 
(Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 26, 1946.) 


§ 5. Wij gaan nu over tot het bewijs van het bestaan der oplossing van 
A’*!u=0 waarbij aan C 


gegeven analytische functies zijn. Wij zullen dat bewijs geven voor y even 
vy = 24, het geval y = 2u+ 1 eischt slechts onbeduidende veranderingen. 
Omdat A’+1u = 0, kunnen wij stellen 


u=r*v) + up, 
waarbij A’vy) = 0 en Auy = 0. 


Volgens de vorige § is dus (we nemen nu aan, dat wij onze stelling reeds 
voor de vergelijking A’ = 0 bewezen hebben) 


2-1) AavQ\= f igh ee Secreto: 
G 


Onp 


dA? H(P.Q) _ dA"! v(P) 


Onp Onp 


+ A vo(P) A¢* H, (P, Q)' ds 


Uit de gegevens aan C leiden we nu af 


) 0 0 0 
ut? 09+ t= fy, 5-26 my te gee oh =the 
Ont Or 09 -F to) 
on” On” mee Ss 
en dus ook 
A a= 4+ 4ar 20 7 +P A m= 92 
ee =3%% + 4ar so 4 2arAnte 2 Oh 


On 
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waarbij a = cos (n,r) een in elk punt der kromme bekende functie is, 


ee 


A?7u= 16 Av,+ 8ar +r? u=%%, 
0 LA? 0A 0? ae 0.L\? 
5 eet BE ot tarAPn +r Sets Ps, 
0A 


A*u= 4k? A*-1 0, + 4kar eee rae bp See 


On 


OAtu _ oar 02 A Fly, 
esa) kor 


k 
+2arA*'!y,+?? oe = P2k+1 


cat hone S4+ At un =o, 


waarbij f,, fo ... fv41 en ook @o, v3... py in elk punt der kromme bekende 
functies zijn. Men toont de juistheid van die formules gemakkelijk aan met 
behulp van een Bernoulliaansch bewijs. Voegen wij bij de vergelijkingen, 


waarvan het tweede lid go en v3 is nog Avy = 2 ao ia OY 
waarbij ook # en y weer in elk punt der kromme rat functies zijn, dan 
kunnen wij uit deze drie vergelijkingen Avg, 2A oS ena oe lineair uitdrukken 
n n 

Ovo Oo 0 O'Vo 

fee on. Os is Ost” 
Bij de twee volgende vergelijkingen voegen wij 
eek ets hae roy gee 


0A?v, 0?Av 


waardoor we drie vergelijkingen krijgen, waaruit we A2vo an 2 On? 
2 
kunnen oplossen in Avg en fae dus ook in vo, oo Se en os . Uit 
¥ 0A 7v 
de daarop volgende vergelijkingen vinden we evenzoo A?v en mae ae 
0AF—lv5 


zoo gaan we door tot het voorlaatste tweetal, dat A“-1v9, en an 


oplevert. Door dat alles in de integraalvoorstelling voor v(Q) te substitueeren 
vinden we 


Q=[JAv(r+B poet), COME) | poe a ds, (27) 
Cc 


waarin A, B, C, D bekende functies zijn, opgebouwd uit a, B, y en Hy en 
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haar afgeleiden, waarbij wij moeten opmerken, dat in A een term voorkomt 


Os 


, die, wanneer P en Q tot een zelfde punt van de kromme 


of A enkelvoudige oneindigheid krijgt. In (27) substitueeren wij nu 
oy yt da ty + my Seo — 5 oe 


waarin 94, 1, We, A, 41, Ag en #2 bekende functies zijn. Daar up = fy —r?2v9 
en Auy = 0, hebben we 


1 G(P,Q’) G(P,Q’) ,, 
Dye ae Q ds’ + 5 ve QS ae 
ty (P) 7s) fact = Z| Pe 0 Q) 


De vergelijking (27) wordt dus 


0 G(P, Q’) ds’ 
0n,, 


Q)= [| (Ba +Cm+Dy)— zB +h C+D) ff 2) v4 
sh 
tPA GBD) Heol) eae + 
+}Ae(P)— mJ 610 dr ers: eh £2, v9 (Q’) one 
ta(og teP) [eer aon, + 
| ae 2D) {ym (Q) aan 4 ire alt ee 


Deze vergelijking is het analogon van (20). Wij zullen ze ook op 
de zelfde manier behandelen, zoo vinden we b.v. 


ffestact ad fra 2Gee)ay}as— 
Q’ 


= [ (Qe) f @B+AC+ 4D) PSE as} ae. 
Q’ 
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enz., waardoor we geraken tot een integraalvergelijking 
¥9(Q)= (+ {09 K (Q, Q’) ds’, (28) 


waarbij 


F(Q)= { (Bo Dy) dee 
(oe 


Sed NERS es ) | (1 Or sds 
Fan) Bee | FG) Qa at 
e 


1 CG 2 G(Q.Q’) 
TE (—at=D )¢ » {Alay Psy, Opt Ong, em 
C 


Ae HOO) 
Tale ds { f:(Q) dots ney On Q' ds 


K(Q.Q)=> SO a eae ye 


en 


2a 019, O0n,,dn 
ore D 0 G(Q, Q’) 0? 0 G(Q, Q)la 
THO si Boe On Os? \z Ono 
Q Q' Q 


Het bewijs van deze formules komt geheel overeen met het behandelde 
in § 3. Wij merken nog op, dat bij de afleiding van de laatste twee termen 
in de integrand, na omkeering der integratievolgorde, de binnenintegraal 
door partieele integratie herleid is. 

Uit de vergelijking (28) lossen wij nu op vo, en dan wordt door 
Voc + Uoc=f, oc bekend en daardoor up, dus ook 


0 uy 02 up qr- 
Cea O nay meee OMe: 


v—1 


0/2 ees 2 
ra Yo) 5 na ( Volo ress Sau F Yo)c 


Qvo\ . (9? M% O77 
Orda) CONE ona On Th te 


en daardoor 


en dus ook 
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Stellen wij nu vo = r2vy + uy, waarbij A’-1v; = 0 en Au, = 0, dan 
wordt aan C bekend 


0 ) 
vic + uc = Yo, (on (r? Vi)e ft (an) —— ite 
7 G 


v—1 v—} 
(25) eas ee 

Van deze y vergelijkingen kan de laatste vervallen, zoodat er nog y—1 
vergelijkingen overblijven. De functies y, ... yv_4 zijn namelijk zoo bepaald, 
dat wanneer wij met behulp van de eerste » —1 vergelijkingen v; en uy, 
zoo bepalen, dat A’-1v, = 0 en Au, — 0, aan de laatste vanzelf voldaan 
is. Het vraagstuk u, en vy uit deze gegevens te bepalen komt overeen met 
het vraagstuk ug en vo te bepalen uit de gegevens over u met vervanging 
van vy door y—1. Vervolgens stellen wij vy = r2vo + ug waarbij A’-2vg = 0 
en Auy = 0, de bepaling van vg en ug geschiedt dan weer op de zelfde 
wijze, waarbij de reeds gebruikte gegevens aan den rand ons de noodige 
y—2 vergelijkingen leveren. Zoo gaan we door. Ten laatste komt er 
Vy_g = r2vy_1 + uv_, met Avy_, en Aur_;, = 0. 

Het stelsel vergelijkingen, dat wij uit de reeds gebruikte gegevens aan C 
alfleiden (analoog ‘aan de vergelijkingen 21 en 22 in § 3) is dan gelijk- 
waardig met één vergelijking, daar voegen wij nu de nog niet gebruikte 
laatste van het stelsel vergelijkingen, dat de gegevens aan C uitdrukt, het 
stelsel van het begin van §5, bij ,analoog aan vergelijking 23). Het zoo 
verkregen stelsel vergelijkingen behandelen we geheel als het stelsel, ge- 
vormd door 21, 22 en 23, waardoor we weer geraken tot een vergelijking 
van POINCARE, waaruit we vy_1,c oplossen, zoodat vy_, en uv_, en daar- 
door ten slotte u bekend worden. 

Het geval, dat een der integraalvergelijkingen, die wij bij de behandeling 
ontmoeten onoplosbaar blijkt, kan zich niet voordoen, anders zouden wij 
gegevens kunnen construeeren, waarbij het vraagstuk oneindig veel op- 
lossingen toelaat, wat zooals wij weten onmogelijk is. 


§ 6. Wanneer we A opvatten als den operator van LAPLACE in drie 
veranderlijken, heeft de vergelijking A*u =O een binnen S geldende 
07.070 0° u 
on’ On2 eee Onk 
punten van het gegeven gesloten oppervlak S, dat in ieder punt een bepaald 
raakvlak heeft, gegeven waarden aannemen. Wanneer we, analoog aan 
het voorgaande, daarbij aannemen, dat, wanneer we in een willekeurig 
punt van het oppervlak een rechthoekig codrdinatenstelsel aanbrengen met 
de normaal als z-as, in de omgeving van den oorsprong de z van een punt 
van het oppervlak een analytische functie is van x en y, zoodat we door 


(ondubbelzinnig bepaalde *) oplossing, waarbij u, in de 


*) (Cf. H. BREMEKAMP, Over de bepaaldheid der oplossingen van A *u = 0, Proc. 
Kon. Ned. Akad. v. Wetensch., Amsterdam, 48, 222 (1945). 


sy d 


een draaiing van het codrdinatenstelsel om de z-as kunnen krijgen 

2 axe by? 2, 
dan hebben we in het voorgaande bijna niets te veranderen, Alleen zullen 
we den aard der singulariteit der te gebruiken functies van GREEN opnieuw 
moeten vastleggen. Wij zullen het in § 4 behandelde voor de nu beschouwde 
vergelijking moeten wijzigen. 

Wij bepalen nu een functie Hy (P,Q) door de volgende eischen: 

19, Als P en Q willekeurige punten binnen het oppervlak S zijn, geldt 
voor P ~Q, A’H,(P, Q) = 0. 

29, Als PQ kan men stellen Hy (P,Q) = 02-3 + h, (P, Q), waar- 
bij o@ den afstand PQ aanwijst en hy(P,Q) doorloopende partiéele 
afgeleiden tot die van de orde 2» inclusief heeft, hy voldoet dus in het 
geheele gebied binnen S aan A’hy = 0. 

30, H, (P, Q) of: (P, Q) Ciel wp (P,Q) - OTA, 0’, (P, Q) 

on An? Seong. = 
als P naar eenig punt van S gaat. 

De hulpstelling 


faau—u was f (ues — =a Lu 


dA U’ Peta Lao A OT 
Fe ee A Oe ermine en 


gaan naar nul, 


+AU u ‘de 
analoog aan de hulpstelling van § 4 wordt op geheel de zelfde manier 
bewezen. Hierin nemen wij nu voor U de gevraagde functie u, voor U’ de 
functie Hy en voor het integratiegebied het gebied tusschen het gegeven 
oppervlak S en een bol om Q met straal 6 zoo klein, dat de bol geheel 
binnen S ligt. Het eerste lid wordt dan nul. In het tweede lid moet de 
integraal over den bol van teeken omgekeerd worden als we de normaal 
in de richting naar buiten nemen, waardoor differentiatie naar n op het 
zelfde neerkomt als differentiatie naar 9. De integraal over den bol blijkt 
weer onafhankelijk van 6 en wij berekenen die door 6 tot nul te laten 
naderen. Wij hebben dan aan den bol, als we alleen de grootste termen 
opschrijven 


G) 


- = (2v—3) 0? -*+.... 


A Hy = (2v—3) (2v—2) 97-3 +.... 
A? H, = (2v—5) (2v—4) (2v—3) (2v—2) 0?”-7 + .... 


A H, = Pea. ee: 


1 
> Reals pr aa 
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Voor de integraal over den bol in het tweede lid van onze hulpstelling 
levert dus alleen de eerste term van de integrand iets op en wel 
—(2v— 2)! 42U (Q). Wij vinden dus voor vy = 2 


v—1 
4 (2v—2)!au(Q as | es os ee $2 AW1H, + 
0 A’? Ee 3 Lt ly : 
+ Auch... Ss * A Hh) do 
en ‘VOOR Mies 2th ae 
o—I 
4 (2v—2)!n u(Q elie tet my aiden ey Fy 
On 
0 At?.A, oy AN ee 0 A“ H, 
+fAu Naa ea fon eee a aS ) a. 
Ou Ou A 
Zijn nu aan S de waarden van u, an anal gegeven, dan kunnen wij 
daaruit de waarden vinden van alle partiéele afgeleiden tot inclusief, die van 
: i Ou d0Au dA ua 
de orde y—1. Daardoor worden voor y= 2 u ook —, Au, a as 
on on on 
bekend en voor y= 2u+1, Ou Au, ... Au. Door de laatste formules, 


on 
die het analogon zijn van (25) en (26) wordt de waarde van uw in een 
willekeurig punt binnen S uitgedrukt in de gegevens aan S. 
Overigens loopt het bewijs geheel zooals voor het in de vorige §§ be- 
handelde geval. 


Mathematics. — Over de oplossingen der vergelijking AAu = 0, die aan 
zekere randvoorwaarden voldoen. By H. BREMEKAMP. (Com- 
municated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of February 23, 1946.) 


§ 1. Het is bekend, dat de functie u binnen een gesloten kromme zonder 
dubbelpunten, die in ieder punt één bepaalde raaklijn heeft, ondubbelzinnig 
bepaald is, als zij in dat gebied voldoet aan de vergelijking AAu — 0, en 
aan de randkromme u en oe gegeven waarden aannemen. 

Analoog aan de wijze, waarop men de oplossing der vergelijking van 
LAPLACE voor het gebied binnen een dergelijke kromme in de randwaarden 
kan uitdrukken met behulp der, voor de gegeven kromme te bepalen, functie 
van GREEN, kan men de hier bedoelde functie u voorstellen door een be- 
paalde integraal langs de grenskromme, als men een op dit probleem betrek- 
king hebbende functie van GREEN invoert. Dat geschiedt door de volgende 
definitie: 

De functie H(P,Q) waarbij P en Q punten zijn. binnen de gegeven 
kromme C, voldoet, beschouwd als functie van de coérdinaten van P(x, y) 
als P = ©. aan AAH = 0 en als P>Q is-H = PQ2InPQ + A(P,Q), 
waarbij h(P, Q) doorloopende partiéele afgeleiden heeft tot die van de 
vierde orde inclusief, zoodat dus in het geheele gebied binnen C AAh = 0. 
Voor een willekeurig punt Q binnen de kromme gaan H(P,Q) en 
2 H(P, Q) naar nul, als P tot eenig punt der randkromme nadert. 

Het construeeren der functie H komt klaarblijkelijk neer op het con- 
strueeren der functie h, dus op een bijzonder geval van het boven ge- 
noemde algemeene vraagstuk. Daarmee zullen wij ons hier niet bezig 
houden. Om de gevraagde functie u uit te drukken met behulp der functie 
H leiden we vooreerst uit hét theorema van GREEN 

| (VAU—UA V)do= | na | ae 

on On 
waarbij de integraal in het eerste lid genomen wordt over het gebied bin- 
nen de kromme C en die in het tweede lid over den rand, een hulpstelling 
af. Wij nemen V = AU’; daar voor de toepassing van het theorema van 
GREEN van de functies U en V verlangd moet worden, dat ze doorloopende 
partiéele afgeleiden van de tweede orde hebben, zullen wij van U’ eischen, 
dat de partiéele afgeleiden tot die van de vierde orde inclusief doorloopend 
zijn. 

Wij vinden: 

/\ 
[a UAU'—UAAU) )do= {( (A ipatie ieee | ds. 


21 
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Onderstellen wij nu, dat ook U doorloopende partiéele afgeleiden inclusief 
die van de vierde orde heeft, dan kunnen wij hierin U en U’ verwisselen, 
hetgeen geeft 


On On 


Door aftrekking der beide laatste formules vinden wij nu de bedoelde 
hulpstelling 


fa UA u’—u A AU)do= f(A A yet _ vies) ae 


a 


ae 


fusau— Wu’ AAU)de= { (U pects eg The 


0oAU 
On 


me: 


Nemen wij nu hierin voor U de gevraagde functie u, voor WU’ de functie 
H(P, Q) en voor het integratiegebied het gebied tusschen C en een cirkel 
om Q waarvan de straal 6 zoo klein is, dat de cirkel geheel binnen C valt, 
dan wordt het linkerlid nul; de integraal rechts moet genomen worden 
langs C in positieven, langs den cirkel in negatieven zin. Voor de integraal 
langs C leveren de twee laatste termen in de integrand niets op wegens de 
definitie van H. Qm de integraal over den cirkel te vinden, merken 
we vooreerst op, dat deze onafhankelijk is van 6. Stellen we weer 
H = o2In@ +h, waarbij 9 den afstand QP beteekent, dan zien we door 
6 onbepaald te laten afnemen, dat de termen, die van h afkomstig zijn niets 
opleveren. Verder is 


0 Q? Ing _ 
On 


o(2Ine+1), Ag Ing=4ing +42 AgIng=*, 


ce bijdrage van den eersten term in de integrand tot de integraal over den 
cirkel nadert dus, als 6 — 0, tot —8z2u(Q), die van de overige termen tot 
nul, Wij vinden dus 


8 au ( cel ae gg OH) oa : 98t inet 


§ 2. Voor het geval, dat de gegeven kromme een cirkel is, kunnen wij 
de functie H vrij gemakkelijk min of meer probeerenderwijs construeeren. 
Wij maken daarbij gebruik er van, dat iedere functie u, die binnen den 
cirkel voldoet aan AAu = 0 geschreven kan worden in de gedaante 


td Biwi erate so 


waarbij v en w binnen den cirkel voldoen aan Av = 0, Aw = 0, en / den 
afstand tot een willekeurig punt beteekent. Wij hebben nu 


H(P, Q)=0?Ino +A (P, Q) 


waarbij 9 den afstand QP beteekent en A in het geheele gebied binnen den 
cirkel voldoet aan AAh = 0. Wij noemen het middelpunt van den cirkel O 
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en leggen onze x-as door O. De straal-van den cirkel zij R en OQ = a. 
2 

Wij bepalen op de x-as het punt Q, zoo, dat OQ, = a, = sd Den afstand 
a 


van een willekeurig punt P tot Q,; noemen we @,, zoodat volgens een 


bekende meetkundestelling, als P op den cirkel ligt, o1 R Wij stellen nu 
oa 


2 
H= ono — 2,08 Ino, + ot ln = + (R?— rh) F. 


a? 


=o Ino — Re In 0, + (R? —r’) EE. 


Hierdoor is voldaan aan de voorwaarde H =O aan den cirkel. Aan 


A2H = 0 is voldaan, als AF = 0. De voorwaarde ae 0 aan den cirkel 
n 

zal ons nu de waarden van F aan den cirkel geven en daardoor, tezamen 

met AF = 0, is F in het geheele gebied binnen den cirkel bepaald. Voor 

de voorwaarden, de = 0 aanden cirkel, kunnen wij schrijven aes 0 voor 


On Or 
v4 OG se de 
ph; Nua*is Qs = t—acos 8, dus aan den cirkel es = R—acosd 
de, RR 


en 0, Se = r—a, cos #, dus aan den cirkel 0, peed Gioans! cos ?). 


Or 


Dus moet aan den cirkel 


i= (2m Sa (R—acos 9) —5 (2Ino, +1)(a—Rcos 3) —2 RF 


dus 


yee 9: 
P= SF 2 hno +1) 


en daar de uitdrukking in het rechterlid binnen den cirkel voldoet aan 


AF = 0, geldt zij in dat geheele gebied. Wij vinden dus 


(R?—a?) (R? — r?) 


2 R? (2 Ine, +1) < (3) 


§ 3. Deze uitdrukking willen wij in de formule (1) substitueeren, waar- 
toe we nog de waarden van AH en OAH in de punten van den cirkel 


On 


moeten berekenen. Wij vinden 


Ae’inge=4(Ine+1),A?=—4, A Ine, =4(ne, +1) Aogi= 4, 


4 (r? — ra, cos 9) 


Artingo,=4Ine, + 0? 
1 


Daze 


en dus 
4 (R? — a’) r? — ra, cos 3 R?—a? R 
A H=4Ing—4 ing — ——s5 6 +2 py + 4 ine. 
en 
OAH _4(R—acos#) _4(R—aycos#) _ , R? — a? 2R — a, cos ost 
On we 0? 0 Rae eae 
R? — a? (R — a, cos #9)? 
8 : 
a R PE 


en aan den cirkel 


AN o | 2 4 — at) KR acos 
R Ae R FC 3 


Denken wij ons nu de gegeven waarden aan den cirkel voorgesteld door 
Dm f(9),o" = g(%), dan geeft formule (1) 
n 


2a 
_ (Ra? 7 (R—acos Hf) yg 
aS 22R ti 2— 2Ra cos 3)? ce 


“aR a eae space 1? (4) 
0 


Men kan in deze formule een analogon zien van de bekende integraal van 
POISSON uit de potentiaaltheorie. 
Daar voor g = 0, f = 1 klaarblijkelijk u = 1, vindt men 


2a 
| R—acos? do 22R 


R? + a2—2 Ra cos 0? © (R?—a?)?’ 0) 


wat zich door directe berekening laat bevestigen. 


§ 4. Wij kunnen de formule (4) ook direct afleiden, zonder gebruik 
te maken van de formule (1) en de functie H. Daartoe stellen wij 


= Gere, 


waarbij v en w harmonische functies zijn, Wij kunnen dus stellen 
u=apr?+b,R?+ > (anit? + bn, R?) ec” cosn 3 + (an2e? + baz R?)r" sinn J} 
1 
Om aan de gegeven grensvoorwaarden te voldoen, moet dan 
£(9) = (ay + By) R? + Sf (ana + baa) R**2cos n+ (anz+ bn2) R"? sin n 9} 
1 
en 
g (9) = ay R + 3'f((n + 2) ana + nbn) R™! cosn 0 + 
1 
+((n + 2) an2+ nbn) R"* sin n 
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Aannemende, dat de functies f(%) en g(#) een FouriEr-ontwikkeling 
toelaten, vinden wij dus 


22 2x 
(ay +b) =p. f Flo)d” (ani + brs) RH =Z fF (p) cos ny de 
0 0 


2a 
1 
(an2 + bpz) R°*? = = ff sin ng dy, 
0 


2a 2a 


1 | awe 
2a R=5_ | (9) de, ((n +2) any + nba) RO =, {9 Pees 
,) F) 
2 


((n + 2) an2 +n bp2) R"*! =; [ot sinngdg. 


0 
en dus 


«= 7,5 | Raley. b= 3 rag f 1240 (ido. 


1 are 
ami=aq paz | (Rol) —n flo) \cosng do, 
bi =7 pan | 1 Rol) +n +2)F(p)icosneds, 
0 
1 wt 
ana=7,, pan | {Ro (vy) —n F(¢)} sin np dy, 
0 


2 
] a7 
bna= 95 para | | Ro(o) + (n +2) Fle) | sin np dp. 
Dus ten Ps : 


sk 2 
=To[ "Re(de+ 2 xf )d@+ 
0 


2x 


§[(e—R 2( 1Ra(e)—n lg) cos n pd p+ 2R? fp) cos np dp | fa cos n 9+ 


2aR? 1 


0 


+ am S| —R?) {1 Ra le) — alo) sin ng dp + 


2a 
-- 2R { f(e) sin np do | pein nv. 
0 
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Zijn nu de functies f en m van dien aard, dat hierin sommatie en inte- 
gratie mogen worden verwisseld, dan herleiden wij dit tot 


2x 
Mar rake | [1 —R) Rao) +2R°F(e) +S Be coon Pree 
0 


Nu is 
1 o ff R2—?? 
5 por O82 a) 2{R?+r—2Rrcos(p— 0 
CAN x Rr} (R? +r”) cos (py — 9) — 2Rr 
an Rac COAT IPs See {R? + r?— 2Rrcos(p— 3) ' 
dus 


(RPP (_{R—rcos(p— 91 Flo) 
ee Deke {R? + r? — 2Rr cos (p — #)}? 


dy — 


22 
2 (Ree, g (7) 
4aR R? +- r? Be TCS Ik 
0 


Om tot de notatie van § 3 terug te komen, moeten we r door a en # door 0 
vervangen, waardoor we de vergelijking (4) terugvinden. 

Heeft men op deze wijze de formule (4) bewezen, dan kan men ook 
het omgekeerde doen van wat in §§ 2 en 3 gedaan is, namelijk uit de laatste 
formule weer de formule (3) afleiden. Door (4) en (1) te vergelijken vin- 
den we, dat aan den cirkel 


et ARS 
AH=2 4S a 


Daar Ah binnen den cirkel een harmonische functie is, kan die dus b.v. 
met behulp van de integraal van PoIssSON berekend worden. Daarna kan h 
gevonden worden doordat binnen den cirkel AA en op den cirkel 
h = — @2In@ bekend zijn. Daardoor wordt ook H bekend. 


aa Aline +1) 


§ 5. Wij hebben in het vorige slechts bewezen, dat, aannemende dat 
er een oplossing is van AAu = 0, waarbij aan den cirkel 


u =f (9), — =g (9), 


deze door de formule (6) wordt voorgesteld. Ons rest nog, te bewijzen, 
dat de door (6) gegeven functie inderdaad aan alle eischen van het vraag- 
stuk voldoet. 

Om te bewijzen, dat elk der termen van (6) en dus ook hun verschil aan 
AA = 0 voldoet, hebben we, opmerkend, dat we met eigenlijke integralen 


o23 


te doen hebben, zoodat differentiaties onder het integraalteeken kunnen 
worden uitgevoerd, slechts te doen zien, dat 
(R? — r’)? (R — rcos #) oe (R? — r)? 
¢" e° 

aan die vergelijking voldoen. Dat vereischt slechts eenig, nogal omvang- 
rijk, rekenwerk, dat nog eenigszins vereenvoudigd kan worden door toe- 
passing van de stelling, dat AAr?v = 0, als Av = 0. 

In de tweede plaats moeten wij aantoonen, dat als het punt Q, waar u 
door de formule (6) bepaald is, op willekeurige wijze tot een punt van den 


cirkel nadert, u nadert tot de in dat punt gegeven waarde f(#) en “ tot 
r 


de daar gegeven waarde g(#). Wij zullen dat bewijs geven voor het geval, 
dat f en g in dat punt continue functies voor # zijn. Daar we in het vorige 
de x-as willekeurig kunnen kiezen, kunnen wij die leggen door het be- 
schouwde punt, zoodat voor dat punt # = 0 wordt en wij met de formule 
(4) te doen krijgen. Wij hebben voor dit bewijs slechts een uit de theorie 
der vergelijking van LAPLACE bekende redeneering na te volgen. 

Wij beschouwen vooreerst den eersten term in (4) en schrijven 


fk Se a Seti, ee Juertas a4 4 
0 


aa flo) a 


LG Seale se f 0) AEP ap, 


de laatste herleiding door toepassing der formule (5). Is nu ¢ een wille- 
keurig positief getal, dan kunnen wij wegens de continuiteit van f, 6 zoo 
bepalen, dat voor |p| <0, |f(~) —f(0)|<«. Wij bepalen nu op den 
cirkel het punt A met poolhoek 5 en het punt B met poolhoek — 6, zoodat 
de koorde AB loodrecht op de x-as staat, haar snijpunt met de x-as noemen 
we C, het middelpunt van den cirkel O. Wij verdeelen nu de integraal in 
de laatste formule in twee stukken, de integraal van + ¢ tot 21—e, die 
dus te nemen is over den boog van A over het snijpunt met de negatieve 
x-as naar B en de integraal over het overblijvende deel van den cirkel. Het 
laatste deel is in absolute waarde kleiner dan 


- 


(ie ey ‘R—r cosy 
é 2aR of d 


Deze uitdrukking vergrooten wij nog, als wij de integraal over den ge- 
heelen cirkel nemen, dus p van 0 tot 2a laten gaan, dan komt er volgens 
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het voorgaande «. Wij gaan nu over tot de beschouwing van het eerste deel. 
Daarbij trekken wij nog een tweede koorde A,B; loodrecht op de x-as, 
die de x-as snijdt in C, zoo gelegen, dat R—OC, = h. Wij denken ons 
Q gelegen in het kleinste door deze koorde afgesneden segment en be- 
wijzen, dat dan dat deel met A tot nul nadert, dat is dus als Q op wille- 
keurige wijze tot het snijpunt van den cirkel met de x-as nadert. 


Wij hebben 
o< R?— r? < R? — OC? < 2Rh, 0 > AA; > CC; = R(T — cos 0) —h, 
o<R—rcosp <h. 
Is dus M de grootste waarde van f(y) — f(0), dan is 


2a-€ 


R—rcos¢ RM h? 
fr PAR “tan J {fl eee a 71 OR sin? 48 — Ale 


waaruit het beweerde volgt. 
De tweede term in (4) kan op de zelfde manier behandeld worden, waar- 
bij blijkt, dat die tot nul nadert als Q naar P gaat. Trouwens deze term is 
28 
SE maal een uitdrukking, waarvan uit de theorie van de integraal van 
Poisson bekend is, dat die onder de beschouwde omstandigheden tot g(0) 
nadert. 


Wij gaan nu over tot de beschouwing van oe waarvoor (4) geeft 
r 


y= (te f (v) dye sles g(¢) dy, 
0 ) 


aie = ee 


22Ro* 


(7) 


Door te beschouwen u = 1, waarbij f = 1 en g = 0 vinden we [5 dy=0 


Pe 2 
Door te beschouwen u — ef maa waarbij f —0eng=—1, 


7 


Wij beschouwen au weer vooreerst den eersten term in (7) en schrijven 


rdp= Flo) { Sede + {1 Fl») — £(0)\ 52d = 


‘S27 


De laatste integraal splitsen wij op de zelfde manier als bij de voorgaande 
beschouwing is uiteengezet in twee deelen, Het deel dat betrekking heeft 
op den kleinsten boog BA is weer in absolute waarde kleiner dan «. Voor 
de beschouwing van het andere deel hebben we 


Ove 2h? —r)(R—rcos¢g) (R?— 17} cose 
i ae zt R o* 22 R o* 

2(R?—r’)?(R—r cos ¢) (r—R cos 9) 

z R ‘ 

Wij zien in de figuur direct dat R—r cos p<h en r—R cos p<hen 
Rcos p< R—hA, dus 
Oy Bey L 2 (R— h) h? 8 R h* : 
Or m(2 Rsin?46—h)* «a(2Rsin?+6—h)* © a(2 Rsin?465—h)*’ 
waaruit blijkt, dat dat deel van de integraal met h tot nul nadert. De eerste 
term in (7) nadert dus tot nul, als Q naar P gaat. Voor den tweeden term 
schrijven we 


4 


2a 2a 2% 
ay ae _ Bree eye (oh oe 
J gelrrde=—a (0) [ sede — { tale)—a 10h} 3 do. 
0 0 0 


De eerste term hiervan nadert tot g(0), als Q naar P gaat. Wij hebben 
dus nog te bewijzen, dat de tweede daarbij naar nul gaat. Daarbij ver- 
deelen we de integraal weer in twee stukken, door nu het getal 6, en daar- 
mee de punten A en B, zoo te bepalen, dat voor | p| <6, | g(p) —g(0)| <«. 
De integraal over den kleinsten boog BA is dan weer in absolute waarde 
kleiner dan «. Bij het overige deel hebben we 


ae (R22) (R?— P(r —R eos 9) 


Drea zt R o? Dae R ot : 
dus 
0x | mune ruh mu seh 2h? 
dr 2(2Rsin?}6—h) |) «(2 Rsin? $ d— hy 
waaruit we weer de verlangde conclusie kunnen trekken. 

Men kan nu trachten, het existentiebewijs voor andere krommen te 
geven door die, waar dat mogelijk is, door een analytische substitutie 
x = g(é,y), y= h(E, 7) op een cirkel af te beelden. Daarbij gaat echter 
wel de vergelijking Au —0O over in As,a—=0O maar de vergelijking 


2 2 
AAu = 0 geeft Az, (a Az, ua) = 0, waarbij a =(33) + Og . Men vindt 


0g 0” 
dus een vergelijking, waarin de termen van de vierde orde de gedaante 
\Au houden. Van deze vergelijking kan men oplossingen construeeren door 
successieve benadering en het komt nog aan op het bewijs van de con- 
vergentie van dat proces. Op deze zaak hoop ik nog terug te komen 1), 


1) Vqgl. intusschen H. BREMEKAMP, On the Partial Differential Equations occurring 
ia the Theory of the Elastic Plate. Nieuw Archief voor Wiskunde, Bnd. XXII. 
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§ 6. Wanneer het symbool A den operator van LAPLACE in drie afme- 
tingen aanwijst, is de oplossing der vergelijking AAu = 0 ondubbelzinnig 
bepaald in de ruimte binnen een gesloten oppervlak, dat in elk van zijn 
punten een volkomen bepaald raakvlak heeft, als de waarden van u en 94 
in de punten van dat oppervlak zijn voorgeschreven. Ook hier kan men die 
functie door een integraal, nu over het oppervlak genomen, voorstellen, als 
men een functie van GREEN invoert. Deze functie, die wij weer H(P, Q) 
zullen noemen, wordt nu als volgt gedefinieerd. 

Als P en Q punten zijn binnen het gegeven oppervlak en P ~ Q voldoet 
HAP, Q) als functie van de coérdinaten van P(x, y,z) aan AAH = 0 en 
als P>Q is H(P,Q) = PQ-+ h(P, Q), waarbij h(P,Q) doorloopende 
partieele afgeleiden tot die van de vierde orde inclusief heeft, zoodat dus 
overal binnen het oppervlak AAh = 0. Voor een willekeurig punt Q binnen 
het oppervlak gaan H(P,Q) en ee naar nul, als Pnaar eenig punt van 
het oppervlak gaat. Den aard van de singulariteit als PQ vindt men 
door een oplossing van AAH =—0 te zoeken, die alleen afhangt van 
PQ Zs, 

Om de functie u»met behulp van H uit te drukken, leiden we geheel 
analoog aan hetgeen in § 1 geschied is uit het theorema van GREEN de 
volgende hulpstelling af 


AME bee 9 8 f 


fasau—u baua=((u 5 Ft Py Le oe 
n On 
paul btw) ag 
On On 


waarbij de integraal in het eerste lid genomen wordt over de ruimte binnen 
een gesloten oppervlak, dat in ieder punt een ondubbelzinnig bepaald raak- 
vlak heeft en die in het tweede lid over het begrenzend oppervlak. Van de 
functies U en U’ wordt voorondersteld, dat alle hier voorkomende par- 
tiéele afgeleiden doorloopend zijn. 

In deze formule nemen we voor LI de gevraagde functie u en voor UL’ 
H. Voor het integratiegebied nemen we de ruimte tusschen het gegeven 
oppervlak en een bol om Q met straal 6. De integraal in het eerste lid is 
dan nul. Voor de integraal over het buitenoppervlak leveren wegens de 
definitie van H de laatste twee termen in de integrand niets op. Om de 
integraal over den bol te vinden stellen wij weer H = 0 + h, waarbij als 
6 — 0 de bijdrage van de termen, die van h afkomstig zijn ook onbepaald 
afnemen en wij van te voren kunnen opmerken, dat de geheele integraal 


ever den bol onafhankelijk is van 6. Werder hebben we Ao =< dus 
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Tenslotte levert dus alleen de eerste term van de integrand iets op en 
wel — 82u(Q). Wij vinden dus tenslotte 


we O/yit a. ant , 
Ba u(Q=—[ (woe —SpAH | bole iigs Mee”) 

§ 7. Voor het geval, dat het gegeven oppervlak een bol is, kunnen we 
de functie H op een dergelijke manier vinden als voor den cirkel. Ook hier 


kan iedere oplossing van AAu =0 geschreven worden in de gedaante 


a 


u—vt+l2w, 


waarbij Av = Aw = 0 en / den afstand tot een willekeurig vast punt 
aanwijst. Wij noemen het middelpunt van den bol O, den straal R, den 
afstand OQ = a, o den afstand van een willekeurig punt tot Q, Q, het 
; 
punt op OQ. gelegen z66, dat OQ; = a; = ie en 0, den afstand van een 
willekeurig punt tot Qj. 
Analoog aan hetgeen we in § 2 deden, stellen wij nu 


H=e—pat(R?—e) F 


waardoor aan den bol H =O wordt en aan AAH = 0 voldaan is, als 


0H 
AF = 0. De voorwaarde — = 0 aan den bol, waarvoor we weer kunnen 


On 


schrijven te = 0, geeft weer de waarden van F aan den bol, waardoor 


Or 
tezamen met AF = 0, F in het geheele gebied binnen den bol bepaald is. 
Wij vinden aan den bol 


0= (R—acos 0) —~-(a— Ros #) —2RF, 
Cr 

Rial 

2aR a 


fei 


en daar dit binnen den bol voldoet aan AF = 0, geldt deze uitdrukking 
ook voor dat geheele gebied. Wij vinden dus 


(R? —a*)(R?—r’) 1 


H=o0—. aR ae 


oh 
R® 


Voor de substitutie in (7) berekenen we 


(8) 


“fp 


Gay 47> 4 R’rcos? 
Ah; ao; 


2 ee 1 r? 
A ean AN ——,; A— =0,/A == 
her hao 0; 01 
dus 


oe ee Pls 2r? ea) 
2 oF Qi 
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waarbij evenals in het voorgaande a, = —, 
a 
OAH __— 2(cr—acos%) te 2a (r — a, cos ¥) ae 3(R? — a”) (r—a, cos?) , 
Oca, e° R 0? a RQ 
a 4(R? — a’). 6(R? — a?)r? (ra; cos 8) © 2(R? =a’) a; cost ie 
Boe a9 aRo a Ro} 
6 (R? — a’) ajr cos 3 (r — a, cos #) 
oR 5 
aR@ 
Dus aan het boloppervlak 
_ (Raat I 
AH= . R? 03 
OAH R?—a? —6a*+12a?R cos }-6a?R? cos?d 
il eee }-2R+5a3aR cos? + a sat — 
__ (R?—a?)? (2R?—a?— a Ros 9) 
a R3 0° 
De formule (7) geeft dus 
MR? etl Re 8B com) men ie ae 
Tne ere fie *Sye? mney? ) 


Het bewijs, dat de op deze wijze geconstrueerde functies aan alle eischen 
voldoen, kan op geheel overeenkomstige wijze als dat in § 5 gegeven 
worden, 


Mathematics. Lattice points in n-dimensional star bodies I]. (Reduci- 
bility Theorems). By K. MAHLER. (First communication.) (Com- 
municated by Prof. J. G. VAN DER CorPUT.) 


(Communicated at the meeting of February 23, 1946.) 


The star body K is called reducible if there exists a star body H contained 
in, but different from, K such that A(H) = A(K), and is otherwise called 
irreducible. We say further that K is boundedly reducible if a bounded star 
H with A(H) = A(K) exists. In this Part II, I prove conditions for K to 
be reducible (irreducible) or boundedly reducible. The irreducible star 
bodies, as well as the boundedly reducible star bodies, seem to have many 
interesting properties, and I believe that a further study might lead to 
results of importance in themselves and for applications to other problems. 

As in Part I, I have stated a number of problems which seem to deserve 
further study *). 

In order to make this paper intelligible to a reader who has not seen the 
first part, I repeat here the main definitions and theorems. 

Let Rn be the n-dimensional space of all points X = (x,,..., xn), 
Y = (yj,..., yn), etc., with real coordinates; O = (0,...,0) is the origin 
of Rn. We put | X | = (x? +... + x?2)'2, and use the notation X + Y and 
tX for the points (x, + yy,...,Xn + yn) and (tx,,... txn). The determinant 
l| xan || of n points X, = (xn2,..., Xan) is denoted by { Xy, ..., Xn}. If this 
determinant does not vanish, then the set of all points 


eee i Antes dab atin sh a Wiis ec titte Ofer]. Ss) 
forms a lattice A of basis X,,...,X, and determinant 
eh ig Ais a, Cree. Cade 


There always exist reduced bases, i.e. such that the quadratic form 


P (ty... 4 Un) = 2 (Me my +... + Kak Un)? 
is reduced in the sense of MINKOWSKI; for such reduced bases, 
| X1 || X2]...| Xn | Sad (A), 


where yn > 0 depends only on n. 
An infinite sequence of lattices A, Ay, ... is called bounded if there are 
two constants c > 0 and c’ >0 such that 


Pierre, and Ae for every point*X 52 O of. Ar. (2. = 1,2) 43). 


The following theorem is fundamental for the whole paper: 


*) Part I of this paper is to appear in the Proceedings of the Royal Society. 
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Theorem 2: Every bounded infinite sequence S of lattices contains a 
convergent infinite subsequence S’ (i.e., reduced bases of the elements of 
S’ tend to a basis of the limiting lattice A, and so A consists just of the 
limit points of the lattices in S’). 

A function F(X) = F(x,,..., xn) of the variable point X in Rn is called 


a distance function if 


(i) F(X) >0 for all X ~O in Ri, and F(O) = 
(ii) F(tX) =|t| F(X) for all X andall real t. 
(iii) F(X) is a continuous function of X. 


We then say that the point set K: F(X) = 1 is a star body. Such a star 
body contains, and is symmetrical in, the origin; and with every point X 
the whole line segment OX belongs to it. The boundary C of K may extend 
to infinity, but is continuous in the finite part. 

A lattice A is K-admissible if no point of A except O is an inner point 
QtuKe According as to whether K-admissible lattices do, or do not, exist, we 
say that K is of the finite or the infinite type; in the first case, A(K) 
denotes the lower bound of d(A) extended over all admissible lattices, and 
we put A(K) = © in the second case. It is nearly trivial that bounded star 
bodies are of the finite type, and that unbounded star bodies of both types 
exist. One proves easily: 

Theorem 7: If the star body H is contained in the star body K, then 
A(H) S A(R). 

From Theorem 2, the following existence theorem is derived: 

Theorem 8: Every star body of the finite type possesses at least one 
critical lattice, i.e. a lattice A such that (i) d(A) = A(K), and (ii) A is. 
K-admissible. 

Part 1 deals mainly with the properties of critical lattices, and discusses, 
in particular, their points on, or near to, the boundary of the star body. 
! quote the following theorems, since I refer to them in the present paper: 

Theorem 9: Let K, K,, Ky, ... be an infinity of star bodies of the finite 
type such that for every «>0 and every t>0, (i) Kr is contained in 
(1 +e)K if r=ro(e), and (ii) the subset |X| St, F(X) =1 of K is 

contained in (1 + ¢)K, ifr=ry, (et). Then lim A(Kr) = A(K). 


Theorem 11: Every critical lattice of a Pocndet star body has n inde- 
pendent points on its boundary. 

Theorem 15: There exists an unbounded star body of the finite type 
with a critical lattice which has no points on its boundary. 

Theorem 16: Let K: F(X) =1 be of -the finite type, Q a linear trans- 
formation of Ra into itself of determinant w 40, F(X) = F(QX), and 
let K’ be the star body F’(X) = 1. Then also K’ is of the finite type, and 
A(K’) = |@|-LA(K). 

Theorem 17: If the star body K of the finite type admits the auto- 
morphism Q (i.e., F(QX) = F(X) identically in X), then Q is of deter- 


minant w= +1. 
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Theorem 19: Let Ay, As,... be a convergent sequence of lattices of 
limit A, and let p = lim F(Ar) >0 exist (F(A,r) denotes the lower 


nia 
bound of F(X) extended over all points X O of A,). Let there be a 
constant c >0 such that in each Ar there is a point Pr ~0 satisfying 
|[P;|=c and lim F(P;) =. Then lim F(Ar) = F(A), and there 


r—>o ES 
is a point P 0 of A such that F(P) = F(A). 

Theorem 23: Let K: F(X) =1 be an unbounded star body of the 
finite type, and let I’ be the group of its automorphisms. Let there be a 
constant c >0 such that, if P is any point of K, then | QP | Sc for at least 
one element (2 of I’; and if t > 0 is arbitrary and P =~ 0 is any point of K, 
let |QP| >t for at least one element Q of I’. Then, however small «> 0, 
every critical lattice of K contains an infinity of different points P satis- 


[ymg t= F (RP) <1 + 8: 
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§ 1. Preliminary remark. 

The theorems and definitions in Part I of this paper were numbered 
with Arabic numerals, and the problems with Latin capitals. In order to 
simplify references, theorems and definitions in the present Part II shall 
be numbered with Latin capitals, and problems with Arabic numerals. 


§ 2. The relations H< K and H < K. 
Let H: G(X) =1 and K: F(X) = 1 be two star bodies of the finite 
type in Rn. If H is a proper subset of K, then we write 


TER sor AKo>> Fi: 


5a 


By Theorem 7, this relation implies that 
A(H) = A(R), 


where the equality sign may, or may not, hold. We therefore use the 
further symbol 


Hee Koork Td 
to denote that both 
f= Keand Ties AER, 
From this definition, 


if H < K and K < L, thenH < L, 


and 
fH<K oD and HE, then i= Kk. 
It is further clear that 


H<K implies H < K, if and only if at least one critical lattice of H 
is K-admissible. 


Theorem A: To every star body H of the finite type, there exist star 
bodies K of the finite type such that H < K. 

Proof: Choose for A any critical iectiee of H, and for K any star body 
such that K >H and that A is K-admissible. 

On the other hand, when K is given, then it is not always possible to 
find a star body H such that H < K. We therefore define: 

Definition A: The star body K is called reducible if there exists a star 
body H such that H < K, and it is called irreducible if no star body H with 
H <K exists. 

Theorem A shows that there are reducible star bodies. We shall show 
later that also irreducible star bodies exist, and give some examples of such 
bodies, But we shall first obtain necessary, respectively sufficient, con- 
ditions of irreducibility. So far, I have not yet succeeded in finding con- 
ditions which are both necessary and sufficient. 


§ 3. A necessary condition for irreducibility. 
We need the following lemma which is closely related to Theorem 19 


in Part 1: 
Theorem B: Let K: F(X) =1 be a star body of the finite type, and 


Ay, Ao, A3,... an infinite sequence of K-admissible lattices with the 
following properties: 
(a): lims <t( Ay) soe 
r—o 
(b): Every lattice A, contains a point P, on the boundary C: F(X)= 
of K; 


(c): The points P,, Py, Ps, ... tend to a limit point P. 
Then P lies on C, and there exists a critical lattice A of K containing P. 
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Proof: The first part of the assertion follows at once from 


Pio Me Crp ao mim 1" 1, 


ro r—>o 
For the second part, we first remark that the sequence of lattices 
Ass Avie Ast. «5s 
is bounded. Hence, by Theorem 2, there is an infinite subsequence 
A Ag Aa Ag AS Ags we er < ky <ok, <2.) 
which tends to a limit, the lattice A say. We write Pl) = P,. Choose in 
every lattice Al’) a reduced basis 
VISE) aban eras galt 
and in A a basis 
Bhd faa a1 
such that 
Jim | YY. |= 0 (se I en). 


Then there are integers ul”), o,...,u4 not all zero such that 


Pat VTC lh YU ee te al) YU) Posen I yaa Rarer | 
and real numbers wy, uo, ..., un not all zero such that 
Peer oy 3 wae etn Yn 
From the hypothesis, the points 
Pw, ¥, Y0),..., (r= 1,2,3,...) 
are bounded; further 
Lp ey YO} | = d (A) = A (RK). 
Hence, by the equations 
PTY gad 2 ke + « NALS ih ARON QAI salah gare > Al 
ho ak, Qi. 1). 
all coefficients u‘”),,..., u) are bounded, Hence the left-hand side of the 
identity 
{P—P'") + ul) (YW — Y) feat (Yet Yeo (a nl) Yo + 
+... (4, — Ul") Yn 
and so also the right-hand side tends to O when r tends to infinity. Since 


the points Y,, Yo, ..., Yn are independent, this implies that 


lim uf) =u, When 1g ep’. ahs Tt) 
reo 


Now the coefficients ul/)are integers, hence also their limits ug, and so P 
22 
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is a point of A. As in earlier proofs, it is easy to prove that A is K- 
admissible and therefore critical. This completes the proof. 

Theorem C: Let K: F(X) = 1 be an irreducible star body of the finite 
type, and let P be any finite point on the boundary C of K. Then there 
exists at least one critical lattice of K containing P. 

Proof: Let us assume that on the contrary no critical lattice of K passes 
through a certain finite point P on C; we shall show that K is then 
reducible. 

By the continuity of F(X), every point X on C sufficiently near to P 
lies at a bounded distance from O. We assert, firstly, that a positive number 
o exists such that no critical lattice of K passes through a point of the set S 
consisting of all points X on C for which 


|| X|3X—|P|' P| So. 
For let this assertion be false. Then there exists an infinite sequence of 
critical lattices 
Age gsi, 
of K with a point P, in each lattice A, such that 
lim | P; — P|=0. 


‘ rao 
But then, by Theorem B, at least one critical lattice of K passes through P, 
contrary to hypothesis. 
We assert, secondly, that there is a positive number 6 such that 
d(A)= (1 + 6)" A (K) 
for every K-admissible lattice which contains a point of S. For let this 
assertion be false. Then an infinite sequence of K-admissible lattices 


Takk WAloyed eye nee 


exists such that 


lim d(A,) = A(K), 


T= 0 
and that further each lattice A, contains a point P, of S. Since S is 
bounded and closed, it is then possible to find an infinite sequence of 
indices 
ky, ko k3,..- eg ay a eee 
such that the corresponding points 
Pa Pris Px, ‘ 


tend to a point of S, the point P* say. Theorem B, if applied to the 
sequence of lattices 


Ak, Ak, Ak, see 


gives now the existence of a critical lattice of K passing through P*, con- 
trary to what had just been proved. 
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Next put 
G (X) = F(X) I+ max (0,¢0—| |X|! X—|P|'P|)§ ifX+0O, 


and 
Cs UA er Ab aa = ©). 
so that G(X) is a distance function. Evidently 
F(X) = G(X) SS (1 + 6)F(X) for all points X, 
and 
G(X)> F(X) _ if and only if X0, ||X|-' X—|P|“' P| <a, 

Hence the star body H: G(X) <1 satisfies the relation 

je PCa 
The theorem is then proved if we can show that even 

Peak 


Let this be untrue. Then there exists a critical lattice A of H which is 
not K-admissible, and so the set & of all points 


Q; +0 EES UR 2 ao teed 


of A which are inner points of K, is not empty. Every point Q, satisfies the 
inequalities 


F(QOs) —1=,G(Q-) = (18) F(Qs), 


whence 


1 
T+6 SF(Q) <1, 


and it also satisfies the inequality 
| |Qs|-" Q, —|P|-* P| <o. 


By the definition of S, these formulae imply that Qs belongs to a bounded 
part of Rr. Hence & has only a finite number of elements, the lattice points 


CJrvalor se: Gy 
say. Put 

min FG.) =— ; ; 

$=1,2,...,7 

so that | 

ty ha ao 
The lattice 

AD ee hgh 


is then K-admissible, and at least one of the points 


AQ, 1050-858 10% 
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lies in the subset S on C. Hence, as we showed above, 
d(A*) = (1+ 6)" A(R). 
On the other hand, 
d(A*) = and(A) = 12° A(A), 
since A is a critical lattice of H. Hence 


1 . a 
A(H)=4d(4)> ae A (K) > A(K), 
contrary to the assumption that A(H) < A(K). 
The so proved Theorem C applies to all irreducible star bodies irrespec- 
tive of whether these are bounded or not. The following problem arises 
now: 


Problem 1: Do there exist unbounded irreducible star bodies? 


I have reasons to believe that the answer is in the negative. However, I 
cannot prove this generally, but only for a special class of star bodies to 
be considered later (Theorem H). 


§ 4. A sufficient,condition for irreducibility. 

For this reason, the sufficient condition for irreducibility given in this 
paragraph will apply only to bounded star bodies. 

Let K: F(X) = 1 be a bounded star body, and A any critical lattice of 
K. This lattice has only a finite number of points on the boundary C of K, 
say the points 

mkt SAP sine og Mas Bett 
here m =n by Theorem 11. Denote by Yj,..., Y, a reduced basis of A, 
and write the points P, in the form 


P, = a Vests. Sb ls (iets 12 ee. he 
so that the coefficients ul are integers. Let e>0. Any n points Y},..., Yn. 
satisfying 

PY oa Yoeee pase ae Ree | 
generate a neighbouring lattice A*; we say that A* lies in a e-neighbourhood 
of A. The points 

Po a Ya eee eee (k=1,2,...,m) 
are then the only points of A* which lie on, or near to, the boundary C of 


K, if « sufficiently small. 


Definition B: The critical lattice A of K is called a free lattice if to 
every index k = 1,2,...,m and to every «>0, there exists a lattice A* 
with the following propetties: 

(a): A* lies in an e-neighbourhood of A. 
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(b): d(A*) <d(A). 


(c): A* contains no inner points of K except O and ¥ P,. 


For instance, every singular lattice A of K (i.e. a critical lattice with 
m =n) is free. For let + P,,..., Pn be the points of A on C. There 
exists then a neighbouring lattice A* such that the points PF of A* cor- 
responding to P,,..., Pn are given by 

p= Da ge ren kris ktm Lae cB, 
£ l(t—e) Py ifg=k. 
Since 
d(A*) = (1 — e)d(A) <d(A), 
the conditions (a), (b), (c) are satisfied. 
Other examples of free lattices are the critical lattices of the unit circle 


ie et Se 
in Ry (m = 3, n= 2), and the critical lattices of the unit sphere 
| H2 + x2 xe? S11 
in Rg (m = 6, n = 3). See the next. paragraph. 
Not every critical lattice is free, as is seen by the following example in 


R, which is easily extended to more dimensions: 
Denote by K the non-convex hexagon in R, of vertices 


(1,0), (2,1), (—2,1), (—1,0), (—2,—1), (2,—1). 
This hexagon contains the square Q, 
endielt ten hess] 
as a subset; moreover, the critical lattice 
A; Rawetl ets as (u,, u2=0, + 1,4 2,...) 


of Q is K-admissible. Hence K > Q, and A is also a critical lattice of K. 
Denote by 


A*; x, =(1+)u, + Buz, x2 = yu, + (14 9) a, (uy, a2,=0, F 1, F2,...) 
a neighbouring lattice; thus 

Jal + | Bl + rv] +14] 
is very small. Then it is impossible that the point 

(B, 1+ 6) 
of A* is an inner point of K, while the two other points 
(1tat+f,1+y+6), (—1—a+ 8, 1—y+6) 
of A* lie on the boundary or outside of K, since the three inequalities 
Peo eed Mim = 1 


are mutually contradictory. Hence A is not free. 
In this example, K is reducible. We may then ask: 
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Problem 2: Does there exist a bounded irreducible star body with at 
least one critical lattice which is not free? 
I have so far not been able to solve this question. 


Theorem D: Let K be a bounded star body, and X a set of points on 
its boundary C which is everywhere dense. If further P is any point of &, 
let there be a free lattice of K containing P. Then K is irreducible. 

Proof: Assume there is a star body H such that H < K. There exists 
then a point Q on C which lies outside H; hence ¢ >0 can be chosen so 
small that all points X with 


|X—Q|He 


lie also outside H, By the hypothesis, we can find a point P of S such that 
é€ 
|P—Q| <5: 


let A be the free lattice through P. Then, by Definition B, there is a neigh- 
bouring lattice A* of determinant 


d(A*) <d(A) 


and containing no inner points of K except O and two symmetrical points 
+ P* such that 


é 


aes that is, | P° OQ} 


dN) 
N|% 


Hence A* is H-admissible, and so 
MA) = dt AP) att AK), 


contrary to hypothesis. 
Remark: The same proof shows that if the hypothesis of Theorem D is 
satisfied, then at least one free lattice of K passes through every point on C, 


§ 5. Examples of irreducible convex star bodies. 


By means of Theorem D, any number of irreducible star bodies can be 
constructed. We first show that some of the two- and three-dimensional 
convex regions considered already by Minkowsk1!) are irreducible. To 
this end, we use the following results of MINKOWSKI: 

(A) Every critical lattice A of a convex star domain K in Ry contains 
at least six points on the boundary C of K. If A contains only six such 
points, then a system of parallel coordinates £,, &) can be chosen in which 
these six points are of coordinates 2) 


(1. 0), W0gd aloe tas 


1) Diophantische Approximationen, 24—28, 54—55, 67—75, 75—77, 105—-111. For the 
case of the cylinder, see my note: “On lattice points in a cylinder’, which is to appear in 
the Quarterly Journal. 

2) Diophantische Approximationen, 51—54. 
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(B) Every critical lattice A of a convex star body K in Rs contains at 
least twelve points on the boundary C of K. If A contains only twelve such 
_ points, then a system of parallel coordinates £,, £5, &3 can be chosen in 
which these twelve points are either of coordinates 


Greco (0, £0). 40, 0,47. 40, fs ——1 J (1 0 1), | (1 1,0), 
or of coordinates 1) 


Clee tUn I Oat 0,0) yeni (Otal), ©(1,0, 1)2e (1,1; 0). 


Theorem E: Let K be a convex star domain in Ry, and A a critical 
lattice of K with just six points on C. Then A is a free lattice. 

Proof: It is clear from (A) that no three of the lattice points on C 
are collinear, Hence there exists a line L which separates any chosen point 
among these six from the five other ones. Let — L be the line symmetrical 
to L in O, and let K* be the set of all points of K which are not separated 
from O by either L or —L; then K* is also a convex star domain. Since 
only four points of A lie on the boundary of K*, there exists a neighbouring 
lattice A* which is K*-admissible and of determinant d(A*) <d(A); this 
lattice satisfies the conditions of definition B. 
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Theorem F: Let K be a convex star body in R3, and A a critical lattice 
of K with just twelve points on C. Then A is a free lattice. 

Proof: We first show that each one of the twelve lattice points on C 
can be separated from the eleven others by a plane L. For if the twelve 
lattice points are 


(1,0,0), (0,1,0), (0,0,1), (0,1,—1), (—1,0,1),. (1,—1,0), 
then (1,0,0) is separated from the other points by the plane 
4§,+2&+2é—3=—0, 
and (0,1,—1) is separated by the plane 
2&—2&—3=0. 
If, however, the twelve lattice points are 
Pieper, OF-awO Wore. tO, bk Fy 4d; O01) (1,1, 0). 
then (1, 0,0) is separated from the other points by the plane 
6&, —2&—2&,—5=0, 
and (0,1,1) is separated by the plane 
2é,—2&—2é,+3=0. 


By a cyclical permutation of the coordinates £,, £5, ; and by changing 
£,, £2, &3 into —£,,—£&,—&3, we obtain the equations of separating 
planes belonging to the other points. Having thus fixed L, let —L be the 
plane symmetrical to L in O, and K* the set of all points of K which are 


1) Gesammelte Abhandlungen, II. 
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not separated from O by either L or —L; then K* is also a convex star 
body. Since A has only ten points on the boundary of K*, there exists a 
neighbouring lattice A* which is K*-admissible and of determinant 
d(A*) <d(A), hence satisfies the conditions of Definition B. 

From Theorems E and F, we obtain now the following examples of 
irreducible convex star bodies: 

(a) The square Kj, 


max (| x|,|x2|) =1 


in R, of determinant A(K,) = 1. For if 0<|&|< 1, then the critical 
lattice of basis 


(1,0), (& 1) 
passes through the boundary point (&,1) and the critical lattice of basis 
(1,&), (0, 1) 


passes through the boundary point (1, €); further both types of lattice have 
just six points on the boundary of Ky. 


(b) The circle Ko, 
LY (x? + x2) <1 
in Ry of determinant A(Ky) = 4/3. For if (cos 0, sin 6) is any point 
on C, then the critical lattice of basis 


Ais 


(cos 0, sin 0), (cos }9+3{,sin 6 aM 


passes through this point and has just six points on the boundary. 
(c) The cube Ks, 
j Xo |; [xs |S", 
in Rs of determinant A(K3) = 1. For if 0<|é,|<.1,0<|é,| <1, then 


the critical lattice of basis 


(1,0,0), (4,1,0), (1 2 1) 


passes through the boundary point (&;,&,1), and similar lattices pass 
through the points (¢,,1,&)) and (1, &;, 2). Moreover, these three types 
of critical lattices have just twelve points on C. 


(d) The sphere Ky, 


max (|x, 


+V (x2 23+ 23) <1, 


in Rs of determinant A(K4) = #4. For all critical lattices are obtained 
from the lattice of basis 


(1, 0, 0), (3, 2,0), (0.V 3. $) 
by a rotation about O. They each contain twelve points on C, and they 


pass through every point on this boundary. 
(e) The cylinder Ks, 


max (+ 7 (xj + x3), |x3|) <1, 
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in R3 of determinant A(K;) = |/3. For one type of critical lattice is 
obtained from the lattice of basis 


(1,0, 0), (@.V 4, 0), (1, & 1) 
by all rotations about the x-axis; if 
Oe et. 0 (€,-— 1) ae < l, 0O< (Gtr + (vey <1 
then this type of lattice has just twelve points on C, and it passes through 
every point (x1, Xo, x3) on C for which 

eT sea ie eee eg Se 

Further a second type of critical lattice is obtained from the lattice of basis 

(1,0, &), Wd, &2), (0, 0, 1) 
by all rotations about the x-axis; if 

0<|6,|/<4 0< || <4. 


then also this type of lattice contains just twelve points on C, and it passes 
through every point on C for which 


xtt+x?=1, 0<|x5|<1. 


Mathematics. — On the G-function. II. By C. S. MEIJER. -(Communicated 
by Prof. J. G. VAN DER CorRPUT,) 


(Communicated at the meeting of February 23, 1946.) 


§ 4. The fundamental systems of the differential equation satisfied by 
Gpya' (2) | 

The function y = G;’g (z) defined by (2) satisfies the homogeneous 
linear differential equation of the q-th order 


anne Ht (0—aj +1)— Fr (6—b) y=0, . . (34) 
é j=! 1 


d 
where @ denotes the operator z aps 
Zz 


This may be established in a very simple way. For the particular case 
m,n 


with m= 1,2 = p= q<— 2 and-b; = 0. that is if the function Go Zz) 
reduces to the ordinary hypergeometric function 2F,, it has been proved 
by BARNES 21), The proof of the general case is almost similar to that of 
BARNES’ special case, so that it may be omitted here. 

Replacing z by ze(?—™—"+1)"! we find that the q functions 22) 


e(m+n—p—l) zi bp Gee (. e(p—m—n +1) zi 


ay, 1 ap 
Day Dis 33 0s Dh te Ohad fee ae 


p 
IT I" (1-++b;—a;) 
9 


— d= bee ee ( 1+-b,—aj,...,1+-ba—ap; ’ (35) 
tk Pg 15 * a ’ 
u I'(1+b,z—b;) 1+bnr—dy,.. «1 +b,_—bg;(—1)P-™ kd 
jz} 
where h — 1, ..., q satisfy too the differential equation (34). When 
b,—b; #0, 41,+2,... (hi Lives Oy =e ee gs eee 


the functions (35) are obviously linearly independent and form therefore 
a fundamental system of solutions valid in the vicinity of the origin 23), 
Hence the function Gps (z) must be linearly expressible in terms of the 
functions (35). The actual expression is given by (7). 


We now proceed to determine a fundamental system of solutions of (34) 
valid near infinity; for this purpose we distinguish two cases: 


21) BARNES, [5], 145. 

22) Equation (35) follows from (7). 

23) If one or more of the differences b,—b,; (h # j) is equal to 0, + 1, + 2,..., 
some of the fundamental solutions (35) must be replaced by expressions involving 
logarithmic terms. 
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First case: q>p. To every value of argz it is possible to 
determine an integer 2 such that 


—($q—bp +1) 2 <argz+(q—m—n—21+ 1l)a< (3 q—tptl1)2. (36) 


It is also possible to determine an integer w such that 24) 


—(q—p+2)a<argz+(q—m—n—2y)2<(q—pt)a. . . . . (37) 
for p= o, o+1,...,0 + q—p—l. 
We now suppose 

aj—an 0, +1,42,...(f=1,...,psh=l,...,psjfh). (38) 


and consider the functions 


Gr teeltose tt + mt lla) Chico hee eel ee ee So) 


They obviously satisfy the differential equation (34). On account of 
(36) and (13) it follows from theorem A that these functions tend 
algebraically to zero or to infinity for | z| — ©; it is further clear in virtue 
cf (38) and (13) that they have a mutually different algebraic behaviour 
for large values of |z|. Hence they form a system of p linearly independent 
solutions of the differential equation (34). The fundamental system is 
therefore not yet complete. 

In order to determine the failing solutions we consider the q—p 
functions 


Goa (zeq-m-2-2V)=1) (w= o,o+1,...,@+q—p—l) . (40) 


It is easily seen that these functions satisfy too the differential equation 
(34). Because of (37) and (25) it follows from (26) that they tend 
exponentially to zero or to infinity as | z|— ©; besides it appears from 
(26) and (25) that they are mutually linearly independent. Hence they 
supply the gq—p failing fundamental solutions of (34). 

We have therefore proved: When q> p and the conditions (36), (37) 
and (38) are satisfied, a fundamental system of (34) valid in the vicinity 
of z= © is formed by the p functions (39) and the q—p functions (40). 


Second case: q=—p. We shall assume that the numbers a, ..., ap 
satisfy the condition (38). Besides we suppose 
arg z+ (p—m—n) x ~0,+227,+427,.... . . . (41) 


Then it is possible to determine an integer 2 such that 
—a<argz+(p—m—n—21+4+ 1)a<a . . . . (42) 


We now consider the functions 
Che (zelP—m—n—24 +1) xi || az) (tor J: any p) ne ner (43) 


24) The number « is defined by (24). 
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These functions satisfy the differential equation (34) with q—=p. 
Because of (42), (31) and (38) it follows from theorem F that they have 
outside the unit-circle a mutually different behaviour for | z| tending to 
infinity. The functions (43) form therefore a system of p linearly inde- 
pendent solutions of the differential equation (34) with q = p. 

Hence, if q = p and the conditions (41), (42) and (38) are ‘satisfied, 
the p functions (43) form a fundamental system adapted for the region 
outside the circle |z|=1. 

Remark. Sometimes there occur in a formula not the p functions 
(39), respect. (43) but only the first n of these functions, viz. the functions 


Gig (zel-™—"-2A4 Data) (E=1,....0), 
respect. 
Gh'n (zeP—m—n-22.-+ 1) || a1) (Pos aaa 
In order that these functions are linearly independent, it is not necessary 
that the condition (38) is satisfied. We may replace (38) by the less 
stringent condition (20). 
If we have to do with less than g — p functions G?’9 , namely with the » 
(y<q—p) functions 


Gog (zelg-m-n—2y) ai) (y—o,o+1,...,@+7r—1), 


then it is evident that the condition (37) needs not to be satisfied for 
yoo, or 1,-..,.0 + g—p—I1, but only itor 4 = oe eee 
wo+v—l, 


§ 5. Contents of the paper. 


The function Gjp’g (z) can by means of (7) be linearly expressed in 
terms of the functions of the fundamental system of (34) valid near z = 0. 
But now that we have constructed a system of fundamental solutions of 
(34) valid in the neighbourhood of z= ©, it must also be possible to 


express the function Gp’y (z) as a linear combination of these last 
fundamental solutions. That is to say: There must exist relafions of the 
form 


m,n P q,1 ; ee q,0 F 
pq (Z)= 2 Cy Gig (zeta eal as) SD Gp gize ee 
=1 h=0 


where 
GE (zelg—m-n-2 + Dai | a4) and G9 (z elg—m-n-2h—2u) i) 


are the in § 4 defined fundamental solutions in the neighbourhood of z = © 
and where the coefficients Cs and D; do not depend on z. 
On account of the generality of the function Gp’g\(z) and the great 


number of important functions which are particular cases of it 25), it will 


25) See the lists in [18]—[25]; these lists are nat complete. 
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be interesting to investigate this subject more fully. In the present paper 
I will determine the coefficients C+ and Dz for all values of m, n, p and q, 


for which the function Gp’s (z) has been defined and for all values of 
|z| and arg z 26), It appears necessary to distinguish several cases. In 
most cases the coefficients Ct and Da are much more difficult to determine 
and much more complicated than the coefficients in formula (7). 

§§ 6, 7, 8 and 13 supply some definitions and a great number of lemmas. 


In §§ 9, 10, 11, 12 and 14 I prove four expansion formulae (theorems 1, 


2, 3 and 5) which render it possible to write the function Gp’y in a special 


RO k,I Ke lat 
way as a linear combination of functions G,’g and Gp'g 


These expansion formulae are the most powerful instruments of the 
present paper. Their most important particular case appears when we put 

= 1 and k = q. The in this manner specialized expansion formulae are 
written out in § 16. In §§ 17 and 19 I will show that the desired relations 
of the type (44) are particular cases of the specialized expansion formulae 
of § 16. § 17 is devoted to the case with q > p; the case with q = p will 
be examined in § 19. 

In § 2 I have mentioned BARNES’ asymptotic expansion of the function 


Gig (2) (q>p). His results bear upon the two following cases only: 


A. l1=n=p<q, l1=m=q, m-+n>t¢pt+44q, 
B. n=0, m=q, |argz| << (q—p+84)=. 


argz|<(m+n—tp—}tq)=. 


But now that it is possible’ to express the function G5’7 (z) for all 
values of m, n, p, q and arg z in terms of functions Gre (€ || at) and 


G2, (¢) of which the asymptotic expansions for large values of | ¢| can 
be written down by means of BARNES’ formulae (18)-and (26), it is also 
possible to deduce asymptotic expansions for the function Gpj'y'(z) 
(q> p) for all cases which do not come under those of BARNES. Hence 
we are now able, for all values of m, n, p, q and argz, to determine 
asymptotic expansions of the function Gh'g (z) (q>p) as |z| >. 
These expansions are given in § 18; I have stated my results in the form 
of six theorems. 
The function Gp’, (z) has been defined in § 1 for |z|<1 and any 
value of arg z. In § 3 (theorem E) I have given a formula for the analytic 
continuation of this function outside the circle | z| = 1 in the case 


IL m+tn2pt1, ljargz|<(m+n—p)a. 
Hence there still fail formulae for the analytic continuation of Gp (z) 
in the two following cases: 


Il. m-+nSp, all values of arg z. 
Il. mt+n2p 1, |argz|>(m+n—p)a. 


26) If q=p, I suppose |z| > 1; the values of z on the cross-cut are excluded. 
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As I have already stated in § 3, I will make in these cases a cross-cut 
along the real axis from (—1)"+"~-? to co. (—1)™+*-?, Now it is possible 


to express the function Gp’, (z) for all values of m, n, p and arg z 


(except values of z on the cross-cut) in terms of the fundamental solutions 


near z = © of the differential equation satisfied by Gp’p (z). Since the 
continuations for | z | > 1 of these fundamental solutions can be immediately 
written down by means of theorem F, it is also possible to determine in all 
cases (except when z lies on the cross-cut) the analytic continuation of 


Grp (z) for |z|>1. The formula in question is given in § 19. 


A simple and important special case of the function Gpgti(z) is the 
generalized hypergeometric function pFq (a1, ..., ap; By, .--, Bp; z). The 
behaviour of this function for large values of |z| was a subject of investi- 
gation of several writers. Most of these investigations are fairly difficult. 
In § 20 I will shew that the asymptotic expansions of the function pFq (z) 
can with slight labour be deduced from the analogous expansions of 
Gog (z). 

Now one would be apt to think, on account of (7), that it must on the 
contrary also be possible to deduce the asymptotic expansions of Gps (z) 


from the known expansions of the function pFq_,(z). In many cases 


however we then find for Gj. (z) an expansion wherein the coefficients 


all vanish. Now it is clear that a such expansion is worthless, so that in 
these cases it is not possible to deduce a suitable asymptotic expansion for 


G>.¢ (z) from the corresponding expansion of pFq—,(z). For instance the 
asymptotic expansions of Gp.'7 (z) which are exponentially small cannot be 


deduced from the asymptotic expansions of pF4q_,(z). 
In § 15 I will examine some relations of the form 


k 
Miz) = 2, tn M (ze? -2")7?), 


Finally, in § 21 I will determine for all values of arg z the asymptotic 
expansion of WHITTAKER’s function Wx m(z) as |z|— ©. 


§ 6. Definitions. 


Definition 4. Jf the numbers as are defined fors = 0, +1, + 2, ... and 


A i 
h is a positive integer or zero, the sums X as and X as have the usual 
s=0 s=0 
meaning 


1 


i = 
» as=ag+a,+...+a, and J’ as—0. 
=0 = 


Ss s=0 


-k 
If k is an integer 2 2, the sum & as is defined as follows: 
s=0 


Os SS ay a i ie 
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Definition 5, Suppose that m, n and q are integers with 
=m=q and n=0. 
Then the coefficients A" 4 and A") are defined as follows: 
Amt — pales? elit t4n—bmyi—---—bq) at avis (45) 
Ayr ter ten Omit ett | (46) 
Definition 6, Suppose that m, n and p are integers with 
=n=p and m=0. 
Then the coefficients B,”" and By’" are defined as follows: 
Be aye Melt tment eat 47) 
Ree ee ee meta ep"! (48) 
Definition 7. Suppose that m, n and q are integers with 
0=m=q and n=0; 
suppose further that t is an arbitrary integer. 
Then the coefficients 24 (t) and Q™ 4 (t) are defined as follows: 


Q™ 4 (t), respect. Q" 5 (t) is the coefficient of xt in the expansion of 


q q : 
HT) (t— xe? 8y) TH (t—xe7?*!?)) 
Jatt t j=m+1 
= , respect. = 
IT (1 — xe?*!4j) Ts x e-3 = Eg) 
= ; pot 


in ascending powers of x. 


Definition 8. Suppose that m, n and p are integers with 
0=n=p and m=0; 
suppose further that / is an arbitrary integer. 
Then the coefficients I'y’"(4) and fA (A) are defined as follows: 


Ty" (a), respect. 0" (A) is the coefficient of x* in the expansion of 


P p 
IT (1—xe?74j) IT (1 — xe?! 4j) 
j=nti j=n+l ieee 
eae" ; » fespect.—, = 
IT (1 — xe?*!j) IT (1 —xe?*?®j) 
J=1 cs 


in ascending powers of x. 
Definition 9. Suppose that h, m, n, p and q are integers with 
0=n=p, 0=m=q and h=1; 


suppose further that 4 is an arbitrary integer. 
Then the coefficients Bi’ (h; 2) and B5'G (h; 2) are defined as follows: 
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Dy G(h: A), respect. OF G(h: 4) is the coefficient of x*+4-1 in the 
expansion of 


* \ If (1—xe?taj) 
2 ont (x4 =o 


respect. 
aaa Ne © a ~xetia| 
Ieee YP fraser) | 


in ascending powers of x. 


Definition 10. Suppose that h, m, n, p and q are integers with 


= 


=n=p, VD=m=q and h=1; 
suppose further that i is an arbitrary integer. 
Then the coefficients ©"y 4 (h; 24) and %";'5 (h; 2) are defined as follows: 
yrs (h; a), respect. Wp'g' (h; A) is the coefficient of x4 in the expansion of 


(1—x e?7/4)) 
1 


+ 
(1L—x e270; f) 


it 

h a 
2 2° 5(h—-9 x4 jzs 
a A 


respect. 


1 


h 
3 QF (h—t) xt 


t=1 


p 

I (exten | 

j=n ; 
| m 
Ft 


+ 
(1—x e727! ;) \ 


in ascending powers of x. 


Definition 11. Suppose that 1, m, n and p are integers with 
1=l=p, 0=n=p and m=0; 
suppose further that r is an arbitrary integer. 
Then the coefficients @f’" (Ll; r) and Of"" (1; r) are defined as follows: 


Oy" (1; r), respect. Of" (I; r) is the coefficient of x’ in the expansion of 


Pp Pp ; 
Deere PUP \iaceuees 
fant. , respect. a 

(1—xe?#!41) IT (1—xe?#!?)) (1—xe7?*!41) IT (1—xe*!?7) 
i=] j=1 


in ascending powers of x. 
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Remark. From the above definitions it follows 


ear i) —0 166. —-1,—2, — 3... ., 


(49) 
am 7 (0) = 25 (0) =1 (50) 
Pee) (4) 0 form — —1,—~2,—3,.;., (51) 
Ay HEX (8) pant Opedal 0) ee 
O75 (h; A) = Ge" (h; 4) =0 for A=—h, -h—1,—h—2,..., (52) 
Po ath; A) = P5g(h; a) =0 for 4=0,—1,—2, ..., (53) 
Oe era aOn 2 (0s = 0 forin=-1)-—2, —3, ba (54) 
and 
05’" (1; 0) = O5°" (I; 0) = 1. 
§ 7. Lemmas, 

Lemma 1. 

Ba (2) = oe fetltmss GG!" (ze!) — elma GE!" (ze*l)},. (55) 
GR) = aos leans GRY" (eel) eons GE (ze™H)}.. (56) 
Proof. From (2) it follows 

Paap VeTtomes GEG" (ce) ems GES" (ee) 

m+1 n 
1 (( Gesell ee Le alae + s) iy 
To 2ant. 2at q p aa 
Cc IT I'(i—b;+s) IT I'(aj—s) 
j=m+2 jJ=ntl 


m+1 n 
ee)- ‘f Silber er oe a ee et) 
e2 ory = 


7 . zs ds 
II I'(i—bj+s) IW I(aj—s) 
jJ=m+4+2 =n+l1 


H 
m n 
/ Cp) TEE a; t 9) 
= 1 j=1 j=! 


221i 


Zids= ah 

q Dp ? 

A IIT ['(i—b;+s) MW I(aj—s) 
C j=m+i j=nti 


so that formula (55) has been established. 
The proof of (56) is similar to that of (55). 


23 


i Jo 


Lemma 2. If k, l, p, q, s and t are integers with 
1=SlfESsH=p=q, 1\=t=s—!14+1 and VO=k=q, 
then 
MES (z || as) = et iat GEOS (ze2*! || as) + 2aie~7!9t Gets (ze!) (57) 


and 
GEES (z || as) = e2 at GEG (ze-2*! || a) —2aiertiae Gey’ (ze!) (58) 


Proof. Since Geilz) is a symmetric function of a,, ..., a, and also 
of a,,,, +++, ap, we have by (56) and the definitions of GP joan d Grae 


(see the end of § 1) 
201 GRIMM (2) = ertar GEES (ze-*! |] ay) —e—n tar GES (ze || ay). 


From this formula follow (57) and (58) without difficulty. 


The most important lemma is 


Lemma 3. Suppose that m, n and q are integers with 0S m<q and 
n20; further that r is an arbitrary integer; finally that the numbers 
a1, ..., an satisfy the condition 

aj—az F041, 2)... GT, .t. ns t=), 2 mg 
Then the following formula holds: 
E elmtn-atariaiag A (e 
= | 
(59) 


= AN 05 (0) AG 5 (q—m—n—2)}. 


Proof. Let us suppose that the numbers aj, ..., an satisfy the condition 


Bad GE Te cinta eee ae 


By U, we denote the coefficient of x’ in the expansion of 


Ss 
TI (1—8} x) 
{=1 ee 
a ee (s=0; n=0) 
IT (1 ay x) 
bi! 
in ascending powers of x. By V, we denote the coefficient of x’ in the 


expansion of 


in ascending powers of x. 
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By 2 ode 
@ i) 
aj az \° 
Gat), 
From the definition of the coefficient UW, it follows that for small values 
of |x| the following expansion holds 


Finally we write 


S 


Ns] i Xe 


Se 


HA 


s 1 
U Reet 
j=l (P= 3) n—s ae 
n 1 = ( 1) $ Pigd § Fe ae (60) 
IT (=| IT B; fm. 
j=! as v= 


for large values of |x| however we have according to the definition of 
the coefficient V; 


> 1 
H(ex—5) they 
iy J = J=1 y Vh xs—n-h (61) 
n 1 n = 
I (ay 2 aj 
ja aj i 


The coefficients U, and V, satisfy further the relations 
1 ke _— Wie a () for (25 e ae Ey 


We now consider the expansion of the left-hand side of (61) in partial 
fractions. This expansion runs as follows 27) 


s 1 ' 
a ee : 
A Py rate z Vp xs-n-h = > af We 62 
ie 1 Re AM h=0 ya 1 ( ) 
II (u=-Z] IT a; gO ee OER 
j= aj 4 at 


Now the coefficient of x’ in the expansion of the right-hand side of (62) 


n 
in ascending powers of x is —2 a?—st?r Wy, 
; t=1 


If r=>0, we find therefore on account of (62) and (60) 


n Ss 
n eo eh 
2 ORE Ws = (a1 ee Ue a Vers + (63) 
pe I B; va aj 
j=!1 j=1 
this relation still being true when r>s—n, since Vi = 0 for h= —1, 


—2, —3, .... 
We may yet show that (63) also holds when r< 0. 


27) Since V, = 0 for h <0, formula (62) also holds when n > s (comp. definition 4). 


354 


For we have by (61) 


s i s s 
ee (Z Xmas i IT Bj s—n LT Bj * 
oe ee Pdi ol eg tele pecs DS Van xs-a-h, 
Wl [a x— a Mi aj h=0 tf ay h=s—n+l1 
j= aj Jiu 7—1 


Since the coefficient of x-“ in the expansion of the left-hand side of this 
n 
relation is equal ee Wt, we get for u>0 


TT 6 
2, aps Wy = A — Vs_nte 
mi I a; 
J=1 
If herein w is replaced by —r, we find (63) (since Ur = 0 forr = —1, 


—2, —3,...) so that (63) is true for any integer. 
We now put s = q—m, ay —1e7!S, ©.., Gp = C8! On, Py — OC nee 
Bs = e*'bg, Formula (63) reduces then to (59), which proves the lemma. _ 


Lemma 4. Suppose that m, n, q and / are integers with 
Sm=q, nel. sw wk, CA ee 
and 
OSA sant + gee is a oe 
suppose further that the numbers aj, ..., an44 satisfy the condition 
ay wae 50, cel ce2, y 2 yt re eet tattle 
Then the following formula holds: 


n 
> e(m+n—g—2—-1)xiay Ms nis () 
t=1 


q 
HS sin(bjy—any1) 2 . (66) 
 _ gmtn—q o(mtn-g-2-1)ziagy, J=mt 

= . 


IT sin (a; — an41) % 
j=i 
Proof. If 2 satisfies (65), it follows from (59) with r= —A—1 
and n+ 1 instead of n, on account of (49) 
n+1 


> elmtn—q-w—1)aiay AM! (¢) — 0), 
t=1 _ 
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Hence we have in view of (16) 


n 
2. e(m+n—gq—21—1)ziaz Tas nth (t) = — el +n—-9-2 A) aianyy aes (n 4 1) 
=] 
q 
AT sin (bj —anyi) % 
= — _Mtn—q o(m+n—q—2-1)ziagy, JEM! 
n 
IT sin (aj — any1) 


tira! 


so that the lemma has been proved. 


Lemma 5. Suppose that m, n, q and i are integers which satisfy the 
conditions (64) and (65); suppose further that the numbers aj, ..., an fulfil 
the condition (20) and satisfy besides the inequality 


Ab ele 2h (Peete  ) 
Then the following formula holds: 


m,n 
> e(m+n—gq—21—-|)xiay ee Sea Gee 
gq 
_ II sin (bj—A) x sea (62) 
= —_Mt+n—-G-1 op(m+n—q—2—-1)zi8 see 


IIT sin (aj—f) 
j=1 


Proof. From the definition of the coefficient A it follows that 
Pee, (e) with 1 St <n and an, = B is equal to 
a AMG (t) 
sin (B—a;)x° 
Formula (67) is therefore a particular case of (66). 
Lemma 6. Suppose that h, m, n, q and 2 are integers with 
l=>m+1Sh=q and 0=iA=m+n—q-tl; 
suppose further that the numbers aj, ..., an fulfil the condition (20) and 
satisfy besides the inequality 
at —b, 0, + 1,42, ... (€=1,...,, nm + 1ShS=dq). 
Then the following formula holds: 


: AG (t) 
(m+n—q—2—1)ziaz __ SI NP 

ie ‘sin (b—ar) 2 (68) 

Proof. Formula (68) is a particular case of (67), since the right-hand 
side of (67) vanishes for B = bh (m + 1S hq). 

Lemma 7. Suppose that m, n and p are integers with OS n<p and 
m=O; further that 2 is an arbitrary integer; finally that the numbers 
by, ..., bm satisfy the condition 


rs eect le era fel.) my S =), 3.., msi] Fe 8): 
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Then the following formula holds: 
Bp" 2") — BE TE" p—m—n—H 
Wl sin (aj—bs) x 


m Fy 

—2Qimmtn—p ¥ elmtn—pt2xib J=Nt1 Oo 
= m 
cA IT sin (bj—bs) x 


35} 


Proof. If we replace m, n, q. t, aj and b; successively by n, m, p, 4, 
b; and aj, the coefficients A"%, AG, Q™G(r) and Q”’G(r) transform 
successively into BZ’", Bpr", I5’"(2) and I'p’” (A); on account of (16) 
formula (59) reduces then to (69). 


Mathematics. Primitief-symmetrische projectieve invarianten. II. By 
P. G. MOoLeENAAR. (Communicated by Prof. J. A. SCHOUTEN.) 


(Communicated at the meeting of February 23, 1946.) 


§ 5. Beschouwt men alé!, bik!) cik! en dik! als aequivalente grootheden, 
en vervangt men dan in 


Rr = R (abcd) = (ab)? (cd)? (ad) (bc) . . . . . (I) 
de Bik!, cikl en di*! door ai*!, dan verkrijgt men de discriminant 
R=2 {4 (ap a,—a?) (a, a3—a?)—(ay a3—ay az)?} = 
= 12a a; a7 a3—8a9 a}—2aj aj—Baja;+6aiat | | (La) 
van de enkele grondvorm 


a oe en 5, Me 3 2 2 3 
pe, — a xix Xi — 8, Xa) XP x, 38, x, <3 a, x3. 


Volgens § 4(11) is R (abcd) = Rg te splitsen in vier primitief-symmetri-° 
sche invarianten. Vervangt men echter in Li, Le) en Le) de bikt, ‘ctkl en 


di™! door a‘*!, dan wordt elk dezer vormen identiek nul, want volgens 


Ben{s 48 
iy tin T= 0 © (a #1) 
dus 
nel One gre Ty mak aP oe Shit” * (2) 
Nu is 
bin = 4 (eg te, tep tec tep ter) 


zodat de E-component van (2) luidt 
i i i i i i 
+ (Lis, + Le) + Lia + Lee), + Le), + Lis) ) = () (a + 1). 


Vervangt men hierin echter bi*!, c/*! en di*! door a‘*!, dan worden deze 


zes isomeren van Lis aan elkaar gelijk, dus is 
Lis (aaaa)=0 (a #1). 
De symmetrische invariant 
Pai=4 (Re Rp Ry + RetRp+ Rp) <7 + 2 of) 


levert dus bij gelijkstelling van de als aequivalent beschouwde coéfficiénten 
de discriminant van de enkele grondvorm., 
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¥ 
Beschouwt men a3, b3, c3 en d3 als niet-aequivalente grondvormen, dan 
wordt de invariant Li) in symbolische notatie gegeven door (3) en (1). 
We willen deze invariant in niet-symbolische vorm schrijven en vinden 
dan achtereenvolgens 


Re = (— ay,b2c3 + a,b3c2 + a3b,c2 + 2a2b,c3 — azboc3 — 2azb2c) dy + 
+ (+ 4a,b,c, + 4a2b.c, — 5a,b,c, — 2a,b3c, — 2a3b,c, — 2a,b,c; + 
+ 2azboc2 + agb2c3 — agb3c2 + azbocs) dy + 
+ (+ 4a,b,c, + 4a,b,c, — 5a,b.c, — 2a,bocy — 2agb2¢2 — 2azb cq + 
+ 2agb3c, + a3bycy — a3bocy + a1b3co) dz + 
+ (— aybyCy + abc; + apb2c, + 2a; b2¢9 — agb3co — 2a,b, cy) ds 


en indien 


it “(i "(iki "(iki ‘(ihm 
123) \o33)' \o123) \o222) \o033 
resp. beduiden sommaties over de 6 variaties van 123, de 3 variaties van 


033, de 24 variaties van 0123, de 4 variaties van 0222 en de 6 variaties 
van 0033, 


ie 


2, afjbkcij—2 SX aj bkci—12 ma i 
ikl 

(aa 

Ta > aj bk cj +6 DH aj by.c; —12 2» Nae 


(iss) es (ia) 


TY Gey = aj bk c; + 6 = aj bk. cy —12 > ventas 
(e) me i) 
eas Sa beers ai be cr— 12 a ne baa 
ikl 
Q 012 as 
=4 DJ aibecidm—} 2D aibeceidmt+ JD aibecidmt+ 
ikim ikim ‘ikim 
ae 0033 1122 
—2 DY aj bg cp dm —2 DE aj bk.c1 dm. 
ikilm ikim 
0222 1113 


Deze invariant bestaat uit 44 verschillende termen. Vervangt men 
bi, ci, di door ai, dan vindt men weer 


12a a; a a3 — 2a? a3 + 6a? a3 — Bay a} — 8a} a3 = R. 
Omgekeerd kan men Li uit R afleiden, want 


0* Re 


Ra, 2 ean opal 


aj ak aj am 


0*R zh 0* Re int Of Raw iis 
0a; 0ax, 0a 0am 0a; Obx Oc; Odm ~~ Oax 0b; Oc1 Odm 
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Nu is 
Ly =1(Ret+ Rat... + Rr) =v. X de som der 24 isomeren van Re = 
seat! > pe (abi cid hated nich ‘e- 
8 elm Oai Obx OC1 Odm * rCm 1ancidm+....)= 


0* Re 0* Re 
it ; CRM PSS ee el erere ¢ 
»: args (55 Ob, Oc1 Odin ak Oax Ob; Oc; Odm “6 ay by ci dm. 


dus 
0*R 


MP ae arOar Oa oe ares is (3a) 


La) = ot 


De anti-symmetrische invariant 


Le = 4 (Re+ Ra + Ra—Rce—Rp— Rr) 
heeft een eenvoudige betekenis. Volgens § 4(4) is 
Re— Rp = (ab)? (cd)? (ad) (bc) — (ba)? (cd)? (bd) (ac) = 
= (ab)? (cd)? { (ad) (bc) — (bd) (ac) } = — (ab)? (cd)? 
en evenzo - (4) 
Ra— Re = — (bc)? (ad)? 
Rg — Rr = — (ca)? (bd)* 


Li) = — t { (ab)? (cd)? + (bc)? (ad)? + (ca)? (bd)?}. . . . (5) 
Men herkent onmiddellijk het anti-symmetrisch karakter. Bovendien blijkt, 
dat deze primitief-symmetrische invariant uiteenvalt in invarianten van 
lagere graad. Deze zijn reeds primitief-symmetrisch. Li) behoeft dus niet 
in de moduulbasis te worden opgenomen. 
Verder is (5) te herleiden tot 


@) a; a2 43 


by b, b, 6; 
La=4 = 4 (ab) (ac) (ad) (bc) (bd) (cd) =4Pe. . (6) 


Co (y Co C3 
dy d, d, d; 
Li = 0 betekent dus, dat de vier grondvormen lineair afhankelijk zijn. 


Li levert, in tegenstelling tot Lu), uitsluitend een invariant van de vier 
grondvormen. 


De invarianten Le) en L (3) bezitten cyclische symmettie. 


Evenals onder (2) bewijst men 
nee re" 
ou) Ie) =0 en 62) ip —0 
1 
waaruit volgt 


(cin + ) 13) = 0. of. ¢(e,+e, + ep) I= 0. 
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De E-component hiervan geeft 
i i i 
(3) (3 3) eae Os 
fe + Le +13, =0 
Deze cyclische symmetrie abc — bca cab heeft betrekking op de drie 
coéfficiéntenrijen a‘*!, bik! cik!, Uit de toelaatbare permutaties der vier- 
groep van KLEIN volgt echter, dat deze cyclische symmetrie aanwezig is 
voor elk willekeurig drietal der vier coéfficiéntenrijen. 
Evenals Lv) zijn ook deze cyclisch-symmetrische invarianten Le) en Ls) 


uit te drukken in invarianten van lagere graad. Men heeft volgens (4) 


Re— Rp =-— (ab) (cd)? en Re—Rg = (ac)? (db)? 
dus volgens § 4 (10a) 
La) = 4% (ac)? (db)? — (aby (cd)? co ee 
Evenzo vindt men 


La= } fad) {(bc)}?— (ac) (dby}}.. . . . . . (8) 


Men controleert gemakkelijk het cyclisch-symmetrisch karakter van deze 
invarianten, 


Verder is 
La = Le + La=z (ad)? (bc)? — (ab)? (cd)?}. . . . . (9) 


Ook aan deze invarianten kan men een betekenis geven. 
De dubbelverhouding van vier gerangschikte punten P, Q, R, S, bepaald 
door’ pz —= 0, Gx = OFre = 0s, = One 


__ (pr) (qs) 


~ (qr) (ps)’ 
Naar analogie hiermede kan men onder de ,,cubische dubbelverhouding”’ 
van vier gerangschikte puntentripels A,A,A3, B, Bz, Bs, C, Co Cz, 
D, D, Dz, bepaald door 


verstaan 


_ (ac)? (bd)? 
be 1 (bc)? (ad)>* Osis be oh etre Gee Pees (10) 


Is L(3)= 0, dan is (ac)3 (db)3 = (ad)3 (bc)3 dus w= —1. De punten- 
tripels Cy Cg C3, Dy Dz Dg liggen dan cubisch harmonisch ten opzichte 
van de tripels A, Ay Az, By By Bs. 

Uit La) = 0 en La)=0 volgen analoge liggingen voor andere paren 
puntentripels. 

De dubbelverhouding (10) neemt bijzondere waarden aan, indien 
apolaire ligging van twee puntentripels optreedt. Ligt b.v. A, Ap Az 
apolair ten opzichte van C, Cy Cs, dan is (ac)? = 0, dus u = 0, 
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§ 6. Onder een gemengde vorm verstaat men een vorm 
eae Seen 3 
A ears * Xie ++ Xin Sky+ ++ Ekg 


wier veranderlijken x;...xn en &,...&2 tot twee verschillende gebieden 
behoren. 

Deze twee rijen veranderlijken kunnen. onderworpen worden aan twee 
van elkaar onafhankelijke lineaire homogene transformaties: 


x; = di} x aa TS oe an} 
E, = OF E, ean eaee hh 


De coéfficiénten d} zijn dus‘ onafhankelijk van de coéfficiénten 6%. Door 
deze transformatie (1) wordt in de coéfficiénten van F de transformatie: 


~) Al) 


At !p M,...Mz = d}! Ter diP On, te Ont Ale ph aks c br (2) 
geinduceerd. 
I(A) heet een projectieve invariant van F indien 
1 OA ee eK) 


waarin 
d=|di| en 6=|67| 


de transformatiedeterminanten zijn. 
F is symbolisch te schrijven als het product van de n-aire vormen 


— —afn 
f=al en p=a}. 
Het symbolische product 
ahah... alpatakt... aka 


geeft dan de coéfficiént AM ta.--tp, Kika. Kar, 

Men heeft dan de fundamentele stelling: elke projectieve invariant 
van F is symbolisch voor te stellen door een som van producten van 
haakfactoren (abc...) en (afPy...). 

Haakfactoren (aa...) behoeven dus niet voor te komen. 

Omgekeerd stelt elk product van haakfactoren 


mits het het juiste aantal symboolrijen bevat, een invariant van F voor. 
Hierin zijn aa, bf, ... aequivalente symboolgroepen voor de coéfficiénten 
van F, 


Bewijs: Is J(A) in A van de graad t, dan voere men twee rijen van ¢ 
gelijksoortige grondvormen in: 


fi alt'p 21,06. Xips fo = DED Xi, Kips os fe SUP x1, Kip a 


; —aqhk..-ka Ex, Pps EK, Po Bh. -ha ky, smths sens. ped: Ka Tey a 
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Onderwerpt men dan /(A) aan de splitsing S;: 


ol 
S Abn lp kick OO tee in (Ane) ee), 


Sj 


dan is K, een invariant F, f, en q4, die lineair is in de coéfficiénten van 
f, en van gp, en die van de graad t —1 is in de coéfficiénten van F. Immers 


5 L(A) 
L d# 8) 5 ke o1(A) 
Ki (A, ao) = 5 nee rage - a 
Sage ol (AV OA Vege Of( A) 2a 
=i Ly oA 5A °° = pdee be oe i 
“= eas 
= ge wy Ki(A, a, a). 


Vervangt men in K, elk product a4--‘pa':--t2 door Ad---ipk:-ka, hetgeen 


bereikt wordt door de contractie (Chass 


0? K, 


Oal-«tp Oakaecks 


Aires tp ie ka < . . ° (6) 


Caaa (Ay = 


dan verkrijgt men /(A) weer. 
Onderwerpt men K, vervolgens aan de splitsingen 


S= 25 Vy Ob SEL Gh 


dan verkrijgt men een vorm 
Kp= Kz (al--tp, akieeka, 0, Daeetp, Aka) 2... (7) 
die lineair en homogeen is in elk der rijen 


glowty, kurta... [oeetp, Aitken 


24 


en die’ een invariant is van de vormen (4). 
Door op K:z de contracties 


Cowas Copadeum Gira 


toe te passen, verkrijgt men /(A) weer. 
Gaat men deze vormen (4) nu symbolisch voorstellen 


freal oh Oh, fe 
P=, m=... 9=¥R 


waardoor a‘-!p vervangen wordt door een product van symbolen 
ai af... aip, dan gaat (7) over in de vorm 


Ks Ketek ote PoA*}>,.\ aie cg a eee 
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die homogeen is in de symbolen a tot de macht p, in a tot de macht a, 
enz., en die een invariant is van de lineaire vormen 


Seine een lc 
Gre hPa side). 


Onderwerpt men nu x en & aan de transformatie (1), dan worden de 
symbolen a en a, 6 en f, enz. getransformeerd in 


Bib di gt 
CNet eee ee aes ee > ELL) 


yi Ail nk 
a = dra 


(10) 


Nu is 
Krista ay as ol fat, 2, ..) 
dus 
Wee SOG ramet eK ae Gl, 55 <i)a>..._J¢ + (12) 


Elke term van het linkerlid van (12) bestaat uit tp = gn factoren, die 
lineair en homogeen zijn in dj, en uit fa = yn factoren, die lineair en 
homogeen zijn in d¢ 
Daar d} en 677 onafhankelijk van elkaar zijn, zal een g-voudige toepassing 
van het proces van CAYLEY: 
on 
Te ol TOT 


gevolgd door een y-voudige toepassing van het proces 


0” 


Q3= J + ———— 
0di'...00n" 


uit het linkerlid van (12) een veelterm doen ontstaan, waarvan elke term 
bestaat uit g haakfactoren van de soort (abc...) en uit y haakfactoren van 
de soort (afy...), terwijl het rechterlid overgaat in K*(a',a™,...), ver- 
menigvuldigd met twee van nul verschillende constanten. Hiermede is het 
eerste deel der stelling bewezen. Het tweede deel volgt onmiddellijk uit het 
invariante karakter der haakfactoren. 


Drath abe, «Vil gos ex ) ... de symbolische voorstelling zijn van 
een invariant 


L=L(ats--tp, bls-tp, ...) 


die lineair en homogeen is in de coéfficiénten van de ft gelijksoortige 
grondvormen 


Fi fe, be ee ee ft 


eniiaat A’ = (af...).(--259 )... dé symbolische voorstelling zijn van een 
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invariant 
eee | (aks-++Kor, Bkuska, | 


die lineair en homogeen is in de coéfficiénten van de ft gelijksoortige 
grondvormen 


Par Pare sate a Pt 
Past men dan op het product LA de contracties 
Gaacds CopAy sais Glee 
toe, dan verkrijgt men een t-de graads invariant 1(A) van de gemengde 


vorm F = f .g = Abi--tphi--ka xy || Xi Sky+ +E 


2S 


Onderwerpt men L A echter aan de contracties 
Canary Cogp...- Cras 
dan verkrijgt men een simultaaninvariant 
PEA eat A Be ciecem dat 
van ¢ gelijksoortige grondvormen 
Pe Albs---ips ki. he Xi, 0 Xip Fy s + Ekg 
Fy = Blovstp babe x1... Xin Ek, + + + Eggs CDZ- 


die lineair is in elk der coéfficiéntenrijen. 


§ 7. Bij de contractie spelen de symmetrie-eigenschappen van L en A 
een belangrijke rol. 

Dit moge blijken uit de twee volgende voorbeelden. 

1. De binaire gemengde vorm 


P= A" xy) bp A ag ey AAs es es + A” x, &, 


wordt symbolisch voorgesteld door F = ax at. 
f = ax en wy =az hebben geen invarianten. Wel hebben f/f, = ax en 


fo = bx de anti-symmetrische invariant 
L = (ab) 

terwijl wy, = ag en myo = fr de anti-symmetrische invariant 
A = (af) 


bezitten. Dan is 
I=[L A]=[(ab) (af)] = A" B?— A”? B21 — A” B24 A? Bu 
een simultaaninvariant van 
Py = Al¥ x; & en Fo = Bi x1 bx 
die symmetrisch is in de coéfficiéntenrijen A‘* en Bi*, 
Zijn F, en Fg aequivalente grondvormen, dan volgt hieruit een quadra- 
tische invariant 


I = 2(A11 A22 — Al2 A21) 


van de enkele grondvorm F = A‘¥ x; Ex. 
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2. Is de binaire vorm 
F=a}Za,=Ath! x, x, €, aketoh ee) 
gegeven, dan is 
I = (ab)? (af) 
de symbolische voorstelling van een simultaaninvariant van de gelijk- 
soortige grondvormen 
F,=aza, en F,=b? f, 
I = (ab)? is symmetrisch in de rijen a‘* en bik, 
A= (af) is daarentegen anti-symmetrisch in de rijen a! en f'. 
T= A"! B22 Ai,? B21 2 A121 B22 4. 
+ 2.A'2.2 B21 4 A221 Bu,2__ 42,2 Buys 


is dan een anti-symmetrische invariant van F, en Fp. 
Zijn FP, en Fg aequivalent, dan wordt / nul. 


§ 8. Uit de n isomeren van L(a,b, ...,1) en de n isomeren van 
A(a, B,...,4) kan men door contractie n2 invarianten van de gemengde 
vorm afleiden. Deze willen we uitdrukken in primitief-symmetrische 
invarianten. 

De invariant L(a, b, ...,/) genereert in ( de vector 


Dap eo tb Ly eye... Lo e,: 


Onderwerpt men de coéfficiéntenrijen a, b, ..., / in elk der isomeren L, 
aan de permutatie S-1, dan verkrijgt men de componenten van de vector 
Le. io 

want volgens § 1 (2) is 


Tipped oe ph alt Eel Yay 


De vector L wordt dus volgens § 1(3) aan de afbeelding S der reguliere 
voorstelling onderworpen. 
Binnen elk der ruimten Re) wordt hierdoor echter een irreducibele voor- 


stelling Is geinduceerd. 
Zijn nu 


bo «Ns i 
Diy = 2 se) Les Pieris eas 2) ¥C(T) 


de primitief-symmetrische invarianten van L(a, 6, ..., 1), dan heeft L langs 


bl volgens § 3 (7) de component 


n i 
— Le) 
No &k 
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en dan geeft de irreducibele voorstelling binnen Re) volgens § 1 (8) de 
betrekking 


l=1 perey Neo 


Li ed Ng i vast 
() = E st Ln etely ee ee 


l 
Hierin is 2 Lea de component van Le, langs (1), dus 
Ne It 


Li = = Ly 
RS 


—1 ; 
Derhalve volgt uit (2) 


_, (niet sommeren over S). . . . (3) 


i MD yee 
Le = > so Lin 
k (= es 


Met behulp van dezelfde irreducibele voorstellingen kan men de 
primitief-symmetrische invarianten 


Alo = 72 » S( sto) 5. =a tS) 
q ns 4 
van A(a, B,...,4) definiéren. 
Ook voor deze gelden dan betrekkingen analoog (3) 
Aly = 3 sly Al in oe ee (5) 
r=1 


De invarianten [Le Ate | zijn in het algemeen niet primitief-symme- 
trisch. Het is echter mogeliik. hiervoor een primitief-symmetrische basis 
te vinden, 

Men kan de betrekkingen (3) (waarin Lie, soup Le volgens slot § 3 
lineair onafhankelijk zijn) lezen als een voorstelling r o van ©@¢ in een 
no-dimensionale ruimte t() en de betrekkingen (5) als een voorstelling 
Io van Gt in een pediment ruimte Re). 

Uit (3) en (5) volgt nu dl 

Lt Ay = ¥ ¥ sf st sto Le , Ae, (SFG Ay ope oe 
pee 


Door contractie vindt men 


[La Ae | = > > st sto [Lh Ae], (S=E, A;..., Gato) 


Dit is een productvoorstelling van KRONECKER in een nz ne-dimensionale 
ruimte 8), Een dergelijke voorstelling I's XI’ is echter door transformatie 
met een matrix 


ola 


M=||m*2| Wiper ee): 


Ma Letitia ie 


8) Zie B. L. v. D. WABRDEN, Moderne Algebra II, pag. 196. 
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van de graad en de rang no ng te reduceren tot 

IVE Eel) Maer By cy Fai. er Dp een) 8) 
De coéfficiénten ci worden uitsluitend bepaald door de karakterrelaties 
der irreducibele voorstellingen. 


De betrekkingen (6) gaan dan over in cy + co +... + cr groepen van 
betrekkingen 


pi — > sty Pi ( sot eee 9 
ay Z, Pt eth ee ttesdt == Lise ef (9) 
waarbij 
ie He 5 Ree 
2) = ;|LoA 
Pe ae, ak ma 4, [Lp e | ‘gaol c ot Re eee (10) 
Indien echter voor nr functies Po) Ofpea eens tin) evan Ab, ..., Lode 
betrekkingen 
Po = ¥ si) Pro, x Coie Les Re CEL) 


gelden, dan zijn deze functies primitief-symmetrisch. 
Want stelt men 


a e et ) Po) = = K) 


Nr h=1 


(waarin Pe) de door Pr)gegenereerde vector is), dan is 


nl 
H ] ety CA 1 A 3 F 
X= Ko =— J lm Poe — JF lH Po) (niet sommeren over /) 
ee) Aepaai Jo Joh Nz h i 


ioe eRe ite st) Pe) ,=—D = ste Po) _, =volgens (11) = Pr. 
S Ye j 


Pr) wordt dus voorgesteld door ets ) K@, en is derhalve een primitief- 


pymmietfische functie van A, B,..., L. 
Door de betrekkingen (10) eres dus primitief-symmetrische invarian- 
ten verkregen, omdat deze voldoen aan (9). 


‘ ; es : : Mines 
Tenslotte kan men de invarianten [Le Ao | uitdrukken in de primitief- 
q 


symmetrische invarianten Pi, 
Is || M|| de inverse matrix van ||m||, dan volgt uit (10) 
[Lin Ate | cara, y Met Pi 
Lr t=1 f=1 j=1 BON iH 
he ids Ty cin « +) (12) 
BN ans Me 


asc nyt... terinear+(t—l)n 
24 
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Men kan de primitief-symmetrische invarianten P ook vinden, door elk 


der invarianten [Le At, voor zover niet reeds primitief-symmetrisch, met 


behulp van § 3 (9) te splitsen in primitief-symmetrische delen. Hiervoor 
moet men kunnen beschikken over de volledig gereduceerde reguliere voor- 
stelling. Het opstellen van de matrices || m*9 || is dan overbodig. 

De isomeren 


i p 2 i Pp 
[Lo Ate l, = [Le Aw y 
kan men vinden uit (3). Hieruit toch volgt 


Lt = E sh Lb. 1 yg? es Dons 


fet 
Deze methode heeft echter het bezwaar, dat men meerdere malen dezelfde 
primitief-symmetrische invariant vindt. 


Cristallography. — Afleiding van het symbool van een kristalvlak, wanneer 
de symbolen van vier andere vlakken, benevens de hoeken van het 
beschouwde vlak met twee dier vlakken, bekend zijn. By W. F. DE 
JonGc. (Communicated by Prof. C. B. BIEZENo.) 


(Communicated at the meeting of February 23, 1946.) 


1. Jnleiding. Wanneer van vier tautozonale vlakken de onderlinge 
hoeken bekend zijn en van drie dezer vlakken zijn de symbolen gegeven, 
dan kan het symbool van het vierde vlak met behulp van de dubbel- 
verhoudingen van GAUSZ—MILLER 1) afgeleid worden zonder dat de 
kristalelementen of andere constanten vooraf bepaald worden. Het meer 
algemeene probleem, waarbij de onderlinge hoeken van vijf willekeurige 
en de symbolen van vier dezer vlakken gegeven zijn en het symbool van 
het vijfde vlak wordt gevraagd, kan op overeenkomstige wijze worden 
opgelost met behulp van dubbelverhoudingen, welke wij in deze korte 
verhandeling zullen afleiden (zie nr. 3). In nr. 4 wordt een toepassing van 
het vraagstuk gegeven. 


2. Vier tautozonale vlakken. Een dubbelverhouding van de sinussen 
der hoeken tusschen vier tautozonale vlakken hy, (hy ky 11), ho (ho ke le), 
hg (hg kg ls) en hg (hg kglg) kan geschreven worden 2): 


hy ky l,| | hs kz ls 
sin(12) sin(32)_ | hokob| | Ayko 
sin(1 4)‘ sin(34)|A,k, | |hA3 kl 
hakyly| | hg ky ly 
of ook 
hy ky l| | hs k3 ls 
sin (1 2) sin (3 4) _ hy kl, ig key ly) BA aU 208%) 
sin (2 3) sin (1 4) hzk2l,| | hy kyl; 
hz kz l3| | hy ky ly 


waarbij van elk der matrices dezelfde kolom geschrapt wordt, zoodat de 
dubbelverhouding der sinussen op drie wijzen in determinanten met indices 
van de vlakken wordt uitgedrukt; sin (12) geeft aan den sinus van den hoek 
tusschen de vlakken Ah, en ho; enz. 


1) C. F. Gausz, Werke II, 308 (1831). 
W. H. MILLER, A. Treatise on Crystallography, 12 (1839). 
2) P, TERPSTRA, Leerboek der geometrische kristallografie, 111 e.v, (1927). 
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Voor het bewijs kunnen wij van de reciproke tralie gebruik maken 3); 
in deze tralie, waarvan de assen A*, B* en C* en de aslengten a*, b* en c* 
mogen zijn, worden de vier tautozonale vlakken voorgesteld door vier 
punten van één tralievlak, dat ook den oorsprong O* bevat (fig. 1); de 
voerstralen van O* naar de punten zijn de loodlijnen op de overeenkomstige 
kristalvlakken. Wordt, door vermenigvuldiging van de indices van elk vlak 
met eenzelfde getal, de eerste index in de vier symbolen gelijk gemaakt, n.1. 
aan h; hy hz hy, dan liggen de traliepunten, welke de vier vlakken voor- 
stellen, op een rechte tralielijn, evenwijdig aan het codrdinatenvlak B* O* C*. 
Projecteert men nu die punten, evenwijdig aan de C*~-as, op het vlak 
A* O* B*, dan zijn de symbolen van de projecties (hy hg hgh, kyhohzh4 0), 
enz. 

Elke dubbelverhouding der sinussen van de hoeken tusschen de _voer- 
stralen naar deze projecties is gelijk aan die der sinussen van de hoeken 
tusschen de voerstralen naar de oorspronkelijke punten (h, k, 1,), enz., en 
gelijk aan die van de overeenkomstige afstanden tusschen de projecties. 
Wij krijgen dus: 


sin (1 2) sin(34) _ afst (1 2). afst (34) ___ 
sin (23) sin(14)  afst (23). afst (14) 


__ {ks fra hy fay — ke fry fy hry) BY} f (eg fy Fag ng — beg hy Ag hg) BY} _ 
{ (kp hy Fis ng — kes hy Fa Ing) BY § (ey Fa Fes ry — beg Py fy a3) B*} 


(2) 


hy ky h3 ks 
neied h2 k, | hy ks 
| Ag k2| | hy ky 
| hs k; hy kg 


Op overeenkomstige wijze worden de twee andere uitdrukkingen van de 
beschouwde dubbelverhouding bepaald. 


3. Vijf willekeurige vlakken. Vermenigvuldigt men de indices van vijf 
willekeurige vlakken ho (ho ko lo), hy (hy ky l,), he (he ke le), hg (hg kz 13) 
en hy (ha k4l,), met zoodanige getallen, dat in alle symbolen de eerste 
indices gelijk worden, n.l. aan ho hy ho hg hy, dan liggen de vijf punten 
Ho, H;, He, Hz en Hy, welke in de reciproke tralie de vlakken voorstellen, 
in één tralievlak, evenwijdig aan het codrdinatenvlak B* O* C* (fig. 2). 
Er worden dan door die punten en den oorsprong vier viervlakken bepaald, 
tw. O* Hy Hy Ho, O* Hy He H3, O* Hp H3H4 en O* Ho Hy, Ag. 

Nu is de inhoud van een viervlak (fig. 3): 


T= ler, rz £3 in (1,23), <<, BEIM Bk’ -oh Rone (3) 


waarin Sin (1 2 3) het argument of de ruimtesinus van den drievlakshoek 


3) Zt. £ Krist. (A) 101, 317 (1939). 


ofA 


Het met punt 1 overeenkomende kristalvlak heeft tot symbool 


Fig. 1. 


(hy hoh3ha ky h2hg hs 0). 


Fig. 2. Het met punt Ho overeenkomende kristalvlak heeft tot symbool 


(ho hiheh3hs kohyhohghs Io hi he hg hs). 


YZ 


Ty To 3 iS: 

Sin (T 27s 

=V {1—cos?(12)—cos?(23)—cos?(3 1) + 2cos(1 2) cos (2 3) cos (3 1) } = > (4) 
= sin (1 2) sin (2 3) sin (1 2 3) 


sin (1 2 3) is de sinus van den standhoek op de ribbe ro. 
Voor onze vier viervlakken geldt derhalve: 


1/6 £1 fo 2 Sin (1 0 2) X 1/6 £3 £9 74 Sin (3 0 4) a 

1/6 £2 fp £3 9in (20 3) X 3/6 re; to r4Sin(104) 
__ Sin (10 2)Sin(304) __ opp A H, Hy Hy X opp A H; Hy Hi, 
~ Sin (2 0.3) Sin (1.0 4). opp AH, Ay H, X opp AW Ap Ay 


(5) 


Het oppervlak van een driehoek, waarvan de hoekpunten gevormd 
worden door drie punten m,n 1; mgng en mgng van een tralievlak met 
netparameters a en b en netmaasoppervlak Op», wordt voorgesteld door 


: m, ny, 1 
opp (1 23)='/,| mz n2 1| Op, 
mz 13 1 


De bovenstaande verhouding wordt dus: 


Sin (1 0 2) Sin (304) __ 
Sin (2 0 3) Sin (104) 


ki Ro ha hg hg Up Ro hyheg he OU Ke hg lh Figige by Noi hs eee 
ko hy hy hy hy 1p Ahhy hy | keke ee his hye 

__ lkghohy hgh, Leho hp hela Fl Vk, hpi ho gL ey ay 

© Lky ho hy hy hy Iho hyhs hg 1 |) ke hg hatia get, gis ay ee 
ky hy hoh3hy [gh,hoh3h, 1 peas [phy hohshy 1). 
k3hoh, hah, l,hohy hgh, 1) | kg ho hy hoh3s lhohy hah; 1), 

hi ky i | | Asks ls 

hig Keo lo | Peg feats 

_« Shake G4 thokale 

~~ lhekeb| | eh] 

hig ko by | | hy Ko tp 

hs ky ly | | hy keg la 


De rationaliteit van deze dubbelverhouding is reeds door GAUSZ aan- 
gegeven *), zonder dat echter de waarde werd bepaald. 
Vervangt men nog de ruimtesinussen door hun waarden (4), dan vindt 


4) Vgl. TH. LIEBISCH, Geometrische Krystallographie, 69 (1881). 
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men tenslotte: 
hy ky 1, | | hg ks ls 
- | Ago kg ly | | Ro ko lo 
sin (102) sin(304) | Ay kg} | ha kg ly 
sin (20 3)sin(104) | A, k.h| | Ay ky b 
Fig ke Io | | Ro Ko Io 
hs kz ls | | hy ky ly 
Hierin is sin (1 0 2) de sinus van den standhoek op de snijlijn van de 
vlakken door de loodlijnen op hy en ho eenerzijds en ho en hg anderzijds, 


3 


Big: 


m.a.w. de sinus van den hoek der bundelvlakken [h, ho] en [ho ho], in 
de stereografische projectie die van den hoek der bundelcirkels [hy ho] 
en [ho ho]. 


4. Toepassing. Wij keeren nu terug tot het in den aanhef genoemde 
vraagstuk. Zijn in stereografische projectie gegeven de vier vlakken 
hy (hy ky ly), ho (he ke lg), hg (hg kg lz) en hy (hg kg ly), waarvan niet drie 


Fig. 4: 
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in één bundel zijn gelegen (fig. 4), en wordt gevraagd het symbool van 
het vlak y (Ay ky ly), waarvan de hoeken met h; en hp zijn gemeten, dan 
berekent men trigonometrisch de met een punt voorziene hoeken tusschen 
de bundelcirkels en past in de punten h, en hy de formule der dubbel- 
verhouding (6) toe; voor hy, krijgt men dan: 


hy ky]y | | hz k3 bg 
Re Tel Beh 
sin (y 1 2)sin (314) __| hy kb | | ha ka ly 7" 
sin (2 1 3) sin (y 1 4) ha ke ba | byl Rll ec ae 
hy kyl, | | Ay ky 
ap eB a ey 


en voor hg een overeenkomstige uitdrukking. 
Uit de twee vergelijkingen kunnen de verhoudingen hy: ky: ly worden 
berekend. 


Voorbeeld. Van axiniet zijn gegeven 5) de hoeken tusschen de vlakken 
a (100); x (111); r (111) en s (201) en verder a) y = 28° 55’ en 
r/\o-=45" 132 

In a en r worden de hoeken tusschen de bundelcirkels met behulp van 
boldriehoeksmeting berekend, men vindt dan de waarden als in fig. 5 


sa’43', ° a 
cf 1 Ee alee eee . 
y 
Fig. 5. Het vlak y wordt door DANA®) M genoemd. 


aangegeven, 


5) J. D. DANA, A System of Mineralogy, 527 (1914). 


ip) 


Er geldt dan in a: 


hykyly||2 0 1 

0 0711.00 
sin 58° 43’ sin 26°50’ 20"  _|1 1414/11 1 
sin 24° 11’ 40" sin 109° 45’ 11 1 1 || Ay kyl, | 

100/|100 

7 SLA EAS Bi a 


Hieruit volgt 


ky + ly _ 

FT i 1,0003 
In r wordt overeenkomstig gevonden: 

ky + ly __ 

ie hse 1,0012 


Na geringe afronding komt er 
hytky :ly = 12120 


Grafisch kan de waarde der dubbelverhouding sneller worden gevonden, 
in a leest men de waarde 1 af (fig. 6). 


Fig. 6. De punten ax, enz. zijn de polen van de bundels [ax], enz. De 
transversaal T is evenwijdig aan één der vier stralen uit het middelpunt 
getrokken; de drie andere stralen bepalen stukken die zich verhouden als 1. 


Prof. Ir. J. A. GRUTTERINK dank ik hartelijk voor zijn belangstelling en 
ondersteuning. 


Delft. Laboratorium voor Delfstofkunde 
: der Technische Hoogeschool. 


Physiology. — The haemoglobins of the equids and of some other mammals. 
By C. Romijn. (From the Laboratory for Veterinary Physiology, 
Utrecht.) (Communicated by Prof. G. KREDIET.) 


(Communicated at the meeting of February 23, 1946.) 


In two previous communications (1942, 1943) the author described a 
photo-electric method, by which the rate of alcalidenaturation of oxy- 
haemoglobin could be estimated and the specificity of the pigments from 
foetal and adult blood in the cow had been studied. 

In the present article a spectrophotometric method will be described by 
which more accurate data could be obtained especially at low haemoglobin 
concentrations, when only 10 % or less undenaturated oxyhaemoglobin is 
still present. 


' 
O- Heo wn Na, HPO, 2 mot 


@= HAEMATINE (pH.12.59) 


imp) 


620 600 S8O S60 S40 520 500 480 460 


Fig. 1. 


Absorption spectra of oxyhaemoglobin of the elephant and its denaturation product. 
(Spectrophotometer after KONIG-MARTENS.) 


It is a wellknown fact that the two absorption bands characteristic in the 
spectrum of oxyhaemoglobin, disappear when the pigment denaturates at 
an alcaline reaction and the spectrum of alcaline haematine appears (fig. 1). 

At a wave-length of about 540m w and of about 580 m yw the difference 
in extinction of the two pigments of the same concentration is a maximal 
one and since VIERORDT has shown that the extinction of a mixture of 
pigments is the algebraic sum of the extinctions of the pigments alone, we 
can calculate the relative concentrations of oxyhaemoglobin and of alcaline 
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haematine when the extinction of the mixture has been estimated and the 
absorption coefficients of the two pigments are known. 


E>e,+e, 
jx ee 
A, A, 


A, and Ag are the absorption coefficients of oxyhaemoglobin and of 


alcaline haematine. 
When c; = x % then co = (100 — x) % 


ae 100 —x 
pana A, 


A Ar E— 100 Ay 
SA A. 


For the estimation of the denaturation-rate of oxyhaemoglobin I used a 
spectrophotometer of KONIG, MARTENS and GRUNBAUM (1903) at a wave- 
length of 540my and cuvettes of 10cm length. These cuvettes had a 
water-jacket of a constant temperature of 22° C which remained constant 
within 0.1° C. 


Procedure: 


The blood, withdrawn from the jugular vein was shaken with air and 
after oxygenation it was haemolysed by addition of saponine and then 
diluted with NagHPOy, 1/29 Mol. till the haemoglobin concentration was 
0.22 mg in 1 cc of solution. After centrifugation during half an hour with 
5000 rotations pro minute 20 cc of the clear oxyhaemoglobin solution were 
pipetted into the 10cm photometercuvettes and the temperature adjusted 
on 22.0° C. The extinction of the solution was estimated then at 540m u 
and Ay, calculated (cy = 100 % HbOzg). 2cc of a 1 N. NaOH solution 
were added and thoroughly mixed with the oxyhaemoglobin, From this 
moment each 5 minutes the extinction was estimated. After addition of the 
soda lime the concentration of the pigment is 0.2 mg in each cubic centimeter. 
When the measured extinction remains constant, denaturation in the cuvette 
is complete and the pigment is 100 % alcaline haematine. The pH of the 
solution had been measured with the hydrogen electrode and was in all 
cases pH 12.58. 

From the measured extinctions the percentages of undenaturated oxy- 
haemoglobin were calculated and the logarithms of these data plotted 
against the time (see previous articles). 

Blood of several equids was used e.g. of one pure-blood Arabian horse, 
of two French half-blooded horses and of a cold-blooded horse in 
comparison with that of six horses from Norwegian origin, the so-called 
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fjord-horses 1). Further, blood was collected from one common donkey, 
from two Nubian wild donkeys, from a Chapman zebra and from one 
mule 2). 

The results, obtained with blood of the equids are collected in Fig. 2. 

Fig. 2 ‘shows that all the investigated equids have only one haemoglobin 
in their blood, then the logarithmic alcalidenaturationcurve is a straight line. 
This is not in accordance with the results of HAUROWITZ (1938) who 
studied the sulfurcontent of horse-haemoglobin and who suggested that 
more than one haemoglobin should be present in horse-blood. 


Log YHbO, 
2000 
1.7504 
ed 
’ 
1.25075 
8 
Donkeys 
(+08) 
eies Mule(0O) 
0.750 
Norwegian 
Horses 
(0.0 #.#¢.4) 
‘ Horses 
0500 — 2 iseeda 
1e) 20 40 60 BO 100 Min 
Fig. 2. 


Alcalidenaturation-rate of the blood-haemoglobins of several equids. 


(22 Ge Die 2 OL 


Furthermore the haemoglobins of the true horses are quite identical, from 
the warm-blooded animals as well as from the cold-blooded ones. 

There is a striking difference between the bloodpigments of the 
Norwegian horses and the zebra on one side and the haemoglobins of the 
donkeys and the mule on the other. First animals have haemoglobins which 
are more sensitive to alcali and last animals have bloodpigments which are 


1) JI wish to thank the managing board of the circus “Strassburger” who placed these 


animals at my disposal. 
2) I am indepted to the direction of the zoological gardens “Blijdorp’’ in Rotterdam 


and “Artis” in Amsterdam for their worthful assistance. 
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less sensitive to alcali than horse-haemoglobin. The haemoglobin of the 
mule is identical with donkey haemoglobin. 

Since the Norwegian fjord-horses have still many characteristic resem- 
blances with the Asiatic wild horses, the s.c. Przewalsky horses, it would 
be very interesting to examine in this respect the blood haemoglobins of 
these rare animals. 

The haemoglobins of several other mammals have been examined in 
relation to their alcali-sensibility and the results are collected in fig. 3. 


Log YoHbO, 
2000 (8 


# 
1.750 


Goat 


Zebu (0) 
Antelope (a) 


abe Sheep 
ae Elepnant (0a) 
(¢.#.) Mane-sheep 


(4,+,) 


T Ns T 
O° 255075 100 125.150) 175 Pe0o less. 250° 8275" 300 
Fig. 3. 


Alcalidenaturation-rate of the haemoglobins of some mammals, 


f—VenG, Prikl 256; 


Fig. 3 shows that the haemoglobins of different mammals differ in 
respect to their alcali-sensibility. While in the cow and in other ruminants 
there is a very resistent form of haemoglobin, there are animals such as 
the elephant, the kangaroo, the carnivores and the apes, with a very 
sensitive bloodpigment. Especially the haemoglobins of the carnivores, the 
apes and of man denaturate immediately after addition of the soda lime 
and should be examined therefore at a much lower pH. In the blood of the 
kangaroo are two haemoglobins with different sensibility to-alcali, a 
situation which the author described in a previous communication (1943) 
for the blood of some new-born calves. 

An interesting result is the fact that haemoglobin of the African mane- 
sheep is quite identical with the bloodpigment of the common sheep, 
whereas in zodlogical respect this curious animal takes an intermediate 
position between the goat and the sheep. It is evident therefore that the 
affinity of some mammals to each other can be established by means of 
the examination of the bloodpigments. 
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Summary. 


The alcali-denaturation of the haemoglobins of several mammals has 
been examined by means of a spectrophotometric method. There are great 
differences in sensibility of the bloodpigments of different animals and the 
possibility of establishing their affinity to each other is discussed. 
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Mathematics. — Inequalities concerning polynomials and trigonometric 
polynomials. By J. G. VAN DER-CorPuT and C. VISSER. 


(Communicated at the meeting of March 30, 1946.) 


Introduction. 


1. This note is a continuation of that on the same subject by VISSER 1). 
Its purpose is to show that the method applied by VISSER is of a somewhat 
larger scope than might be concluded from the simple applications to which 
he restricted himself, and that, in a slightly generalized form, it leads to a 
number of inequalities of which those considered by him are special 
instances. 


ae, Let 
FE ean enet 


be a finite trigonometric sum. Let s and m be two integers of which the 
first is positive. Then 


s—1 2zipm 


‘Seo F (e422?) = Rmaeres, bs. A ice (1) 


p=0 S k =m (mod. s) 
and 
oy 20+ 
s 
s aS 
=f (= “Ky Vie , a i(—s—m+k)r 
e (3 ) Fi dt2is'+»' ee Ea ee 2 ) E 
, a i Ss 
reat 2 : k=m (mods) — 4 — m+ k 


s 
AS 
We obtain (2) when we multiply both sides of (1) by the factor e-i(5t™) f 
and integrate over the interval r<t <1 + — 2a 


-It follows from (1) and (2) that 
Max iF (Mant. - D0 «exe? |,0 ic eo ao. ..~ (3) 


k =m (mod.s) 
and 


| |FO) de 25 Max Da Si Sa nel oo vi wees) 


|k=m(mod.s) Sy + 
| ie 


In (4) there is equality if and only if for a value t= 1 for which the 


1) C. VISSER, A simple proof of certain inequalities concerning polynomials, Kon. 
Ned, Akad. v. Wetensch,; Amsterdam, 47, 276—281 (1945). 
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right-hand side of (2) has a maximum absolute value, the function 


__ evimt F(e) 


()= eist__eist 


is a trigonometric polynomial with a constant argument (we say that a 
function has a constant argument if all its values which differ from zero 
have the same argument; a function which vanishes identically has, 
accordingly, a constant argument). To see this, consider the function w(t) 
defined by 


y (0) == (—1)? etfst (ett ste) = et istt—*)) ==(—1)? etist(etst — est) 
for 
cf ee Oe 


The function y(t) has a constant argument, and. 


e()y(}=(—1re- Esk F(t). 


If p(t) is a trigonometric polynomial with a constant argument, then 
g(t) p(t) has a constant argument, and the left-hand side of (2) is equal 
to ‘ 


fire dt, 


so that there is equality in (4). Conversely, if there is equality in (4), then 
g(t) w(t) has a constant argument, and F(t) vanishes in the. points 


ee Feed (p— 0,1,...,s—1). Then F(t) is divisible by 


Ss 


2p 


s=1 i eld 
i (cae ‘Ss )\ gute eae 
p=0 


so that w(t) is a trigonometric polynomial, and since p(t) y(t) and w(t) 
both have a constant argument, the same is true for y(t). 

In what follows we shall consider some special cases of (3) and (4). 
We shall further apply our results to polynomials in a real variable, and 
cbtain some inequalities related to those of W. MARKOF 2). 


Inequalities with two coefficients. 


3. Suppose that there are two coefficients au, ay (a<v) such that for 
no other coefficient ax 54 0 we have k =u (mod. v—u). Put s = v—u 
and m = u. Then the right-hand side of (3) becomes 


Max | aue?#* '+--avel’t | = | au | + | av}. 


2) ‘W. MARKOoF, Uber Polynome, die in einem gegebenen Intervalle méglichst wenig 
von Null abweichen, Mathematische Ann, 77, 213—258 (1915). 
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Hence 
Max |F(t)| =| aw| + | av |. 
The right-hand side of (4) becomes 
4 Max |aue’"* + avel¥t | = 4| au | + 4| av]. 


Hence 
2% 


f (Reid > 4a.) +4] al. 
/ 0 
Denote the arguments of az and ay by a and f respectively. Let t be such 
pratt a ore 65, Len 
a,eiut 4- ayei’t 
attains its maximum absolute value for t —v+. There is equality in the 
second inequality if and only if 


_ eviut F(2) ef? F(t) 


() = tet iat — SI0H4 Bh — itutta 


\ 
is a trigonometric polynomial with a constant argument. 
For a trigonometric polynomial 


] kl Bee S ajeitt 


ae 
or order n, we have in particular 
Max | F(t)| 2 | a_«| + | ax |, 


and 


[ iFiiae > 4jae|+4|ar| 
0 


for all k ay In the last inequality the sign of equality holds if and only if 
F(t) 
‘eilkt+))_ e—i(kt—a) * 


where a = arga_x and £8 = arg ax, is a trigonometric polynomial with a 
constant argument. For a real-valued F(t) this means that 


Ba Eg 


sin (k t + f) 


is a trigonometric polynomial with a constant sign. 


Inequalities with three coefficients. 


4. Suppose that for three coefficients au, av, aw we have v—u = w—v > 0, 


386 . 
while there is no other coefficient ax 40 for which k = u (mod. v—u), 
Put s = v—u and m = v. The right-hand side of (3) becomes 
Max | aue—'8# + ay + avelst,| 


Suppose that ay is real and that a, and a» are conjugate complex numbers. 
Then this maximum is | az | + | av| + | aw |. Hence 


Max | F(t)| = |aa| + | av| + | aw]. 


For a real-valued trigonometric polynomial 


n 
Flt a 2S apeke 
P —n 
of order n, we have therefore 


] of 


This can also be stated as follows. For any trigonometric polynomial 


Fr ee ss + 2 (ax cos kt + bx sin kt) 
with real coefficients 
Max |F (t)| =|-5) + Wap + 8; 


for all Rose. 
or al oe 


5. Under the same assumptions (4) becomes 
zt , 
| | F(t) cb 4 Max| = "3 er 1A tee + ay est, 


Assuming also again that ay is real and that au and aw» are conjugate com- 
plex numbers, we conclude that 


0 


2% 


{ |F(t)| dt=4\a,|+$/aw|. 
0 
Hence for a real-valued trigonometric polynomial 
n 
F (j= Zap e** 
—n 


we have 


firw )| dt = 4{ay| + $|ax| 
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for all k . It is easily seen that there is equality only if F(t) vanishes 


identically. 


Polynomials in a real variable. 


6. Let 


P(u)= y Ax u* 
k=0 
be a polynomial in the real variable u. We denote by 
lee} cdg (it), nos 
the polynomials of TCHEBYCHEF. Tx(u) is defined by 
Tx(u) = cos kt, where u = cost. 


P(u) has a unique expansion 


P (u) =F Tx (a). 


We put 
n n eh 5 Rl et 
F (t) = P(cos t)= D2 cx coskt= Dex (dt Aan 
k=0 k=0 fs 
Now by sec. 3 we have 
Max |F(t)| = | cx | 
for all k am Hence also 
Max  P(u)| =| cx| 
-—ilSu=1 
for all k> a In particular 
= rene [Aa 
Max | P(ua)|=(|ca|= (TCHEBYCHEF); 
mit ej Yd 
Max | P(u)|=|cea |= 4%! for n=2 (W. Markor); 
1 ax | P (a) | =| ca |= “gna for n= ; : 
4An- ES 
Max | P(u)|=|cn- ee Uae eee Ae n= 4. 
—lfu=1 


7. Let us further denote by 
U, (a), U, (a), es 
the polynomials defined by 


Ux (u) — But se -, where u=costf. 
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P(u) has a unique expansion 
n 
P (u) = 2 dk Ux (a). 
We put 


ef(k+1)t__ e-i(k+i)t 


G (t)= P (cos £) sin t= 3 divsin (ke 4a) fae S di : 
k=0 k=0 2i 


Jee ate 


for all k for which k + 1 a 


By sec. 3 again we have 


Hence for these k 


[iP du=z {|G (| de=2|\ de) 


In particular 


’ 


» ne FN 
J POE ail — 
u)| du = a=i |= aoe fOr Nise 
fire Nf dace tat oe 1; 
fire u) | du=2 | dn_2|= a eee n=3. 
Another inequality. 
8. If 
F(t) = Sa; elt, 
then 


| F(t)|2 = S ax ay elke, 


where a, denotes the conjugate of a,. Hence 


| 

— 5, ei(k—lt 
| —7S pd ax a, e!| ! 
| k—1=0O(mod.s) 


Suppose that-there are two coefficients au,a,(u<v) such that for no 
other coefficient ax 4 0 we have k = u (mod, v—u). Then, if s = v—u, 


s— 2 = 
13 S| (+4 ae | = S| ax |? + (an ay et + ay ay ef), 
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It follows that 
Max | F(t) |? = 2 |ax |? + Max | au ay e~!** + ay ay e's | 
= Diag |? +2 | au av |, 


and 
Min | F (¢) |? = >| ax |? — Max | ag ay e~'5* + ay ay eft | 
= 3)| ax |? — 2 | ag ay |. 
This we apply, with u = —n and v—n, toa trigonometric polynomial 


F(ab eikt 
of order n. We find 
Max | F(t) ?= 3 ax |? +2|ana_2 |; 
=n 


Min | F(t) P= 5 De Data. 


Since 
Dlac?=7, | FO 2de= M/F OP, 


we can also write 
Max | F(t)? — It {| F (0/2) 2|ana—al: 
Min | F (¢)|? — Mt {| F (0 |?} S — 2 | an a_n|. 
9, Now- consider a polynomial 
3 Se" Reay toy et ae 


in a real variable u, Put 


3 / eft + eit f Tsaee AR 
FQ= At A: ( Jt. + An ( : 


=o e-int |. ee! = elt, 
Then 
Max |P(u)/ = Max | F (t)|?; 
es 
Min JP )|? = Min | F (#)|?; 
su 
“|p ae 


Ly ppl bh La F(#)!2 
* 05 a ; du =35 1" (t) |? det, 
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and so 
)\P= eon, 
nee ee Q2n-1’ 
Pi P(t t) |? | An|? 
Mi P a he lee st Br 
ae: | Pia) P= Vie du re 
It follows that 
| A, |? 
Max |P(u)?— Min |P(u) P=, 
-—lSu=1 —1Su1 Q2n 2 


which includes, of course, TCHEBYCHEF’s inequality. 


Appendix. 


We shall derive from (1) for a real-valued trigonometric polynomial a 
more precise result than the inequality (3). 

First we prove: 

Lemma. Let o be a positive integer. Then 


| 2 
\ —_— for o even; 
i A 


hale 22iq | sin 
Max i-2) Dy'eateaice 
—IS bg! q=0 
for o odd. 
sin — 
: 


Suppose that the maximum of the absolute value of 


7—1 2iq 
ACh fo) Nem hd ee ce 
q=0 
in the closed domain —1 S by <1 is attained in (b5,...,b%_,). We assert 


that each bi such that Besse —arg S(b*) = is equal to 1. Suppose on 
o 

the contrary that for some q : 

bo ae 274. _ arg S(b')| = 
If for this g we replace bt in S(b*) by 1, then S(b*) changes into 

| 2xig 

vd Sas es ee — bers 

and | T | >| S(b*)|, which is a contradiction. In the same manner we find 


that each b, such that. atid — arg S(d*) | hee equal to —1. 
oO 


Es 
ys 
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It follows that for o even the absolute value of S(b*) is equal to 


go—1 2819 — gay 271g | 


: g=1 orig 2 
ete eer os 5 
=0 = fo | i ws A 
: at, sin - 
0 
and that for o odd it is equal.to 
| 4-1) 27/9 o—1 eat 1 
ey Saisie ay pom 
=0 =4(7+1 Pas 
|g q=3(7+1) | sini 
20 


Next we prove: 


Lemma. If the integer « is prime to the positive integer o, and if 
—M<c,<M, then 


2M 
! for o even; 
ree | 2701 Pie | sin 6 
ae | | for o odd. 
ce chat 
sin 5 
For if 
q = pu (mod. o), OS q<oa; cp = Mby, 
then 


o—1 2at ple 7-1 2xig 


Dir Cpee ae Dates 
p= q=0 


0 


and the result follows by the first lemma. 
Now consider the formula (1). Let d be the greatest common divisor of 


s and m. Put s = do. The left-hand side of (1) can be divided into d sums 
of the form 


22ipm / - ’ 277i pu 


Beret rhe 28 | se F (++ 2), 
ole 


" eo) 


in each of which p runs through o consecutive integers, and where m = du, 
The absolute value of each of these d sums is, by the preceding lemma, at 
most 


ee Max | F (t)| for o even; 
sin a 


sin —— 


eee Max | F (t)| for « odd. 
20 
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We have thus proved: 
If d is the greatest common divisor of s and m, and if s = do, then any 
real-valued trigonometric polynomial 
F(t) = Dare" 
satisfies the inequality 


Max | F(¢)| = 2 a ape ae 


Mae (mod. s) 


where 4 = $0 sin— = for o even, and i= o6 sin = -~ for o odd. 


Mathematics. — On Unities and Dimensions. II]. By H. B. DorGELO and 
J. A. SCHOUTEN. 


(Communicated at the meeting of March 30, 1946.) 


This table leads to the following relative dimensions for the four 
systems mentioned above (rationalized as well as not rationalized) 1): 


|_Electromagn.; Giorgi | Electrostatic | Gauss 
cg. s m.kg. s. Cres: Ggrs: 
[Aj=f) =?) | eS) kK = [eI = [] 
NX A 

Q|[mir] | [4] [m' Peet] |[m'e Pes [q] 
F [ [m2 Cs 2] |[mle?2 qr] | [m'l-e 1) | [melee]; [m 1-2. qu] 
BS 3 Ei tent sel i | Ce (mete Ti (morte); [E*q] 
Hi |[mibriee | [Ft et g) | [meth] | mithety [2 q] ae 
B | [m'ht-s¢—] | [mt qt] | [me Fh] | [mht]; [m1 -?2. q"] 
e |{F*e"] [m1 t? q?] | [1] 1] [m-lt?q*] 
» | [1] [m 1 q-?] [Ee] [1] [mE t-2q7?] 
E | [m2 ¢-2] | (m2 tq) | [m'e fe 4) | [m'e 4 1]; [mB 2 q-] 
Beary De") 1 {6 q] fra Os ehh tevin 2) [eX] 
R | [ie] imPto-7] ie A fies [mt q-?] 


From this table we see that the relative dimensions, expressed in terms 
of m, l, t and q are the same for the three systems to the left. This is due 
to the special values of the seven constants in these systems and leads us 
to the question if it is possible, by introducing more fundamental units, to 
get dimension formulas valid for all systems. There being six constants 
left after the introduction of q it would be necessary to introduce six more 
fundamental units. If we make the condition that the constants m and y: 
in (4.1 g, h) have the dimension [1], a reasonable condition, satisfied by 
all usual systems, we get the relations 


fay pl ents}: ikiean ff ope j=l ty © (5.3) 


and there are only four additional fundamental units needed. Another not 
unreasonable condition, satisfied in all usable systems, is that a be 
dimensionless 


Fa Vacs LE [gy Meade ais patonse Van ls. #0524) 


1) {t is useful to remark that the relative dimensions in m, I, f, q indicate how the 
orthogonal components change, if not only the fundamental units of mass, length and time 
are changed but also the fundamental unit of charge, i.e. if h’ is changed but a, k, k’ and 
h keep their values. 
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Then only three additional fundamental units are needed. It is plausible 
to take for the first two the units of ¢ and w. For the third unit can be 
taken for instance the unit of the magnetic flux @ with the dimension 
[ml2t-1 q-1] [k’a-1] (KALANTAROFF) or the unit of magnetical pole- 
strength P.(surface integral of H) with the dimension [lt-1q] [k-1] 
(SOMMERFELD). From 


[e]=I[e}; [elle]. - = ee ep 
[k’ al = (mm P th get © or: (kl Wie aa * 


five of the constants a, k, k’, h, p and p’ can be eliminated. (h’ was already 
eliminated with the aid of q). Using (5.5) for'the elimination of p and 
p’, (5.3) gets the form 


la hjastaP tence [kk an) lt TG? alee eee 
The constant a could be eliminated using (5.4). From (5.6) either h and 
k or h and k’ (but not k and k’) can be solved: 


Lag Eq? ul [ka a) 
[A) == ml? here el las or > (558) 
Ed il a fy [ka] / 


and this leads to the dimension formulas 


Failte? q'| iat] 

Dimitra et (a4) 

ELS imitshqh! ens] [eae] One a tee iit 

Bas [mt qm] [ka] of [te oul ik eee 
& 2) Leta Legal 

ie ae) 


R: [mPt'q [a] 


‘only containing the constants a, k or a, k’. Using ® or P to eliminate k’ 
or k respectively we get 


H: [l-? ®@u-'} or [l-? P] | 
B: [24] or [I Py) 


It has = be remarked that it is not possible to use one of the quantities 
F, D, £, I or R instead of © or P because in their dimensions neither k ~ 
nor k’ occur. a can be eliminated without using (5.4) by introducing a last 
fundamental unit, for instance the unit of R and-then we get dimension 
formulas containing m, l, t, q, «, u, ® or P and R, valid for all possible 
systems satisfying the conditions that m and w be dimensionless. 

Now the introduction of a fourth fundamental unit, for instance Q, is 
certainly very useful because by this introduction we can get rid of 
fractional exponents. But it is highly questionable if the introduction of 


(5. 10) 
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more than four fundamental units yields any practical profit. Till yet no 
practical profit seems to have appeared. Instead of q another unit can be 
chosen. In order to facilitate comparation we give here a table of the 
relative dimensions for different choices of the four fundamental units. 
This table is valid for the electromagnetic system, the ‘electrostatic system 
and the system of GIORGI. 


gilrad eine mite’ ltFH lt EI | Itqd | 
| (Giorgi) (Maxwell) (Oberdorfer) | (Kalantoroff) 

Q:\q mille Re | le tl la 
F:|mle?q? | mikt“h Rt | F IE Fee 
DPS eee tn eI eR | Fe Seed pear | 
H: | f't@%q 9 | mth Roh | H Saved Petg 
Bi lmt'q7 | mbMekRh |tF | tE 12 @ 
e: ml q? -1tRo MeFOH|MtE3~ |b tq 
we: miq? |e7tR jue RA asl 200 Oe iM tq® (5. 11) 
Peni gi mklta Rib LE” E t1@ 
I: tq m'h [t- Rob | 1H il ot 
etd oR ois im \EI han? 
®:)mP tq" |mbiekR | tk \tE @ 
Sek * f° g*| t.R-! ie sraal whee cele? tq @ 
L:\mPq? |tR tFH |\tEP tq 
M: | m m PFH ([?fEI (ltq@ 


The system with m, I, t, R is not recommendable because of the fractional 
exponents. In the other systems without m the dimensions of the electro- 
magnetic quantities have a remarkably simple form and there is a certain 
charm in the duality between F and H or E and / or q and @. But the 
dimension of m in these systems appears highly artifical and not fit for 
practical use. Therefore, in our opinion, the system with m, 1, t and q is 
certainly the best one. There is another fact that tells strongly in favour 
of taking the unit of electric charge as the fourth fundamental unit. The 
electric charge represents a property of material phenomena as essential as 
mass, length and time and independent of these three. 

Now SOMMERFELD 2), reasoning in a similar way, proposes to introduce 
a fifth fundamental unit, basing his opinion on the fact that a neutron has 
a magnetic moment but no electric charge. He takes five fundamental units 
m, 1, t, qand P (pole strength). Then k can be eliminated 3): ~ 


kj ete Po] 1 ee. a (5:12) 


2) Ann. der Physik V 36, 335—339 (1939). 
3) SOMMERFELD writes V instead of k and F. HUND, Eine Ubersicht iiber die elektro- 
magnetischen Einheiten, Phys. Zeitschrift 39 (1938) p. 376, writes y instead of k. 
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After that, chosing 
faJ=([H; TAJ=O)s I=); [e]=lY]=1] - (5.13) 


as in the four (not rationalized) usual systems, the dimension formulas take 


the form 
F : [mle?q"'] = [dyn] [q7'] 
D: [lq] 
H: [l-? P] 
B: [ml t-? P-'] = [dyn] [P] 2 6.18 


is) 


: [mB 2 q?] = [Ao cq? 


: [m2 13 2 P| = [ht P?] 


ee re 


expressing a rather fine duality between F, D, Q, « and B, H, Ps : 


If we take instead of P the magnetic flux @, k’ can be eliminated: 
(ke SI 2 ee ePfal 2. eee 
and with the same assumption (5.13) we get 


F: [mle?q"']=[dyn] ("J 

D2 {ied 

H: [ml t-? &-'] [dyn] [O'] ; 

B: [I 4] Pac; pede ane 
e: [mB q|= [h- 11 g?] 

we: [mI Pe @ |= [hoo @y 


expressing a duality between F, D, Q, « and H, B, @, wu. 

The system of five fundamental of SOMMERFELD as well as the other 
system satisfy really SOMMERFELD's condition that the dimension formulas 
be “méglichst einfach und sinnvoll”’. But, k = k’ being no longer dimen- 
sionless the equations (4, 13a, c) take the form (for h = 1) 


kV XFtB=0 


; (5.17) 

D—kVXH=—420e8 
with a dimensionated constant. This appears rather artificial. If these 
systems of five fundamental units do not yield any more practical profit we 
prefer the system with four fundamental units in m, 1, t and q. 
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§ 6. The electromagnetic equations independent of the choice of the 
coordinatesystem. 


We start from the equations (4. 13, a, b, c, d), written in full 


def ] re) \ 
a) k’ 0, F? — k’ 0, F? +c, B'=0; ae 
b) 0, B'+0,B8?+0,B7=0 
Cc k k 
c) duh wag ott gq = en! i 28 5,,(6.1) 
d) ae emtor ppt 5 b= 
4nh"! 4nh ” tah ee 


CVeel cao, 


and try to transform them in such a way that they contain only invariant 
differential operations. (From now on we take the fundamental tensor 
negative definite in view of the relativistic formulas in § 7.) In (6.1 a, b) 
this is only possible if F is looked upon as a covariant vector and B as a 
covariant bivector, both ordinary and not pseudo because the electric 
potential has no screw sense. g in (6.1.¢,d) can have no screw sense and 
can only be a (WEyYLian) density of weight + 1. That implies that D is a 
contravariant (WEyLian) vectordensity of weight + 1 and H a contra- 
variant (WEyLian) bivectordensity of weight + 1. Hence (6.1) can be 
written in the form: 


a) 2 a Fo) + 04 Bes =0 

b) Ota Ben} = 0 

a pig nO? + ta, =— 2 ut ; ab,c,d=1,2,3). (6.2) 
d) ppd De 


containing only invariant differential operations and this is the only way 
to do it. (6.2) having the invariant form it can be written in general 
coordinates: 


2 x. Sede FAB 0 


Oe Bya = 0 
1 ~ k 3 O54 NAO 1 2y.3. fp 10.3) 
ict ea Sah al ari 


26 
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The figures of the four quantities Fs, D*, Bys, $25 are (see Figs 4): 


BSS aut es 
9h 8 ip kh 
Fig.'4. 


Fe 


From these figures we see that the relation between F and D and between 
H and B in an isotropic medium can only be established by means of the 
fundamental tensor because it requires the notion “perpendicular”. 

With respect to general coordinates the equations (4.13 g, h) take the 
form 


D« =_ = é git g%8 Fe 
; (6. 4) 
Bys = nhiakcue 9") Jy gaa H* 
in an isotropic medium, In a not isotropic medium we get 
/ \ 
pes SHR care | 
(6. 5) 


where ¢7° and jygaé are affinordensities of weight + 1 and — 1 respectively. 

In order to derive the absolute dimension, i.e. the dimension of the general 
components, from the relative dimension, we remark that the orthogonal 
components of the radiusvector get a factor / if the unit of length is 
transformed but that the general components remain unchanged. That 
implies that the absolute dimension can be derived from the relative 
dimension by adding for each contra~ or covariant index a factor /-1 or I 
respectively and an additional factor P' for a density of weight f. Hence 
g** has the absolute dimension /-2 and giz the absolute dimension /?. From 
(5.1) we deduce the following table for the absolute dimensions (the 
absolute dimension of a scalar is equal to the relative dimension): 


Fe : [mht] [h’"ha] = [ml?t'q7'] [a] 


D* os [m'bPhe | [hh] = [aq] [rl 

G°F 2 [me Pee?) [kh] = [eq] [k*] (6.6) 
Bya + [meth] [kha] = [mP tq") [ka] . 
8 ; [I] [hh’a] = [ml q?] [ha] 


Moyaat [OP] [kh hota] = [mPq?] [kk a”) 
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From this table we get the following absolute dimensions for the four 
systems mentioned above 


Electromagn.; Giorgi Electrostatic Gauss 
CAgnS. m.kg. s. c.g. 5. ergs. 
NX Z 
[mil Pls 2] | [mle ?t2q J =[he q7] | [meet] | [mila]; [mPt-2q-] 
[min] - | [a] | [m'sPht] | [mise]; [q] 
[m'sPoe] [4] [mis Pee] | [mete]; [0-4] 
[m' Plt] | mPe—'q-]=[hA gq] {[m'21'h] [m' Pt]; [mB 2 q7] 
[Fe] free =[ieg’ | [0s [m1 q" 
Moya: | [0 [m?q-?]=[h tq] [I 2] (0; [mite q] 


The absolute dimensions, expressed in m, I, t, q are the same for the three 
systems to the left and they differ from the absolute dimensions for the 
system of GAUSS only by factors /t-1. 

Here follow several examples of the relations between the absolute 
dimension and the possibilities of the construction of the figure of a 
quantity. 


1. Electric field strength Fg: [ht-1 q-1]. 

If an electron is at rest in O in a field Fg in a gas with a radiation 
frequence v, the radiation begins where the energy of the electrons is hy. 
If a magnetic field is added this does not change the energy of the electron 
because the force due to this field is perpendicular to the velocity. Hence, 
if the magnetic field is changed, the locus of the points where radiation 
sets in is just the second plane of.the covariant vector = Fg if the first 
plane is taken through O, That means that the radiation itself draws in 


. e 
space the covariant vector ip Pe 
Vv 


2. Magnetic induction Byg: [hq-1]. 


a. A moving electron in a magnetic field is subjected to “the force 


Rey Be ae a ae (67) 

perpendicular to the velocity. According to the theorem of HUYGENS this 
2 

force is R being the radius of curvature of the path. That implies that 


the electron describes a helical line with an axis in the direction of B. If 
the cylinder of this helical line has a perpendicular section with an area O, 


the moment of momentum is u e BO. According to quantum theory this 
: Mf 
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moment of momentum has to be a multiple of os Hence, » being the 
aU 


quantum number of the movement we have 
2€BO=gh | vale . eee 


From this it follows that the cylinder of the path represents just the 


2e } 
covariant bivector = per: Hence the moving electron itself draws in space 


the bivector Byg provided with a factor that can be computed if the quantum 
number of the movement is known. 


b. From 
[a qt] 23 Ri lal Se ee 


it follows that the bivector Byg can be constructed if the units of resistance 
and electric charge are known. We can use a flat coil, connected with a 
ballistic galvanometer. The sense indicating the positive sense of the 
galvanometer makes from this coil a contravariant bivector f7% (cf. fig. 1). 


The scalar 


(6. 10) 


area coil 
area section of B.z with plane of coil 


If, fe? Bee 
’ 


is the magnetic flux through the coil. This flux is + if the sense of [2° is 
the same as the sense of Bag: If R is the resistance of the coil and N the 
number of windings we have 


R » 
Wy | 1th ft Be St ae ke ere 


if the coil is withdrawn suddenly from the field. Accordingly 


area section of Bag with plane of coil = oe Rime (ove be) 
Hence this method enables us to measure the section of the tube of Bag 
with every plane. Bag is fixed by measuring in three different planes. 


3. Magnetic field strength $*%:[t-1q] and electric displacement 
D* : [q]. 

These quantities are mere calculating quantities and cannot be 
measured directly. In fact a moving charge is only subjected to forces 
depending on F and B. Hence the measuring of H and D is always based 
on a measuring of directly measurable quantities as mass, length, time, 
charge, F and B, from which H and D can be derived by calculation. 
Notwithstanding this the construction of the figures of H and D does not 
require more units than is indicated by the absolute dimension. For instance, 
to construct D* in a condensator it suffices to measure the charge of the 
condensator by means of a ballistic galvanometer, requiring only the unit 
of electric charge. If then the lines of force are drawn (this requires only 
the knowledge of the form of the condensator and not of its absolute size, 
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hence no unit of length) and if a definite tube has the charge AQ, a little 
piece of this tube represents the vector density D* so much the better 


according as AQ is smaller. Of course, to determine the orthogonal com- 
ponents of D the unit of length is required. Similarly the construction of 
the figure of the magnetic field strength 67° of a definitely given current 
requires only the unit of electric current. This is in accordance with the 
absolute dimension [t-! q] of §%° and I. 


§ 7. The electromagnetic equations in fourdimensional invariant form. 


If, starting from the equations (6. 2) in orthogonal components we write 


Cc Cc def of def = def k Z \ 
p/ Baw ——_ k’ Bos Say ale 4ah 7 = —4ath ACs De; Aes Saye es He 
Bre def val 
ga — © ya. eae ( ) 
c 
Beachy 2190) 
the equations (6.2) can be written in the form 
OE AEA Se bay a? pe 
0j wet a 6h 


having the fourdimensional invariant form if Bin is a fourdimensional 
covariant bivector and %/* a fourdimensional contravariant bivector density 
of weight + 1. (7.2) having the invariant form it can be written in general 
coordinates: 


Of Bua = 


Ou oe — — 3 


Be “pyre Ren eezad bag 8 AE Sarena rar aial 1 (>) 


From (5.1) we get for the relative dimensions of ‘Bin, %* and 5" 
Bint [mt-' qa] [Kk aM] 
ising Lage eee kre) 
Bt [al 
In order to derive the absolute dimensions from the relative dimensions we 
have in four dimensions to add for every covariant index a factor /, for 


every contravariant index a factor /-1 and for a density of weight + la 
factor /4. Hence the absolute dimensions are 


Bu: [m2 te ' q7] [kK a] = [hq] [k’ eat) 
o” : [q] emp. Shred) (he) 
s* : [ql 
From this we see that %*4 and 8* have the absolute dimension [q] in all 


possible systems and that Bix has the absolute dimension [h q-1] in the 
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electromagnetic and the electrostatic system and the system of GiorGi and 


the dimension [c hq-1] in the system of GAUSS. 


§ 8. Conclusions. 


I. As we have seen in § 6, F and B are ordinary quantities and D and 
H densities. F and B are measurable and D and H only calculating 
quantities. In § 7 we have seen that F and B are components of one four- 
dimensional bivector and D and H components of one fourdimensional 
bivectordensity. Hence there is an intimate relationship between F and B 
and also between D and H. This relationship is also to be seen in the 
formulas for the relative dimensions (cf. (5.1)) 

Be [mltcig- | fac 
D: [fq] [A] 

Hi: [Ft tq) (k7] 
B: fatig lik act 

Apart from the constants a, h, k, k’ the dimensions of F and B differ 
only by a factor [1 t-1] and so do the dimensions of D and H. If we choose 
[k] = [lt-1] and [a] = [h] = [1] as in the system of Gauss the 
dimensions of F and B and also of D and H are equal. 

The relationship mentioned does not hinder that the figures of F and B 
and also of D and H are quite different (cf. fig. 4). But that is due to 
the fact that in both cases the two components arise in quite a different 
way. F and D arise by dropping the index 4 in Bs, and #2 and B and H 
by simply equalizing orthogonal components, 

Anyhow there is no reason to conclude that F and D or H and B are 
intimately related. This conclusion is not in any way affected by the fact 
that, using orthogonal coordinatesystems and ¢9 = 1; wo = 1, the com~- 
ponents of the calculating quantities D and H in vacuum happen to be 
equal to the components of the measurable quantities F and B respectively. 
The only resemblance between F and D and between H and B is that in 
the derivation of F and D from the fourdimensional quantities the time- 
axis is used whilst H and B are derived without using the time-axis. 
(That makes clear why in the absolute dimensions of Fs and $7 


(8. 1) 


next to A and q also ¢ occurs and in the absolute dimensions of D* and 
Bys only h and q (cf. (6.6)). 

II. In connection with a publication of SOMMERFELD 4), WESTPHAL 5) 
has proposed to call B (and not H) the magnetic fieldstrength and to 
introduce H (called by him magnetic ‘““Erregung’” or magnetic displace- 
ment) as a surface density of a magnetic “charge” (H = Lien P = pole 

t 


O 


strength).. Now the name magnetic fieldstrength is not so bad, in fact 


4) Zeitschr. f. Techn. Physik 16, 420 (1935). 
5) Zeitschr. f. Physik 119, 164 (1941). 
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the formula of the force an electron in a magnetic field is subjected to 
contain B and not H. However it has to be remarked that a change of names 
mostly leads to mistakes if it cannot be carried through thoroughly and 
generally. Better a bad name generally accepted and understood as a 
good name used -only by a part of the authors. But there are serious 
objections against calling H a magnetic displacement. The figure of H 
(cf. fig. 4) is not the figure of a displacement (a tube) and magnetic 
“charges” do not exist. More important than the giving of names is that it 
becomes absolutely clear, that F and B are measurable quantities and D 
and H mere calculating quantities. 

Ill. There is only one reasonable method of rationalisation (the other 
leading to units unfit for use), and, using the system of GiorGI this 
rationalization is certainly recommendable. It not only simplifies the 
formulas but the unit of H, the ampere winding pro meter, is more fit for 
practical use than the oerstedt. But it may be remarked that apart from « 
and w only H (a calculating quantity) gets another unit by the rationali- 
zation and that, therefore, the whole question of rationalization or not 
rationalization is not so very important. The amount of time spent in dis- 
cussions on this subject seems not to be in any way justified by its real 
importance. 

IV. The systems with three fundamental units are unpractical because 
fractional exponents are a nuisance in all calculations. Therefore we think 
it absolutely necessary to introduce a fourth fundamental unit. The unit 
of resistance cannot be chosen because then the fractional exponents 
remain. There is no such strong motive for the introduction of a fifth 
fundamental unit, and at present it is not to be seen if this introduction 
can yield any practical profit. There does not exist a system of four 
fundamental units complying with all wishes of investigators because these 
wishes are different according to the many different fields of investigation. 
In ordinary mechanics one would certainly prefer to write for the dimension 
of an energy [m/2t-2], but an electrotechnical ingeneer will prefer some- 


times [t £1] and in investigations concerning atoms the form [A t-1] is 
convenient. Now here is a way out, we can adopt one system of funda- 
mental units and use next to the ordinary dimension formulas belonging 
to this system, other formulas more convenient for special purposes. In 
fact, once a system of fundamental units being accepted all changes of 
dimension formulas are effected by factorization of a product in different 
ways. 

Concerning the choice of the system to be accepted, personally we prefer 
the rationalized system of GiorGI with m, 1, ¢ and q. Till yet the question 
is not settled internationally. For the present the subdepartment of tech- 
nical physics of the Technical University of Delft has decided to use the 
not rationalized system of GiorG! and in one of the last meetings of the 
Netherlands Physical Committee the Committee has also provisionally 
accepted this system, 


Mathematics. Sur l'approximation de fonctions abstraites. By A. F. 
Monna. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 30, 1946.) 


1. Chaque fonction réelle bornée (c.a.d. une fonction bornée dont les 
valeurs sont des nombres réels), définie sur un ensemble arbitraire V, peut 
s'écrire comme limite d'une suite uniformement convergente de fonctions, 
dites simples, dont chacune ne prend sur V qu'un nombre fini de valeurs 
distinctes. 

Dans ce qui suit nous étudions ce que devient de cette propriété si on 
remplace la fonction réelle par une transformation univoque arbitraire de V 
en un espace métrique arbitrairement donné E. 

La distance de deux points a et b de E sera désignée par d(a, b). 

Définition. Une transformation univoque de V en un ensemble fini de 
E s'appelle une fonction simple. 

Soit f(x)(xeV) une transformation univoque arbitraire de V en E. 

Probléme. On demande des conditions nécessaires et suffisantes pour- 
que [(x) soit approximable uniformement par des fonctions simples. Donc, 
sous quelles conditions existe, e > 0 étant donné, une fonction simple p(x) 
telle que 

d(f(x), p(x))<e 
pour tout xeV. : 

Disons qu'une fonction qui posséde cette propriété est de premiére classe. 
En désignant par A l'ensemble des valeurs de f(x) pour xe V (donc 
A cE), ona: 

Théoréme 1. Une condition nécessaire et suffisante pourque [(x) soit 
de 1-re classe est que A est totalement borné. 

Démonstration. 1. A soit totalement borné. Cela signifie que pour tout 
é > 0 donné A est la somme d'un nombre fini d’ensembles A; disjoints avec 
diamétre < «: 


A=A,+...+An,, AiAj =0 (i 4)j). 


Soit Vi le sous-ensemble de V qui par f(x) est transformé en Aj; on a 
Vit+...+Vi=V, ViV; =0 (ij). Soit ae Aj. Alors ‘la fonction 


ox) er? poutive Vim ecient 


est l’approximation désirée. 

2. Supposons que f(x) est approximable uniformement au sens indiqué. 
Pour « >0 donné il existe une fonction simple g(x) telle que pour tout 
xeV 


d(f(x), p(x))<te. 
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Supposons que w(x) prend les valeurs distinctes a;,...,an resp. sur 
Mire one eaee tt Vg =" VS Dari f(x), -V7;.«-; Ve sont transformés 
en A,,...,An; A= A; +... + An. En désignant par ai, Bi, ... des points 
de Ai, on a donc 


Il s'ensuit 

d (a;, Bi) << d (aj, ai) + d (ai, Bi) Czet eee, 
donc la diamétre de Ai est <<. La décomposition désirée est donc 
A—A,+...+An de sorte que A est totalement borné. 

Conséguence. Si A est totalement borné, A est séparable; en vertu du 
théoréme d’URYSOHN le théoréme précédent peut donc s’exprimer comme 
il suit: 

Pourque f(x) soit de 1-re classe il faut et il suffit que A est homéo- 
morphe a un sous-ensemble du cube fondamental ]No de HILBERT. 


En effet, chaque pareil ensemble est totalement borné, puisque Jo lui- 
méme est totalement borné. Inversement, chaque espace métrique séparable, 
a fortiori chaque espace métrique totalement borné, est topologiquement 


contenu dansJ&o, Si EF est de dimension finie, on a méme: A est homéo- 
morphe a un ensemble borné d'un espace euclidien 4 n dimensions. 
Quant aux fonctions qui ne sont pas de l-re classe, on a le théoréme 
suivant. 
Théoréme 2. Une condition nécessaire et suffisante pourque {(x) soit 


approximable uniformement par des fonctions, qui sont chacune limite 


d ordre fini ou transfini — pourvu que dans ce dernier cas l’ordre de la 
limite est dénombrable — de fonctions de 1-re classe, est que A est 
séparable. 


Remargues. On peut considérer le systéme de fonctions 


fF (x) =lim lim... lim f;,...1, (x) (nasclt25 5:3) 


ty Pls 


oP fi,...i,(x) est une fonction de 1-re classe. Ensuite on construit les 
fonctions 


* 


F(x) =lim f(x), 


n?>o 
f+ (x) = lim FP (2). 

On continuera ce procédé transfiniment sous la condition de se restreindre 
a des nombres ordinaux dénombrables. Alors le théoréme exprime que la 
séparabilité de A est nécessaire et suffisante pourque f(x) soit approxi- 
mable uniformement par des fonctions appartenant au systéme ainsi con- 
struit. D’ailleurs, on verra immédiatement que chaque fonction qui est 
approximable d'une telle fagon, l’est déja par des fonctions qui ne prennent 
sur V qu'une infinité dénombrable de valeurs distinctes dans E, donc qui 
transforment V en un sous-ensemble dénombrable de E. 


” 
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Démonstration. 1. A soit séparable. ¢ >0O étant donné, construisons 
pour chaque point a de A le voisinage d(a,a) << (a¢€A). En remarquant 
que, a cause de la séparabilité de A, chaque recouvrement de A contient 
un recouvrement dénombrable, on voit comme dans la démonstration du 
théoréme 1 que f(x) est approximable uniformement par des fonctions qui 
ne prennent qu'une infinité dénombrable de valeurs distinctes de E. 

2. Inversement, soit d’abord 


f(x) = lim fi (x), 


7 


iv-@ 
ou fi(x) est de 1-re classe. A cause du théoréme 1, A; — l'ensemble des 
valeurs de fi — est totalement borné, donc séparable. Pour chaque i soit 


a\)(n = 1,2,...) un ensemble dénombrable partout dense dans Aj. On 
voit alors que chaque point de A est point d’accumulation de l'ensemble 
dénombrable des points al!) (i, n = 1, 2,...). Il s’ensuit que A est séparable. 
Puisque un ensemble dénombrable d’ensembles dénombrables est dénom- 
brable, on voit que la séparabilité est conservée aprés chaque passage 4 la 
limite, pourvu que l'ordre de la limite soit dénombrable. A est donc sépa- 
rable pour chaque limite dénombrable transfinie. I] suit alors de la partie 1 
de la démonstration que f(x) est déja approximable uniformement par des 
fonctions qui ne prennent qu'une infinité dénombrable de valeurs distinctes 
de E. 

Selon le théoréme de métrisation de URYSOHN la condition du théoréme 2 
peut étre remplacée aussi par la suivante: A est homéomorphe a un sous- 
ensemble du cube fondamental de HILBERT. 

Nous dirons que les fonctions, dont il s’agit dans le théoréme 2, sont de 
la deuxiéme classe. 

Il y a une relation entre les deux classes. 

Soit f(2)(x) une fonction de la 2-me classe; l'ensemble correspondant des 
valeurs Al?) est donc séparable. Chaque espace métrique séparable est 
homéomorphe a un espace métrique totalement borné; il existe donc une 
fonction biunivoque, bicontinue F qui transforme A(?) en un espace totale- 
ment borné A(1). I] s’ensuit que la fonction, définie sur V, 


F(fO)(x)) = f(x) 


est de la 1-re classe. 

On peut continuer la classification aux fonctions dont l'ensemble des 
valeurs A est non-séparable. On voit qu’il faut classificer selon le plus petit 
nombre cardinal, possédant la propriété qu'il existe un ensemble dense 
dans A ayant ce nombre comme puissance, en ce sens que des fonctions qui 
ont ce méme cardinal appartiennent a la méme classe. 

3. Supposons qu'il existe dans E un point O tel qu'on a pour chaque 
couple a et b de points de E 


d (a; O) = max (d (620) i'd (655)).2.9% > Or a 
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La métrique est donc en quelques égards non-archimédienne. Posons pour 
abrévier 


d(a,O) = |a||, 


et appelons | a || la norme de a. Dans un pareil espace on a le théoréme 
Suivant. 

Théoréme 3. La limite d'une suite convergente de fonctions, dont 
chacune a un ensemble des normes des valeurs de la fonction au plus 
dénombrable, a elle-méme un ensemble de normes au plus dénombrable. 

Démonstration. Soit f(x) = lim fn(x) et soit e>0 donné. Considérons 

nao 


l'ensemble e: des points x€V oi l'on a || f(x)|| 2e. En chaque point de e- 
on a pour n= Nx 


|| fn (2) || = max (|| F(x) |. d (F(x), fa (*)) = || Fe) 


puisque ||f(x)|| 2e et d(f(x), fr(x))<e pour n2Nx. Soit el le sous- 
ensemble de e: ou 


’ 


Il £(%) {| = |] fn (x) | 
pour n =k, cependant non pour n = k —1. Alors 
ee=—eM+eA4 .... 


Sur chaque e(* f(x) a un ensemble de normes au plus dénombrable; donc 
f(x) admet au plus une infinité dénombrable de normes = «. En faisant 
parcourir ¢ une suite e; > 0, il suit que f(x) admet au plus une infinité 
dénombrable de normes distinctes, puisque chaque x€V, sauf les points 
ou || f(x)|| = 0, est contenu dans un e:,, 

Soit de nouveau E un espace métrique, dont la métrique ne satisfait pas. 
nécessairement a la condition non-archimédienne (1). 

Soit A(a, b) la borne inférieure des nombres o, pour lesquels les points 
a et b de E puissent étre liés par une o- chaine (o-Kette). Si a, b, c sont 
trois points de FE, ona 


A(a, 6) S max (A(a,c), A(6,c)), 
hoe ies chat bay 


Cependant on peut avoir A(a, 5) = 0 sans que a = b. Ona A(a, bd) — 0 
pour tous les points a et b qui appartiennent 4 une méme composante con- 
nexe de E. A(a, b) détermine une métrique dans l'espace des composantes 
connexes Q(E) de E, c'est l'espace dont les points sont les composantes 
connexes de E. On obtient une transformation de E en Q(E), en faisant 
correspondre a chaque point a de E le point A de Q(E) qui représente la 
composante connexe de E ou appartient le point a considéré. Cette trans- 
formation est continue. En effet, soit an une suite de points de E avec 
limite a, donc 
d(an,a) > 0. 


Soit A l'image de a, An l'image de an (il est bien possible que An = A, en 


/ 
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effet si an et a appartiennent 4 une méme composante connexe). II suit de 


la définition de la distance A en Q(E) 
A(An, A) Sd(an, a) > 0. 


Comme il est connu, on en tire la continuité de la transformation. 

L’application des théorémes 2 et 3 a l’'espace Q(E) donne les propriétés 
suivantes. 

S'il existe en Q(E) un point O tel que l'ensemble des normes en Q(E) — 
ce sont les A-distances des point de Q(E) 4 O — est non-dénombrable, 
alors Q(£) est non-séparable par rapport a la métrique A. 

En effet, il existent alors des transformations en Q(E), qu’on ne peut 
pas obtenir comme limite au sens du théoréme 2; selon ce théoréme Q(E) 
contient alors un ensemble non-séparable et l’espace lui-méme est alors 
non-séparable. 

Revenons alors a l’espace E et remarquons que l'image continue d'un 
espace séparable est séparable; on obtient la propriété suivante: 

Théoréme 4. Si E contient un point O tel que l'ensemble des nombres 
A(a,O) avec a¢€E est non-dénombrable, alors E est non-séparable. 

Liinversion de ce théoréme n’est pas vraie: si l’'espace E ne contient 
gu'une infinité dénombrable de valeurs A(a,O) quelque soit O dans E, 
lespace E peut bien étre non-séparable. II] suffit de considérer |’union d'une 
infinité dénombrable d’espaces connexes non-séparables. 

On tire du théoréme 4: 

Si E est un espace métrique séparable, ensemble des nombres A(a, O) 
avec a€E est dénombrable, quelque soit Oc E. 

Si la métrique donnée de E est non-archimédienne, c.a.d. si l'on a pour 
tout a, b,c dans E 


d(a, b) < max (d(a,c), d(b,c)), 


on voit que 


d(a,b) = A(a, b). 


Cependant il n'est pas permis de conclure que dans un pareil espace 
séparable l'ensemble des distances mutuelles des points est dénombrable. 
On peut conclure cela si de plus l’espace est linéaire (par rapport 4 un 
certain corps des coefficients) et si de plus 


d(a,b) —d(a—b,6) = ||a—b]. 


Jai étudié de tels espaces dans un article précédent. 


Mathematics. — On the theory of linear integral equations. IV. By A. C. 
ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 
(Communicated at the meeting of March 30, 1946.) 

§ 1. Introduction, 

We suppose the reader to be acquainted with the contents of the first 
two papers bearing the same title, to which we shall refer with I and II 1). 
In this paper we shall consider linear integral equations with kernel 
K(x, y)e L?™ (A), having the property that there exists a positive Her- 
mitean kernel H(x, y)e L9™)(A), such that 


P (x, y) =| H (x, z) K (z, y) dz 
“A 


(then also belonging to L?™(A)) is Hermitean. Defining the completely 
continuous, linear transformations K, H and P — HK in the space L'™ (A) 


by 
K p= { K(x 9) Fy) dy, 


Hf= | "H (cx, 9) Fly) dy, 


Pf= {P P (x, y) f(y) dy. 


A is therefore positive self-adjoint and P = HK is self-adjoint, so that K 
is symmetrisable relative to H. Making now the additional assumption that 
every [{(x) €Lo, satisfying Hf — 0, satisfies also Kf = 0, we shall call the 
kernel K(x, y) a Marty-kernel. We observe that this last condition is cer- 
tainly satisfied if H(x, y) is definite, that is, if 
(HED = | Hs 9) FE)E() de dy=0 
AXA 

implies f(x) — 0, since then Hf = 0 implies f = 0, so that also Kf = 0. 
It was this case that was considered for the first time by J. MARTY 2) for 
bounded kernels. 

To terminate this paragraph we mention that the condition of H-ortho- 
gonality for two functions f(x) and g(x), belonging to Ly, takes the form 


(Hf. 9)= | Hey) 9) fly) dxdy =0. 
J 1) Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 49 (1946). 

2) J. MARTY, Valeurs singuliéres d'une équation de FREDHOLM, C. R. Acad. sc. Paris 
150, 1499—1502 (1910). 
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and that f(x) is H-normal if 


HED = | Hs 9 FO) FW) dedy=1. 


AXA 


§ 2. Integral equation with Marty-kernel. 


We consider now the linear integral equation Kf —2f = g or 
[Kea dy—ate=9e), - 22. 
yay 


where f(x), g(x) belong to Ly, and K(x, y) is a Marty-kernel. Supposing 
that 


| (xa) ibn = | |H (x9) Pde dy #0. 


AXA 


so that H = O, all theorems proved in I may therefore be applied to this 
equation, 


Theorem 1, The characteristic values of (1) are real and characteristic 
functions belonging to different characteristic values are H-orthogonal. 
Proof. Follows from I, Theorem 5. 


Theorem 2. If 4 0 is a characteristic value of (1), this equation has, 
for a given function g(x) € Ly, a solution f (x)¢ Lz for those and only those 
functions g(x) that are H-orthogonal to all characteristic functions, be- 
longing to the characteristic value 4. If 4 0 is no characteristic value, so 
that it is a regular value, the equation has a uniquely determined solution 
for every g(x) €Lo. 

Proof. Follows from I, Theorem 12 and Theorem 3. 


Theorem 3. If 


| Pix win = [ [Play Pdedy #0. 2... 


where 


P fe y) = {Hl z) K (z, y) dz, 


the equation (1) has a characteristic value ~ 0. 

Proof. Since, by (2), P= HK +O, the result follows from I, 
Theorem 6. 

Let now di(| 2, | = | 42 | = ...) be the sequence of all characteristic values 
+ 0, each of them occurring as many times as denoted by its multiplicity, 
and wi(x) a corresponding H-orthonormal sequence of characteristic func- 
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tions. These functions satisfy therefore the relations 


[He y) pi (x) pi ly) dx dy=1, 


AXA 


fx (x, y) pi (x) vi (y) dx dy =0 for iF j, 


AXA 
or, writing 


[Hes y) vj (y) dy = x; (x), 


1 f J: 
fui (2c) xj (x) de=}) ad ony 


A 


so that the sequences wi(x) and yi(x) are biorthogonal. 


Theorem 4. (Expansion Theorem). Writing 


ai=(6.x)= { F(x) 1) dx 
ms 
and introducing the notation 


} UPS 
N@=(t H*=(f Hs 9 FC) FW dx dy)’ 
AXA 
we have 
F : 
lim n(Ke- D> A, aj vs] esx (} 
k>o ji / 


in other words 


fin fH y) Whee 2) F(z) dz— Px ai Wi (x ) 


[Kwa )de— Dh ai vily) | de dy =0 


for any f(x) ¢ Ly. Furthermore 


[Pu y) f(x) f(y) dx dy = 34; | ai |?. 
; AXA 
Proof. Follows from I, Theorem 9. 
Theorem 5. Let ’n,(i=1,2,...) be the subsequence of all positive 
characteristic values where dn, = dn, =..., let the functions p,(x),..., 
pi-1 (x) € Le be arbitrarily given, and let 


“i = upper bound | P(x, y) f (x) F (y) dx ay| H (x,y f (y) dx dy 


AXA Ax& 
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for all f(x) €Ls satisfying { Hx y) I(x) f(y)dx dy 0 and 


[ Hl.) Fi dedy=...= f Hs 9) pal) FW) dxdy=0. 


AXA 


The number ji depends on p;(x), ..., pi-i(x). Letting now these functions 
run through the whole space Ly, we have dn, = min wi. 

A similar statement holds for the negative characteristic values. 

Proof. Follows from I, Theorem 11. 


Theorem 6. Let 4=40, and let g(x)eLy be H-orthogonal to all 
characteristic functions of (1), belonging to the characteristic value i (If 4 
is no characteristic value, g(x) is therefore arbitrary). Then every solution 
f(x) of (1) satisfies a relation of the form 


li n( $4 5 ay: |=0 
Jim Le aye PERM Hela = 


or 
: . ae : 
Jim | H (x, y) | Fx) aie e oe = eee ai Wi (| 


k : 
LF) + we ae ear ai Wi | dx dy =0, 


{| 


where ai =| g(x)zi(x)dx for 1:42, and where X’ denotes that for 


rs 


those values of i for which i= the coefficient of yi has the value 
— f Flx)nt)ae For every set of arbitrarily prescribed values of the 
latter coefficients there exists a solution of (1). 

Proof. Follows from I, Theorem 13. 


Theorem 7. (Expansion Theorem). 


. a k neared 
Jim { H (x, y) | Kw z)— 2 Ai pi (x) xi @ | 
AXAKA s 


k 
E (y, 2) == ahi wily) xi | dx dydz—— VU 


Proof. This theorem is the analogue of II, Theorem 8, (4), and the 
proof, though more complicated, is also analogous. We begin by intro- 
ducing a HILBERT space Z, the elements [f] of which are classes of 
elements of Ly. We define the element [f] to contain f and all elements g 
for which Hg = Hf (equivalent with N(f/—g) =0). Furthermore we 
define [f] + [9] =[f +9]. alf] = [ef] for every complex a, and 


ai 


({f], [g9]) = (Af, g), so that ||[f]|| = (Af, f)'» = N(f). It is not difficult 
to prove that these definitions are without contradiction, and it is clear that, 
since (Hf, g) = 0 is equivalent with ([f], [g]) = 0, two functions f(x) 
and g(x)¢L, are H-orthogonal if and only if [f] and [g] are orthogonal 
in Z. In the same way, since (Hf, f)'2 = 1 is equivalent with ||[f]|| = 1, 
the function f(x) is H-normal if and only if the element [f] is normal. The 
space Z is not necessarily complete, that is, lim ||[f]m—[f]n || =0 as 
m,n — co will not always imply the existence of an element [f] satisfying 

lim ||[f] — [f]a || = 0. By adjunction of ideal elements, however, we can 
n-> © 


obtain from Z the complete HILBERT space Z, the closure of Z. Evidently 
every bounded, linear transformation in Z may be continued on Z as a 
linear transformation with the same bound. A certain class of linear trans- 
formations C in the space Ly corresponds now with linear transformations 
in the space Z. We define [C][f] = [Cf]; this definition however is only 
then without contradiction if [f] = [g] implies [Cf] =[Cg], or, in other 
words, if Hf =0 implies HCf =0. We shall therefore consider only 
transformations C satisfying this condition. Amongst them is our sym- 
metrisable transformation K, since Hf = 0 implies Kf — 0, hence certainly 
HKf = 0. Furthermore we observe that the linear transformation [K] in 
the space Z is bounded and self-adjoint. The boundedness follows from I, 
Theorem 8, by which 


| 4, | = max N(Kf)/N(f) 
for all f(x)eL, satisfying N(f) 0, hence 
| 4, | = max ||[Kf]||/||[f]|| = max || [AELAIII/| CFI 
for all [f]€Z satisfying [f] +4 [0] or 
CAV CAV = [4a]. C8 
the self-adjointness follows from 
({K](f], (9]) = (AKE. 9) = (f, HKg) = (Hf, Kg) = ([f]. [K][g]).- 


The transformation [K] has the characteristic values Ji with the ortho- 
normal characteristic elements [wi], since Kyi = diyi implies [K] [yi] = 
Aili]. Moreover, if the element [g]€Z is orthogonal to all [yi], we have 
[K][g] = [0]. To prove this statement, we observe that, if ([g], [yi]) = 
(Hg, wi) = (g, x1) = 0 (i= 1,2,...), we find by Theorem 4. that 
N(Kg) = 0, hence also HKg = 0 or [K][g] = [Kg] = [0]. Since [K] 


is bounded, it may be continued on the closure Z, and it is not difficult to 


. 
, 


prove that for an element [g]eZ, orthogonal to all [yi], we have also 


[K]{g] = [0]. 
After these preliminaries we observe that the relation Kyi = diwi implies, 
for every f € Lo, 
(K* Hyi, A=(Ay, Kf)=(yi AK f)=(AKy, f)\=(:H yi. f), 
27 
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hence K*Hy:i = diHyi or K* yi = dizi, or, since the adjoint transformation 
K* is given by 


K f= | KW») Fay, 


the relation 
[Re y) a(x) dx 41971 (y), ote te Ge eo 
a 


for almost every yeA. Writing now f(x) = K(x,z), the integral 
(fifeoeas = [K(x 2)Pde is finite for almost every zeA; hence 


A A 
f(x)eL, for almost every ze A. With f(x)eL. corresponds the element 
[f] in the space Z, and we have, by (3), 


(71 [vd) = (AF yp) = (6 Hyd) = (6 xi) =| K(x 2) ni (x) dx =A; x: (2) 


for almost every ze A. 


Considering now an element [g]eZ, orthogonal to all [yi], there exists 
a sequence of elements [gn]eZ such that lim[gn] — [g]. Since 
[K][g] = [0], we have 


lim [K] [gn] =lim [K gn] = [0] 


or 
lim || [K gn] || = lim N (K gn) = lim (HK gn, Kgn)'2 = 0, 
so that certainly lim || HKgn || = 0. Writing 


HK yee ={P (rx) pelican 


the relation lim ||HKgn || = 0 is equivalent with lim f Pn(z)|2dz = 0; the 


sequence of functions pa(z) converges therefore aimee to 0. Then, as 
well-known, there exists a subsequence nz(k = 1, 2,...) of indices such that 
pn,(z) converges point-wise to 0 as k > o for almost every ze A. Con- 
sequently, since 


((F]; [g]) = lim (CF, [on]) = lim (AF, gn) = 


=tim { Hx y) K (y, z) gn (x) dx dy = lim | P (x, z) gn (x) dx= 


AXA 


— lim { P (z, x) gn (x) dx = lim pp (z) 


A 


for almost every ze A, and therefore certainly 
({A1. [g]) = lim pn, (2) 
k>@ 


for these values of z, we have ([f], [g]) —0 for almost every zeA. 
From the relations ([f], [yi]) = 4izi(z) and ([f], [g]) =0 for any 

[g]€Z orthogonal to all [yi], both holding for almost every ze A, we 

deduce now that [f] = S4izi(z) [yi] for almost every zeA, hence 


| fl— Za xi (z) ) [vi] ir a Hi lai (2)? 


or 


k 
N? [X¢ 2 ee () = 2 iu | xi (z) |? 


— 2 Ai yi (x) (8) | 


—, 
x 
® 
a 

Far 
Se 

cod 


k —— 
Kw. 2)— 2 Ai wily) xi @| idl lin me Xi | xi (2) ? 


for almost every ze A. Taking k —0 in this relation, we find 


2 ii | xz (z) |? =| He y) K (x, = K (y,.z) dx dy = 


AXA 


=| Fe (y, x) K(x, z) K (y, z) dx dy =i P (y, z) K(y,z) dy = (4) 


= [Penk z)dyS (iP (9)? dy) “( fixwaray)’ 


ee. almost every ze A, so that 


f 28in@Pae= S48 f \nera 
1=1 fi | 
A A 


is finite. This shows that 


f ZX Miule)Pdz= J 2 f |n(@)lPae 
4 i=k+1 i=k+1 a 


tends to 0 as k - ©, hence also 


lim [Hey | Kw z)— phe | 


Re ae | 


k 
Ky.a— Suwa @ | dx dy dz =0. 
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The completely continuous transformations K"(n = 2, 3, ...), defined by 
Kn f= { Ka (x,y) lo) dy. 
A 


where Kn(x, y) €L?™ is the n-th iterated kernel of K(x, y), are also sym- 
metrisable relative to H. Indeed, if it has already been proved that HK?-1 
is self-adjoint, we have 


(HK fog) — (HK AIG g) (ee) 
=(AKf, K"" 9)=(f HKK"" g)=(f. HK" g) 


for every pair of functions f(x), g(x) ¢L.; the transformation HK" is 
therefore self-adjoint, in other words, K” is symmetrisable. 


Theorem 8. The sequence j"(i= 1,2,...) is the sequence of all char- 
acteristic values 4 O of the Marty-kernel Kn(x,y) and yi(x) is cor- 
responding sequence of characteristic functions. 

Proof. Since Kyi = diyi implies K*yi = A" yi, the functions yi(x) 
are characteristic functions of Kn(x,y), belonging to the characteristic 
values 4”. Any further characteristic function y(x) of Kn(x,y), linearly 
independent of wy(x), wo(x), ..., may be chosen so as to be H-orthogonal 
to all wi(x); hence, (Hy, wi) = (y, yz) =0(i=1,2,...) implying 
HKy = 0 by Theorem 4, we have K2y = KKy = 0, so that 


[Kole y) v (y) dy =K" y=0 


for n = 2, which shows that w(x) belongs to the characteristic value 0. 
The sequence 47 (i = 1, 2, ...) is therefore the sequence of all chara 
values + 0 of Ka(x, y). 

It follows from this theorem that the ‘Caesenrs 1—7 hold for the integral 
equation with kernel Kn(x,y), replacing everywhere i by 27. 


Mathematics. — On the theory of linear integral equations. 1Va. By 
A. C. ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 30, 1946.) 


This paper is an immediate sequel to the paper IV, bearing the same 
title, to which we refer for the notations, 
§ 3. Expansion Theorems for the kernel. 
Under certain conditions for the kernels H(x,y) and K(x, y) there 
may be a value of n for which the series 3/7 wi(x) yi(y) converges in mean 
i 
to a function Sn(x, y)eL?™. It is reasonable to suppose that there exists 
) 


a connection between the kernels Kn (x, y) and S:(x, y) and in the following 
theorem we shall prove this to be the case. 


Theorem 9. 
If Sn (xy) 24 yi (x) xi (y), 
then Sn (x, y) = Kn (x, y)— pn (x, y), 
hee fae f Liao. etude 0 
‘4 


for almost every point (x,y)e A X A. 
Furthermore 


- Knsp (x, y) wm Bai wi (x) xi(y) for p>1. 


Proof. From 


Sn (x,y) DAl wilx) xi(y) follows 
A (x. y) =H (x, z) Sn(z, y)dz Da zw) J H (x, z) yi (z) dz 


or 


A (x, y) ~ SAi xi (x) xi (y), 


from which we deduce that A(x,y) = A(y,x) almost everywhere in 
A X A. Defining the completely continuous linear transformation Sn by 


Snf= :f Sa (x. 9) £(y) dy, 
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this transformation is therefore symmetrisable, since A = HS, is self- 
adjoint. For every value of p and any arbitrary f(x)¢L. we have 


(Sn vo £= [ Su (xy) Fe) vp (y) dx dy = (Su (x, 9) Fl) ¥p D)2m= 


k Foes a ee 
im | 2 Ai pi (x) xi ly). Fx) vp @) = 
>o \ i=1 /2m 
k = ries 5 
tin 2a [ vila Fede. { vez Wdy= 


is | vols) FG) de = 0h vm A: 


A 


hence Srawp = AnWp, which shows that wp(x) is a characteristic function 
of Sn(x, y), belonging to the characteristic value /”. 

In the same way we prove that if g(x)¢€L,. is H-orthogonal to all 
functions yi(x), we have Sng = 0. In particular Hg = 0 implies Sng = 0. 
These results show that Sna(x, y) is a Marty-kernel having the sequence 
An (i= 1,2,...) as»the sequence of all its characteristic values 0 with 
the corresponding characteristic functions yi(x). We consider now the 
Marty-kernel 

Pn (x, y) = Kn (x, y)—Sn (x, y), 

and we shall show that it has no characteristic value + 0. Indeed, all 
functions yi(x) are characteristic functions of pn(x, y), belonging to the 
characteristic value 0; any characteristic function w(x) with characteristic 
value 440 (so (K"—Sn)y = Aw) would therefore be H-orthogonal to 
all wi(x) by Theorem 1, Then, however, by what. we have just proved, 
Say = 0, and, by Theorem 4, N(Kw) =0, which is equivalent with 
HKy = 0, so that certainly HK"y = 0, hence also 


AHy = H(K*—Sr)yp = 0 or Hy = 0. 


This would imply, since both Ka(x,y) and Sn(x,y) are Marty-kernels, 
(K" —Sn)y =0 or dAy=0, so that we should have y = 0, in contra- 
diction with the assumption that w(x) should be a characteristic function. 
Thus, the kernel pa(x,y) having no characteristic values = 0, we may 
conclude from Theorem 3 that 


|| Qn (x, y) ([2m = l qn (x; 9) | 7ax dy — 0; 


AXA 


where 


an(xi d= { H(x.2)pnle,y)ae 
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hence qn(x, y) = 0 for almost every point (x, y) €¢ AXA. This completes 
the first part of ae proof. 
Observing that re z)pn(z, y)dz— 0 implies | K(x, z)pna(z, y)dz = 0, 


we obtain 
i K (x, z) Kn (z, y) dz | K(x, z)pn(z, y)dz~ SA (6) | K (x, z) wi (z). dz 


or 


Kasi (% 9) Si"? wi (x) xi (9). 
The general relation 


Knsp (x.y) Sa"? pilx) iy) = (pS 1) 
follows now easily by induction. j 


Theorem 10. Under the same assumption as in the precediiig theorem, 
and writing 


rule, y= | K(x, 2) (2,9) de 
we have 


[ Kin (exe —[ ra (ex)de= Za", ssa a(S) 
vf e l 


[Kose ex) de 2a? fan bao. 2 seein (6) 
ran 


Proof. We observe first that, although ra(x, y) = 0 almost everywhere 
in A X A, this does not necessarily imply that ra(x,x) =O for almost 
every xeA, hence the term { n(x, x) dx. 

: K 
We have for almost every xe A 


Pant pir 
| Knas (x, x) —tn (x, x) — a Ai wi (x) xi (x) |= 


t 


— 


Ba 


=| {x x, z [Kn (z.x)—pn(z,x)— 5 Af yi (z) xi (x)] dz 


[J ik ate) oe 8 Ai wilz zie) de) 


hence, on account of SCHWARZ's inequality and observing that 


fvern@dx = 1, 


A 
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o— ae (x, x) dxa ayy = 
r=) 


eine a ie (z, x) —pn (Z, x) 


AXA 


lo 
3° ai wi (z zi(@) dx de) 4 


Since the last factor on the right tends to 0 as p> ©, we find (5). The 
relation (6) is proved in the same way, using that 


Kn+p—1 (x, 9) ” 2 apt? wi (x) xi (y)- 


The last two theorems may be applied to Marty-kernels K(x, y) for 
which the corresponding transformation K is of the form K = AH, where 
A is self-adjoint (In I, Theorem 14 we have shown that every trans- 
formation of the form K = AH is symmetrisable relative to H, and that 
Hf = 0 implies Kf = 0). Examples are: 

1°. K(x, y) = A(x)H (x, y), where A(x) is measurable, bounded and 


real, 


poe i) = (Ac z)H(z, y)dz, where A(x, y) €L?™ is Hermitean. 


Theorem 11. Jf K = AH, where A is bounded and self-adjoint, the 
series X 1? i(x)xi(y) converges in mean; hence, by the preceding theorems, 


R2 (x, y)—pa (x.y) > 4; yp: (x) xily), - . . - « 


where 
[ Hoe20, (cy) dz=0 
A 


almost everywhere in A X A; 


Kats, y) 7 Sai wi (x ) xi (y) (n == 3); -.. 3 vee 
J wees jae fin tx) x) dx 347, . . 1 (9) 


where 


x) =f K (x, z) p2(z, x) dz; 


[ Kals.x) dxe= 37 (nS 4) Se 
A 
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Since the functions Yi(x) = H’hy; are orthonormal, we have, 


Proof. 
for arbitrary complex numbers ai, 


q q 
|| 2 ai Pi(y) P= 2 lai: 
t=p i=p 


hence 
q qg q 
| 2a xi (y) |? = || 23 %; (y) ||? <|| A’ ||? | =, Y; (y) |? = 
| Hh |? | ai |, 
=p 


or, taking ai = ai(x) = 4? yi(x), and integrating over x, 
q a q 
fi Sav (x) xi (y) ? dx dy <|| H"s |? 2 a {ly (x) P de. ~ (11) 
— t=p 
A 


AXA 
Now we have seen in the proof of Theorem 7 that 


dij [Hy P=28{ |aleP dx 


2 


, 


converges; hence, since 
A || ve |? = || Ae vi |? = || A vi ||? <|| A |)? || Ay: 


we see that also 


zit {|ye)Par= zal vil? 


converges. It follows therefore from (11) that 


q as 
lim fiz Ji wi (x) xi (y) |? dx dy = 0, 
Pg>oWd i=p 
AXA 


which shows the convergence in mean of & J?wi(x)yi(y). 
In the case that the positive, self-adjoint transformation H has the pro- 
perty that the uniquely determined positive, self-adjoint transformation Hl: 


is of the form 
Hh f= { Hhi(x.y) Fw) dy. (12) 
J 
where H:), (x, y) €L?™), and if also the transformation Q = AH'lis expres- 


sible as 
QfF=ARH's f= x y) F(y) dy, . (13) 


where Q(x, y)e L?™, we may prove more. Before doing this we mention 
that it is not difficult to prove that (12) holds if and only if SY wi converges, 
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where pi(i=1,2,...) is the sequence of characteristic values 0 of 


H (x,y) (compare II, Theorem 10), 


Theorem 12, If K = AH, where A is bounded and self-adjoint, and 


if the conditions (12) and (13) are satisfied, the series Siiwi(x)yi(y) 


converges in mean, hence, by Theorem 9, 


K (x, y) —p (x y) ~ Si yi (x)-xi (y), « 


where 


[He z) p(z, y)dz=0 


almost everywhere in A X A; 


Kn (x,y) DAi wi (x) xi (y) rt 2 2) ean 
Furthermore 


r(ux)= | Kx, 2) p (zi x d2=0 
A 
for almost every x¢€ A, so that by Theorem 10 


| Kin (x; x) dx= Dt (nie 2) 


A 


Proof. In the same way as we have found (11), we may find 


pee q 
[\ Savile) wOP dedy <| el DH f |yile)P ae. 
e i=p i= 


AXA A 


Now we have, for almost every xe A, 


Ai yi (x) == AH: Hb y; = AH’ B= | Q (x, y) % (y) dy; 
A 

hence, the system Wi(y) being orthonormal, 

SHl wil) P< f [Qle HP dy 

A 
on account of BESSEL’s inequality, so that 
Sif |y@)Pde< |Q b= w/ardy, 

A AXA ; 

It follows therefore from (17) that 


lim Ji da wi (x) xi (y) 2 dx dy = 0, 


P,I+> @ 
AXA 


(14) 


(15) 


(16) 


(17) 
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which shows the convergence in mean of  Aiwi(x) yi(y). 
To prove the second part of the theorem, we observe that the relation 


| Fl (x 2V' plz, uldz = 0 
A 

implies 
J His 2) (e.9)dz=0 
A 


for almost every point (x, y)e€A X A. On account of 


a 


r(e.x)= | K(x. 2)p(e.x)d2= | Q(x, y) Ay, (y, z) p (z, x) dy dz = 


| $2 bay) | | Hi..2)0 (9) ae | dy. 


we find then r(x, x) = 0 for almost every xeA. 


Mathematics. — Over de oplossingen van de vergelijking A’u = 0, die aan 
zekere randvoorwaarden voldoen. I. By O. BoTTEMA and H. 
BREMEKAMP. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 30, 1946.) 


In een vroegere mededeeling1) heeft de tweede van ons de oplossing 
der vergelijking AAu — 0, waarbij, als A een symbool in twee verander- 
lijke voorstelt, in de punten van een gegeven gesloten kromme, of als A een 
symbool in drie veranderlijken voorstelt, in de punten van een gegeven 
gesloten oppervlak, u en oe gegeven waarden aannemen, behandeld met 
behulp van functies van GREEN, waarbij in het gebied binnen die kromme 
of binnen dat oppervlak die oplossing wordt voorgesteld door een integraal 
over die gegeven kromme of dat gegeven oppervlak en voor de gevallen, 
dat de gegeven kromme een cirkel of het gegeven oppervlak een bol is, 
de uitdrukking van die functies van GREEN gegeven en zoo voor u inte- 
gralen afgeleid, die men kan opvatten als uitbreidingen van de uit de 
potentiaaltheorie bekende integraal van Poisson. Tevens werd het bewijs 
geleverd, dat deze integralen aan alle eischen van het gestelde vraagstuk 
voldoen, } 

Wij stellen ons thans voor, aan die uitkomsten in twee richtingen een 
uitbreiding te geven. In de eerste plaats willen we voor willekeurige waar- 
den van y de functie van GREEN Hy, behoorende bij de vergelijking 
A’u = 0, zoodanig dat 


2?! (y—1)! ux | (u a ECLA See 


On 
(1) 


a2 
Wi eye el E ds 
On 
2u ¥ 
de oplossing levert, waarbij aan de gegeven gesloten kromme u, oe a. : ve 
n? 


gegeven waarden aannemen, opstellen voor het geval, dat die kromme een 
cirkel is. Opgemerkt zij nog, dat in de formule (1) voor het geval, dat » 
een even getal is, y = 2u, de laatste term binnen de haakjes in de inte- 


grand in het tweede lid is a= EAE en voor het geval, dat » 
n 
oneven is, y= 2u-+ 1, Afa oo LiL ‘en dat de formule onveranderd 


doorgaat voor het analoge probleem in drie afmetingen, als men de inte- 
graal in het tweede lid opvat als een integraal over het oppervlak, dat in dat 


1) H. BREMEKAMP, Over de oplossingen der vergelijking. A Au = 0 die aan zekere 
randvoorwaarden voldoen. Proc, Kon, Ned, Akad. v. Wetensch., Amsterdam, 49, 319 
(1946). 

Vgl. ook E. ALMANSI, Sull’ integrazione dell’ Equazione A?" = 0, Annali di Mate- 
matica, Serie Ila, Tomo II®, 1899. 
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geval de gegevens draagt. Voor het geval, dat dat oppervlak een bol is, 
willen we ook bij die opvatting van het symbool A de uitdrukking voor Hy 
voor willekeurige waarden van y opstellen. 

In de tweede plaats wtllen we de analoge problemen behandelen voor 
het geval, dat A een symbool in k veranderlijken beteekent en de figuur, 
die de gegevens draagt, een hyperspheer is. 

In al die gevallen is de functie H»(P, Q), waarbij P en Q willekeurige 
punten zijn binnen de figuur, die de gegevens draagt, door de volgende 
eischen gedefinieerd: 

1, als PQ, geldt A’H, = 0. 


2. als P gaat naar eenig punt van de figuur, die de gegevens draagt, gaan 


0H, 0? Hy 0” Hy 


LON pects re ae 


naar nul, 

3. als men stelt Hy(P,Q) = gv(e) + A» (P,Q), waarbij o den afstand 
PQ voorstelt en u = qy(@) een nog nader te bespreken oplossing der 
vergelijking A’u = 0 is, die niet aan een vergelijking van denzelfden 
vorm van lagere orde voldoet, dan heeft h»(P,Q) doorloopende par- 
tieele afgeleiden tot inclusief die van de orde 2y en voldoet dus in het 
geheele gebied binnen de gegeven figuur aan A’hy — 0. 


De functie Hy(P,Q) heeft een singulariteit voor P —Q, de functie 
wordt oneindig groot of althans haar afgeleiden van een bepaalde orde af. 
De aard van die singulariteit is bepaald door de functie g»(o). Als A het 
symbool in k onafhankelijk veranderlijken voorstelt, geldt voor een functie 


2 fs 
v, die alleen van @ afhangt Av aoe fel ap als dus Av = 0, kunnen 
do?  @ de 
wij, voor k > 2, voor v nemen v = Gs en voor k = 2, v = Clno. Hieruit 
Q 
leiden we af, dat we, als k oneven is, kunnen nemen gy = aes en de zelfde 
Q 


formule geldt, als k even is en 2y <k, voor 2v = k wordt wv = Ing, voor 
2v >k, py = 0??-* Ing. 


In verband met het logarithmisch karakter der singulariteit zijn verschil- 
lende problemen eenvoudiger voor een ruimte van een oneven aantal 
afmetingen, m.a.w. als A een symbool voor een oneven aantal onafhankelijk 
veranderlijken beteekent, dan voor een ruimte van een even aantal afme- 
tingen. Wij zullen de functies H3, H4 enz. dan ook vooreerst bepalen in de 
ruimte van drie afmetingen voor het geval van den bol, vervolgens in het 
platte vlak voor het geval van den cirkel. 


§ 1. De functie Hz voor den bol (en evenzoo de verdere functies van 
GREEN) zullen we eenigszins probeerenderwijs opstellen. Wij steunen daar- 
bij op de stelling 2), dat de functie door de in de inleiding genoemde eischen 


2) H. BREMEKAMP, Over de bepaaldheid der oplossingen van A *u = 0. Kon. Ned. 
Akad. v. Wetensch., Amsterdam, 48, 222 (1945). 
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ondubbelzinnig bepaald is. Dat brengt mee, dat, wanneer we een functie 
verkregen hebben, van welke wij op de een of andere manier, b.v. een- 
voudig door narekenen, kunnen vaststellen, dat zij aan die eischen voldoet, 
wij ook verzekerd zijn, dat dat de bedoeldé functie van GREEN is. 
Verder maken wij gebruik van de eigenschap 3), dat iedere functie u, 
die in zeker gebied aan de vergelijking Au —0 voldoet, geschreven 
kan worden in de gedaante u = uy + r2v9, waarbij in het beschouwde ge- 
bied Aug = 0 en A?v,) = 0 en dat evenzoo iedere functie vo, die in zeker 
gebied voldoet aan A2vg = 0 geschreven kan worden in de gedaante 
Vy = uy + r2ug, waarbij in dat gebied Au, = Au, = 0; r beteekent hierbij 
den afstand tot een willekeurig punt; wij zullen deze stelling telkens toe- 
passen voor het geval, dat voor dat punt de oorsprong van codérdinaten 
wordt gekozen en dien leggen we in het middelpunt O van den bol. Ook 
geldt het omgekeerde van die stelling en daarop zullen we ons voor het 
bewijs, dat de opgestelde functie aan de eischen voldoet, moeten beroepen. 
Wij kunnen de stelling, die wij dan toepassen, als volgt formuleeren: ,,als 
Aug = Auy =, Aug = .0).en eg FE een rte dan pis ae 
Om nu de functie H3(P, Q) uit te drukken, noemen we OP = r, OQ =a, 
ZPOQ= #%. Den straal van den bol noemen wij R. Wij bepalen het 


; 2 
punt Q op de lijn OQ gelegen zoodanig, dat OQ, = a, = Si Den afstand 


PQ noemen we o, den afstand PQ;, 9;. Voor punten P op den bol is, zoo- 
als welbekend, ag, = Ro. Als oplossing van Au, = 0, geldend binnen den 


bol, komt dan in de eerste plaats in aanmerking de furictie wy =o als 


oplossing van A2v,; =0, vy = Q,, als oplossing van A3v = 0, v= 093. 

De bekende reciprociteitseigenschap der functie van GREEN H3(P, Q) = 
=:H32(Q, P), die men bewijst met behulp van de formule (1), voert, als wij 
Hz uitdrukken in r, a en #, tot H3(r, a) = H3(a,r). Ook daardoor zullen 
wij ons bij het opstellen der functie Hz laten leiden. Wij merken daartoe 
nog op, dat 9 in a en r symmetrisch is, want e? = a2 + r2——2arcos # en 
evenzoo aQ,, want ? = a? + r2—2Zayr cos # dus a29? — R4 + a2r?2 — 
—2 Rar cos #. 


De singulariteit der functie Hz wordt gegeven door m3 = o3. Wij tellen 


33 
Q} 


Ree. 
3 a 


die maakt, dat H; ; = 0? — Be aan den bol nul wordt. Vervolgens tellen 


die binnen dem bol voldoet aan A3u = 0, en 


hierbij vooreerst op — 


wij een term op, die aan A3u = 0 voldoet en aan den bol nul wordt en 
; 0H. 

waarmee we willen bereiken, dat aan de voorwaarde ae 3 — 0 aan den bol 
c 

voldaan wordt. Dat de bij te voegen term aan den bol nul wordt, bereiken 

we door dien een factor R2 — r? te geven; om aan de symmetrie-eigenschap 

te blijven voldoen voegen we dan ook een factor R2— a2 toe. De zoo 


3) H. BREMEKAMP, Eigenschappen der oplossingen van A*u = 0. Kon. Ned. Akad. 
v. Wetensch., Amsterdam, 48, 229 (1945). 
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ontstaande term zal aan A3u = 0 voldoen, ook nog als we vermenigvul- 
digen met een factor, die aan A2u = 0 voldoet, waarvoor we kiezen a 04, 
waardoor ook de symmetrie in a en r gehandhaafd blijft; om een homogenen 
veelterm te krijgen, voegen we nog een factor R-8 toe. De functie 


R3 R3 4 Q; 
voldoet dan aan A3H;, = 0, aan den bol. is H3. = 0 en wij trachten de 
constante C, zoo te bepalen, dat daar ook ee =.0,. Nu is 
Cc a 
OQ __ 07077 POO \F 5» 
Bet a cos ?, exat (54) he ats 
020 d0\2 
3 Se We ca SNE all RG G\2 eee 
ee team ae @ o? —(r —a cos 3)? = a? sin? 3, 
Oe: _ pat : 2 pew Hee ts 
Or ash E a, cos = re (ar—R? cos ¥), 01 52 = qe sin 0. 
De voorwaarde OF, 2 = 0 aan den bol geeft nu 
c 
3a? Ria’ 
30 (R—a cos 9)— pr &1 (a—R cos s)=2c, 8) 201, (2) 
dus C, = 3. 
Ot; 
Om nu te bereiken, dat aoe 0 aan den bol, voegen we op gronden, 


geheel overeenkomende met die in de vorige alinea aangevoerd, nog een 


(R?—a?)? (R?2—r?)? 1 


term toe Cy 


R? 20, 
Wij vinden dan aan den bol 
070 Qu. 9 8" in 09 Oa" 100 \*® < 
5084 (88) 2a - 
mats 
BRS iG AC (esas Ree 
a MS 4 Set mis 2) ao, + 8G, MF Ment. \ 
waaruit wij vinden C, = —2. 


De gezochte functie van GREEN wordt dus 


a) ; 3 (R?—a?) (R2—r?) 3 (R?—a?)? (R2—1?)?_ 1 (4) 


R3% P R? se 8 R? 40; 4 


H;=e— 


Wanneer het alleen er om te doen is, de getallenwaarden der coéfficiénten 
C,.en Cy, te vinden, kunnen wij volstaan met de vergelijking. (3). Daarin 
bepalen we vooreerst C, z66, dat het eerste lid deelbaar wordt door 
(R2— a2)2, waarna Cy, volgt evenals in het voorgaande. Voor het bewijs, 
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dat de zoo geconstrueerde functie aan alle eischen voldoet, moet dan echter 


toch nog geverifiéerd worden, dat aan den bol ook ue — 0, 
r 

Wij zullen van de laatste opmerking gebruik maken bij het opstellen van 
de functie H4 voor den bol. Op de zelfde manier als in het vorige komen 


we tot 


Vee: R 2} =i C, RS 1 si 
(R?—a?)? (R2—r?)? (R?—a?)3 (R2—r?)3 . 1 
C, ao, + C3 : 
ee R ao, 
3 
Voor het berekenen van aes hebben wij nog noodig de volgende uit- 
komsten: 
070 0%e de 070 
a. Sey ea Se 2 Te eae 
S reaes ce af e sag ee Fae 
dus 


0.0 00 93 oe 
O Oran, oa Or? * 


Dus aan den bol 


C3 3(R—a cos #) a? sin? 3. 
en 
3 5 
: oa =— 3 Be (a—R cos ¥) sin? 3. 


Wij vinden dan aan het boloppervlak 


oH, ee de av 30000201 Vee Ser 2 
53 = 450° 5° <8 +6007 (ae) 45 7, ie 60 550% 
R2—a? 0? ‘00 a4 de 
—18C, ace a ‘Ne i yer +22 ( 3h {—18C, RB a? of = 
R?—a?)? 9 A a’)? (Ria) hie 
+24C, SAY 4281 4.240, RAT a, 48, == 
Dat geeft 
DRT ARIA RET $9 cost 8) + 4a —12 R’ acos 9—12R a’ cos 3} 


—18 cae 2" {a?R(2+3cos*d) +3a' —Racosd—7 Racos3} 


(R°=a') 
aR?o, 


(R?—a’)? 
a R70, 


+24C,-——> at (R?—3a R cos # + 2a”) — 48 C, =O 
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Uit het feit, dat de som van de eerste twee termen door (R2 —a2)2 deel- 


baar moet zijn, vindt men C, = 3, vervolgens Cy, = — ® en C3 = 3 
dus 
a? 5. (R?—a?) (R?—r? 
H,=e°— Re : 3 ee og 
: 5 
15 (REAR 5 5 (RAR? 1 : 
8 R> = R> ag," 


Deze functie voldoet inderdaad aan alle gestelde eischen. 


-§ 2. Algemeen zal men voor den bol vinden 


Hymns — gprs 4 C, RAR gs gas 4 

COUR gn perp 4 Cy RIA | ig 
fe eer 

waarbij de constanten Ci(i = 1,... »—1) nog nader moeten worden be- 


paald. Staat eenmaal vast, dat de gevraagde functie inderdaad de gedaante 
(6) heeft, dan kunnen deze constanten als volgt worden berekend. 

Nadert a tot nul, dan nadert @, tot oneindig, met dien verstande, dat 
ao, nadert tot de eindige limiet R2, zooals uit de betrekking 


5 a2o? — R4 + a2r2— 2R2ar cos 


dadelijk blijkt. Een uitdrukking a?9?% nadert dus voor a—0 tot nul, als 
p> q is. 


p 
Wij beschouwen nu pelts op den bol; voor p = 1,... y—1 moet deze 


Or? 
uitdrukking gelijk aan nul zijn, In de aldus verkregen vergelijkingen voor 
C; stellen wij a = 0. Denken wij ons den term 


dP 2 2 mpm 
dr? (R —F )@ a0,» 
(waarbij 2q + m= 2v—3 is) ontwikkeld volgens het theorema van 
LEIBNIZ, dan is ‘ na den limietovergang a — 0 blijkbaar gelijk aan de 


uitdrukking Rin “ (R2?—r2)4, Hierin is dan r=R te nemen. Nu is 


p 
i. (R2—r2)% (voor r=R) gelijk aan ap,qg R29-?, waarin ap,qg een 


constante voorstelt, die blijkbaar voor p<.q en voor p> 2q gelijk aan 
28 


430 


nul is. Men heeft nu 


waaruit voor r — R volgt 


Ap,q+1 = —2 pap-1,q—p (p—}) ap-r,q. (7) 
Voor p = q + 1 vinden wij dus 
agai gui — —2 (q+ 1) aq,¢. 
en daar a9 9 = 1, hebben wij 


q,q = (—1)72%q! 

Neemt men nu in de recursieformule (7) p= q+ 2, dan vindt men een 
recurrente betrekking tusschen aq+7 q+; eM a@q41, g, die in staat stelt de 
constanten van de gedaante am+,,m achtereenvolgens uitgaande van de 
beginwaarde a2. te berekenen, Zoo voortgaande blijkt dat door (7) de 
getallen ap, q geheel. bepaald zijn. Slagen wij er dus in een stelsel getallen 
te vinden, dat voor elke waarde van pen q aan (7) voldoet, terwijl a9 9 = 1 
is, dan zijn daarmee de gevraagde constanten verkregen. Het blijkt nu, dat 
de getallen 


ex ae q! 
a ” (p—a)! (2q—p)! (8) 


aan (7) voldoen, zooals substitutie doet zien. 


” 


OP 
De randvoorwaarde 
OrP 


tot de volgende vergelijking voor de constanten C; van (6): 


= 0, op de beschreven wijze toegepast, voert 


i=p 
(2v—3) (2>—4)...(2»—p—2)-+ . 3' Cyap,1=0, (9) 
,_ [pti 
fe 
waarin e het grootste geheele getal voorstelt dat = “ is. 
Uit de vergelijkingen voor p= 1,2,... (v—1), kan men achtereen- 
volgens Cy, Co, ... Cv_, bepalen. Men vindt . 


2v—3 
Cra > 


23(29—3}(2ve-5) __ (2v—3) (2v—5) (2v—7) 
paren 48 aan 


zoodat vermoed kan worden dat men heeft: 


Cr enytes EIR) eH D) yen (57). 09 


Dat vermoeden wordt als volgt bewezen. 


Ga 
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Substitutie van deze uitdrukkingen in (9) geeft voor even waarden van p 
(2»—3) (2v—4) . . . (2x —p—2) = | 
pee ap p(p—1)...(p—i+ 1). (2»—3) (2v—5)...(2v—2i—1) }_ (11) 
= (2i—p)! \ 


en wij zullen bewijzen, dat dit een identiteit is. Daartoe merken wij op, dat 
het rechterlid geschreven kan worden, als (wij stellen nog p = 2m) 


= 


v]s 


912m 2m(2m—1)...(2m—i-+1) .(2v»—3) (2v—5) ...(2v—2i—1) __ 
ee (2i—2m)! eg 
1 
Spies 2m(2m—1)...(m+1).(2v—3) (2v—5) .. .(2v—2m—1) 
SS a orm m!(2v—2m—3)...(2v—2m—2r—1) 


= (2r)!(m—r)! 


Voor de laatste som kan men schrijven, als nog 2v —2m —3 = n wordt 
gesteld: 


14 2moR 4 22 m(m isaac aibs 
DATHA ion Bhiaah Cast eft \ii—2)e0s(N—2m--2), 
ay) Baall = 
Bie m(m—1) Boe 
eee (Oe ee. 
m(m—1)...2.1 est (5 —m+1) 
oy 2m—1 a 


=F (—m. 5.41), 


Nu is volgens een bekende formule uit de theorie der hypergeometrische 
functie 


__ I'(y). P(y—a—f) 
F(a, By, 1I)= I'(y—a) I" (y—8) 


voor y >a-+ £. Wij hebben dus 


rq) 0(m+5+4] 
F(—m— 41) = \ oes Tie poe 
: rin+9-(F+4) (m+4).[(— m 


(v—2)! _ 2 (v—2) (v—3) .. .(v—m—1) 
(m —4)(m—3)...$.$.(v—m—2)!———— (2m--1) (2m—3)...3. 1 
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waaruit volgt: 
I 
Qm 
—\(Qy-£3)(2y5)... (2>—2m—=1) (24) (26)... (2rd 2) eld 
a ~ 2™(2m—1)(2m—3)...3.1.m! 

= (2v—3) (2v—4) .. .(2»—2m—2), 


2m(2m—1)...(m+1).(2v—3)(2v—5)...(2 >—2m—1)F(—m.—F. 1) = 


waarmee de identiteit (11) en daarmee ook de juistheid van (10) bewezen 
is. Voor oneven p verloopt het bewijs analoog. 

Wij hebben daarmee voor de uitdrukking (6) de coéfficiénten bepaald 
en vinden dus voor de vergelijking A’~ = 0 en de in § 1 genoemde rand- 
voorwaarden bij den bol de volgende functie van GREEN: 


m=r-1 passhy Ss) < 
H, = 0?-3+ wes ; sz (—1)"1 (’ ie ‘ R?—a?)" (R2—12)™ (ao,)"-2"-3, (12) 

§ 3. Voor het geval, dat A een symbool in twee onafhankelijk veran- 
derlijken is, wordt de singulariteit der functie Hz gegeven door y3 = o4 Ing. 
Wij zullen hiermee op een wijze analoog aan die, welke wij bij den bol 
gevolgd hebben, de functie H3 voor den cirkel opstellen. Daar 


2 ot Ing=o3(4Ino tb 1) $2 92 (4 Ino + 1) (r—a cos #) 
& Oligae 
moeten wij, om aan —— =—0 te voldoen twee termen toevoegen, nil. 


Or 
e2(A, In @ + B,), zoo komen wij door weer den zelfden gedachtengang te 


volgen als in § 1 tot 


4 
H,=0' Ino — 2 of Ino, + 


Dun?) (zee D2 \2 (poze pe\e 
me oe 2 (Ay Ino, + By) + B27 IR EF (As In os + By) 


Een verschil met het voorgaande ligt nog daarin, dat nu niet onmiddellijk 
is te zien, dat aan de reciprociteitsvoorwaarde voldaan is. Deze geeft ons 
nu op betrekkelijk eenvoudige wijze de coéfficiénten A, en Ay. Wij hebben 
namelijk 


H(t, a)—H; (a, r)= @* Int  otin * In — 


a a8 2__92\2 (P2__,2\2 
44, Be Ea * ej In — A, (Ri-a(Riaey ee in = 


dus 


0 = Rt o* — a’ of + A; (R?—a’) (R? —1”) a2 of + Az (R?—a?)? (R?—r?)? 
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en daar 
Rtot—atot =(R?o?+a7¢i) (R?o?—aol) = —(R’e?+.a°o?) (R?—r?)(R?—a’ 
R?o? +a? of — A, a? of = A, (R?—a") (R19), 


waaruit A, = 2, A, = —1. 
De coéfficiénten B, en By berekenen wij nu met behulp van de voor- 


= 0. Wij vinden aan den cirkel 


2 
waarde, dat aan den cirkel © A, 


Or 


oe (time F +1) etsin? 9+ (12ne +7) (R—a cos 3)? — 
— (4In 0; + 1) a? sin? } — (12 Ine, + 7) (a—R cos 0)? — 
; 
—4 5S (2A, Ino, +2B,+A, Jo me — 
2.232 
—25 3 a’ 07 (A, Ino, + B,) + + Pa ae (A, Ine, + B) = 


De eerste en derde term vallen hierin tegen elkaar weg. Verder vallen, als 
wij de voor A, en A, gevonden waarden invoeren, de termen met In 9, weg 
en wij houden over 


im | R*—a*—2a R cos 3 (R?—a?) } — - (R?—a?) (a?—aR cos 9) (2B, + A,)— 


= fs (R?—a?) (R? + a?—2a R cos 3) B, + : (R?—a’)? B, = 0. 
dus 
7 (R? + a?—2aR cos 9) — 8 B, (a2—a R cos 9) — 8 (a2—a R cos 8) — 

— 2B, (R? + a*— 2aR cos 9) + 8 (R? — a’) B, = 0, 


waaruit B, = 4, B, = — 3. 
en dus 
2 32\(pes2 ) 
Hy=0' no §— FZ otino, + oe atet(tines +1)+ | 
. (13) 
foe atey 2-2 -a\2 
4 ae hin es +3) 


Men verifieert ook nu weer gemakkelijk, dat deze functie aan alle gestelde 
eischen voldoet. 
Op dezelfde wijze vindt men 


(R?—a?)(R?—r? 
oe ee 


Va AY | 2 en \ 
ao (I2Ing, +5) + A o) (12Ino,+11). 


Hy=08 Ino — 3 08 in oy + at of (6 Ino, + 1) — 


Re 


__ (R?-a?)? (R2-1)? 
4R° 


(14) 
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en kunnen ook in de algemeene uitdrukking 
R a?”-2 
Hy =07 ino Sean iat of” ino 


Vise no PhP? 
a eee, a? 9,2"-4(A, Ino, + By) + 


i ted 
2 2\2 Dame a \c 
+ Baa a6 o6(Ay In oy + Bi) + 22 + 


(R?—a?)’—! (R?—r?)"— 
R2-2 
de coéfficiénten A en B gevonden worden. 
Ook kan men hier weer dezelfde methode volgen als in § 2 voor den bol 


a: (Amp lino Bae 


werd toegepast. Stelt men aan den cirkel om gelijk aan nul en voert men 
r 


daarna den limietovergang a > 0 uit, dan ontstaat de volgende vergelijking 
voor de onbepaalde coéfficiénten A en B: 


DP ay? = 
——9" 7 Ino— ae 
ee apleay | 


. (16) 
i=r-1 
+ R??-P-2 = api(Ailne, + B)=0 (p=i,...r—I). 
i 
Stelt men in deze betrekkingen den cofactor van In @, gelijk aan nul, dan 
ontstaat een rij betrekkingen voor Ai. De overige termen geven voorwaar- 
den voor B;. De eerste luiden 


v—1 
(2v—2) (2v—3)...(2v—p—1) + S'ap,; Ai=0 (17) 
jaf 
en zijn geheel analoog met (9). Men vindt zoo het resultaat 
Ai = (—1)'*1 (""): (18) 
i 
De betrekkingen voor B; luiden 
P p! (2v—2): pe 
_])st1 ah 
Zi 1) (p—s)!s (2v—2—p-+s)! 1 2 4p, Bye 
of 
— +1 — ae) ; 
s ee ae 3 Sat R00 (p= 1c eget 
Sit Ss pss i=t Pps 
en door toepassing der formule (8) 
p f—t\s+i feat v—1 ; - 
Pa fed. is =) + » (—1)! A ; ) Bi=0 p=1,2,...v—1). (19) 
| s Pas f=! p= 


Om hieruit B; te bepalen merken we vooreerst op, dat de eerste term den 
coéfficiént voorstelt van x? in de machtreeksontwikkeling van 


(T-+- x)2"-2 In (1 ey, 
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Definiéeren wij nu B; voor i>»v—1 door de formule (19) ook voor 
p>v—1 geldig te verklaren, dan volgt hieruit als |x| klein genoeg is 


(1 pix)? (1 Ex) = x 2B, 4 2? (B,_2B,) {22 2 (") By+23 Bit 


4. xf }Bt2? ()) By—21B,{ + 28}2(>) B,—2(") Be+2° Bs! «2 


+28} By (3) By+2! (?) Be 2 Bl +... 
= B, x .(x+2)—B, x? (x-+2)?+B; x3 (x+2)?>—B, (x4 (x+2)*+... 
Givals we stellen a? 4-2 xy). dus (x. + 1)2-=— y+ 1, 
$(1 + yg)’ In(1 + y) = B, y—B,y? + B3y?—..., 


waaruit 


= i-—1(__1)k tate smoke STV Doo of ees WW Ay eek Ta 
Bicai piesk et Na ae (—1) (e a 1) z! ale a 


welke formule wij slechts hebben toe te passen voor 1 Si<v—1. 
Wij merken nog op, dat 2B; den coéfficiént voorstelt van x! in de macht- 
reeksontwikkeling van (1 —-x)’-1 In (1— x). 


Mathematics. — Over de oplossingen van de vergelijking A’u = 0, die aan 
zekere randvoorwaarden voldoen. II. By O. BOTTEMA and H. 
BREMEKAMP, (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 30, 1946.) 


§ 4. Door de gevonden uitdrukkingen in de formule (1) te substi- 
tueeren vindt men uitkomsten, die als analoga van de uit de potentiaal- 
theorie bekende integraal van POISSON zijn te beschouwen. Wij zullen dit 
uitvoeren voor de functie H3 voor den cirkel. Om de functie voor te stellen, 
die binnen den cirkel voldoet aan A3u —0 en waarbij aan den cirkel 

a4 
xf Cay, eae g (¢), os = h(¢), waarin f, g en h gegeven functies zijn 
van den poolhoek gy, die de plaats op den cirkel bepaalt, zullen we op de 


formule (1) eerst nog een kleine transformatie toepassen. Wij hebben aan 
den cirkel 


00" aSs0d Akon Ay aie y 
Aamo ts opt r? 0g? She) + Ra (+ Re ge 
De formule (1) gaat daardoor voor dit geval over in 
2% 
Re OAH, ; 
o= ig | | fae 90) 7 Hs + 
0 
1 d@fjyoA Hy, 
+ }h(9) + ee + pagent ae | de 
2 
wat wij door partiéel integreeren van den term met eal ae herleiden tot 


dq’ 


Ree ae 
= Tex) [POG talon pot + 
0 


WSR Gy ones : apae'} | o 


{wor R? oy? or 
Door het invoeren der gevonden uitdrukking voor Hs vindt men hieruit, 
na vrij omvangrijk rekenwerk, 


2 

1e( hay R? (5R?+a’—6Racosy)R 

Sa Te Se fl (7) R?+a?—2Racosp _ 9 (7) (R?+-a?—2Ra cos 9)? +| 
0 

+-F(o) 8 R*—2 Ra(9 R? + a?) cos m+ 12 R* a’ cos? A ae 


(R? + a?—2 Racos ¢)? 
Eenvoudiger vindt men deze uitkomst langs den volgenden weg, waarbij 
wij echter omtrent de functies f, g en A verschillende onderstellingen in- 
voeren, die blijkens het vorige voor de geldigheid der uitkomst niet noodig 
zijn. Wij zullen namelijk aannemen, dat deze functies een Fourierontwikke- 
ling toelaten, waarbij de coéfficiénten bij toenemend rangnummer voldoende 


snel afnemen om de verschillende in het volgende toegepaste omzettingen 
te rechtvaardigen. 
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Wij stellen 
u=rtu,+ 174, + tp=agr* + bor? R? + co R*+ 
+ 3 (anit*+ bn,1t?R?+ cn,1R’)e* cos 9 + 
+ 3'(an.20* + by,20°R?-+cn,2R)r*sin nd. 
De voorwaarden aan den cirkel geven dan 
f (9)= (@> + By + 9) R* + B (an,1 + Be, + Cn,1) RO cos nd + 
+ S(an,2 + bn,2 + €n,2) R°4 sin nd. 
9 (9) = (4a + 2bp) R? +2 {(n-+4)an,r+ (n+ 2) bn,1 tn, R™ cos 9 + 
+ S1( n+ 4) an,2+(n-+ 2) bp,2+ nen, 2} R' sinn 3. 
h(9)=(12ag-+2bo)R? +> (n+4)(n +3) an. + 
+ (n+ 2)(n+ 1) bp,1 + n(n—I)en,1} R"*? cosn 3 + 
+34 (n + 4)(n + 3) an,2+(n + 2)(n + 1) bp,2+n(n—1) cn,2} R'*? sinn 3. 


= 


Hieruit volgt vooreerst 


rp : 
(a9 + by + co) R =z f fl p) dy, (4a) + 2bp) R? = 94 | 9 (0) ao. 


2x 
(1289 + 2b,) R=. | hh de 
; 


waaruit 
2a 


22 
1 1 
0 0 


2a 
| . 
c= TGR | 1R*A(9)—SRolo) + 8flo)ide. 
0 
Verder 


2x 
1 . 
ani + bn + ns = aR | f(~) cosn¢y do. 
ane 


2x 


(n+ 4) ani t+(n+ 2) bn1+ncn1 = Rs | g (v) cos ny dg. 
0 
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(n+ 4) (n +3) ani +(n + 2)(n+ 1) bp1-+n (n—l) cai = 


2% 


1 
= apm | h(p) cosne de, 


0 
waaruit 


w= gg fin n+ 2)flg)—(2n-+1) Rg(p) + R2h(p)}cosn pede, 
bas ghan { I-2aln 8) (9}+210n-+3) Roly)—2R corn 


cn = gegen | {in+2)(n +4) Fle) —(2n+5) Rg (p) + R?h()|cosnpde. 


Wij vinden een dergelijk stel formules voor an,2, bn,2, Cn,2 door cos ng@ te 
vervangen door sin nq. Substitutie van de gevonden waarden der coéffi- 
ciénten in de reeks voor u geeft, na omzetting van sommatie en integratie 


2% 


wag, { (HRA Ra tHe 2R2h+6Ro) bs + HR h-SRo+8A)\+ 


0 


+3] Rn + 1)Ry +0 (+2) A ee + 
n+2 
+ {(-2R?h+2(2n +3) Ro—2n(n +4) FE 


+ {RAOn +5)Rot(n+2)(n+4) Fl py | c08n(7—0)) dp 


<3, [20g Thr +$ pacosn (oO) dot 


2x 
1 —5 Rt + 6 R?r?—r* 
me 


pod 4 2 2 
9p alin shea Eso I ao pa 6087 (p—8) dep + 


2% 
tery eae Pa ale b Reta tae 


0 


i cos n (p—#)§ dep. 
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Voor de herleiding van deze uitdrukking maken we gebruik van de formules 


1 l1—ocosa 
1—e ela 1+0?—20 cosa’ 


@ 
2'o"cosna = Re + 
0 


@ 1—o? 
i n = — 
2+ Ze cosna Taig? 2 0.cos ) 


: a me _(1=@?) (e—cos a) 
ang cosna=e |r ap cosa Te REMC — 


20" Feiler) cos a 
~ (1 + @?—2e@ cos a)? 


—4oe+(1+30%)cosa _ 
(1 + 0720 cos a)’ 


3 wercosna=e} 
1 


4 (o—cos a) {—20? + o (1 +7) cosa} ) 
(1 + 0?—2ecos a)? e- 


__ —4¢?(1—e") + @ (l—e*) cos a + 20” (1—g’) cos? a 
as (1 + 0?—2 e cos a)? : 


Voor den eersten term vinden we 


(R?—r’) R?h (¢) d 
167 R* a R? + r?—2 Rr cos (p—¥) * 


voor den tweeden 


sf Rot ”|— ot oal —r’) bs + $5, cos m (pO) — 


any 5 2 n = cosn (0) ra fi eee 


2a 
1 (SRR) me 
az | Ra be 2 Rt {R? + r°—2 Rrcos(y—%)} 


2 (R?—r?)? {—2 R? r? + Rr (R? + r’) cos (y—9)} +m 
Rt} R?2 + r2—2 Rr cos (p—9)}? is 


cd ees 


(R212)? /* ig) ARIE ARE A + 46 Re (R213) c08 (— 
162 R* | oP {R?2 + r2—2 Rr cos (y—9)} 


0 


ST dl 5 R?+ r°—6 Rr cos (p—?) 
~ «162° age [Re () {R? + r>—2 Rr cos (p—#)}? dy 
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voor den derden 


22 é 
1 4 (R?—r’) 
8x f(g) | R? + r?>—2 Rr cos (p—*) + 
0 


ie 2 Rr(3 R?—r?) (R?—r’) |—2 Rr + (R? + r’) cos (p—#)} - 
R*{R? + r?>—2 Rr cos (yp—#)}? 


Rr (R17? |—4Rr + (R? + 19) cos (p—8) + 2 Re cos? (p—9) dp= 


+ R*{R? + r?—2 Rr cos (y—#)}3 


2x 
_ (RP) oR eae eee 
Ss “ea J £0) ie + r7—2 Rr cos (p—#)}? is 


Rri{—4Rr-+ (R? +1’) cos (yp—8) + 2 Rr cos? (p—#)} iS 
{R? + r?—2 Rr cos (p—#)}3 aie 


-- 


= "Sak | “p(y ARICRe OR? + #2) cos (p—8) + 6R?F? cos? (P—8) 4 


8 a Rt {R? + r?—2 Rr cos (yp—*)}3 
0 
en dus 
_ (R23 ¢ Reh(g) ___|SR?-+##-6Recos(- Rate), 
162 Rt | R?+1?—-2Rr cos (y—#) {R?+-r?-2Rr cos (p—#)}? 
0 


4 (8R'—2 Rr (9R? +2’) cos (p—9) + 12 R*r? cos? (p—9)} FP) | 
[R? + P-—2Rr cos (p—8)}* a 


een formule, die slechts door een geringe wijziging in de notatie van (20) 
verschilt. Het bewijs, dat de zoo bepaalde functie aan alle eischen voldoet, , 
kan naar het vroeger voor de overeenkomstige uitdrukking voor het geval 
der vergelijking A2u — 0 gegevene, worden nagemaakt. 


§ 5. Dein de § 1, 2 en 3 gegeven beschouwingen kunnen zonder moeite 
worden uitgebreid tot de differentiaalvergelijking A’ = 0, waarbij A de 
differentiaaloperator van LAPLACE is voor functies van k onafhankelijke 
veranderlijken. Meetkundig geformuleerd komt het probleem dan neer op 
het bepalen van een functie van GREEN Hy, voor een puntenpaar P, Q in 
een ruimte van k afmetingen, waarbij thans op een hyperspheer aan de 
randvoorwaarden voldaan moet zijn. Eenvoudigheidshalve beperken wij ons 
eerst tot het geval y = 2. 

Zooals in de inleiding is uiteengezet heeft de singulariteit der 
functie van GREEN dan alleen een logarithmisch karakter voor k = 2 en 
voor k = 4, Het geval k = 2 hebben wij reeds behandeld, het geval k = 4 
sluiten wij vooreerst uit. De singulariteit der functie van GREEN is dan 


bepaald door gy, = a en wij kunnen, lettend op hetgeen wij voor het 
Q 


—4 
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geval k = 3 deden, trachten de gezochte functie van GREEN voor te stellen 
door een uitdrukking van den vorm 


1 Re 1 Rk (R22) (R?—r? 
Az. = ok-4 Pe anes ok-4 +a ) ) 
1 


: 2 
ak? gk (21) 
waarin R, a, r, 9 en @; analoge beteekenis hebben als in het geval van den 
cirkel of van den bol, terwijl a een nog nader te bepalen constante voorstelt. 

Deze functie heeft immers de geéischte singulariteit, als P > Q, voldoet 
voor P ~Q aan A?H = 0 en wordt nul, als P op de hyperspheer S met 
straal R om den oorsprong komt. 


Voldaan moet nog worden aan de randvoorwaarde © = 0. Inderdaad 
c 


blijkt na differentiatie, dat deze voorwaarde voor de geheele hyperspheer 


vervuld kan worden; men vindt a = —-——. Ons resultaat is dus: 


2 
Voor k ~ 2, k ~ 4 wordt de functie van GREEN, behoorend bij de ver- 
gelijking A2q = 0, voor een hyperspheer in een ruimte van k afmetingen, 
voorgesteld door 
1 id ery k—4 Rk=4 (R?—a?) (R?2—2? 
Pee RE A RRA) 
) 1 


9) ak-2 of? 


De generalisatie van de formule (1) voor een ruimte van k afmetingen 
k A2, k ~ 4 luidt voor » = 2: 
: i pay eC , 
2k 2) (b4) de — 4 (« oo A H do, (23) 
S 


waarbij de integratie over de hyperspheer S moet worden uitgestrekt. 
Daarbij is dg een zoodanige constante, dat de inhoud van de begrenzing 
van een spheer met straal R in een ruimte van k afmetingen door d,R*-1 
wordt voorgesteld; gelijk bekend is 


KILO 

k ‘ 
ead 
Door substitutie van de uitkomst (22) in (23) verkrijgt men de functie u, 


die binnen S voldoet aan A2g = 0 en waarvan op S de functiewaarde en 
de waarde van de normale afgeleide zijn voorgeschreven. 


dk = (24) 


Met behulp van de betrekking A ri = 0, vindt men de_ uitkomsten 


1 2 (k—4) Bre ne. eed) 
A ok-4 FER oe" A ok =-2 ok’ 
eA 2h oo (k—Z){ar=R? cos 8) rc 
mee kz aot 
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waaruit volgt 


2 2Rk 
LA Aa ~ = (k—A4) Ee + 
| 25 
k (R?—a?) R&* 2 (k—2) R* * (R?—a’) (ar— R? cos 8) ¢ ce 
ar qk-2 are gk-1 of 
zoodat op S geldt 
R2— 2\2 
A Ho, x = (k—4) (k—2) eat (26) 
en 
PA y4 
A = (k—4) (k—2) OS = {20%—ka(a—R cos 9)}. (27) 


Wij krijgen dus: 
De functie u, welke voldoet aan de vergelijking A2¢~ = 0 en op de hyper- 


spheer S aan de randvoorwaarden u = f, ss = g, waarbij f en g gegeven 


functies zijn, wordt voor k ot 2 en k 44 gegeven door 
R2—a?)? 207—ka (a—R a R 
nes Be I(t Or he ae eces ar do. (28) 


‘2d R® Q 

S 
Voor k = 3 komt deze formule overeen met een vroeger gevondene #). 
Voor k = 2 werd eveneens reeds eerder de oplossing afgeleid 5), met als 
resultaat 


: R az : 2 
A2,2=e Ino? — pre ner 2 R? (24n eo, + 1), 


terwijl op den cirkel 


2(R-aP dA H _ 4(R?—a2)? R—acos 8 


Ro? Of i R? oe 


MKH= 


waaruit voor u een formule volgt, die ook verkregen wordt door in (28) 
k = 2 te nemen. 

Er blijft nog slechts het geval k = 4 ter behandeling over, Daarbij wordt 
de singulariteit bepaald door gy, = In g, en het ligt voor de hand de functie 
van GREEN uit te drukken als een vorm van de gedaante 


(R°=a?) (R°=1) 


2 n2 
a” OQ; 


. 


Fh4=Ing—In = 01 +a 


Deze functie vertoont de gevraagde singulariteit en is op de hyperspheer 
r= R gelijk aan nul. Het blijkt na differentiatie, dat a inderdaad zoo be- 


4) BREMEKAMP, l.c. formule (9). 
5) Idem; formule (4), 
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paald kan worden, dat alin S identiek nul is; men vindt a = 4, zoodat 


Or 


wij voor k = ¢ als functie van GREEN vinden: 


(R?=a?) (R21? 


H2,4=In o—In — 


7. (29) 


. Q1 | 
Wij bepalen nog de analoga van de uitkomsten (26) en (27). Men vindt 


2 2 4 (R?—a?’) 4 (R?—a?) (ar—R? cos 9) r 
A Fh =a — a ae =f re 
1 1 Q; 


dat is dus het rechterlid van (25) voor k = 4, nadat men dit rechterlid door 
k —4 heeft gedeeld. In verband daarmee heeft men nu onmiddellijk op de 
hyperspheer S: 


Zee 2\2 
A His=—2 59) 
en 
2 
Dae a ao RL ees aoa) 


terwijl ten slotte voor u gevonden wordt de formule, die men verkrijgt door 
n (28) voor k de waarde 4 te substitueeren. 

Voor de vergelijking A2~ = 0 is daarmee voor willekeurige waarde van 
k het door ons gestelde randwaardeprobleem volledig en expliciet opgelost. 


§ 6. De functie van GREEN H>,x voor de vergelijking A’p = 0 en in 
de ruimte van k afmetingen zal in de eenvoudigste gevallen (k oneven of k 
even en grooter dan 2”) de gedaante hebben van de in (6) (voor k = 3 
en willekeurige y) en in (21) (voor k willekeurig, 4 2 en ~4 en y = 2) 
gegeven formule, nl. 

a?’ m=v—1 —_92\m oe 
ECE eh 2) on eee 


De coéfficiénten Cm kunnen daarbij op de in § 2 aangegeven wijze worden 


bepaald; het resultaat is 
sspicks 
Cre 1)?! 2 . 


m 


iH, = ta a ee 


Voor de overige gevallen (k = 2,4,... 2”) zullen in Hy,« logarithmische 
singulariteiten optreden, zooals die in de voorbeelden k = 2, yv willekeurig 
Conese — 2, kh = 4, 92.129) zijn ontmoet. 


Mathematics. Lattice points in n-dimensional star bodies II. (Reduci- 
bility Theorems.) By K. MAHLER. (Second communication *). 
(Communicated by Prof. JG. VAN DER CORPUT.) 


(Communicated at the meeting of March 30, 1946.) 


§ 6. Irreducible convex star domains in Ro. 


Theorem G: A convex star domain K in Rg is irreducible if and only 
if all parallelograms with one vertex at O and the other three vertices on 
the boundary C of K are of equal areas. 

Proof: Every critical lattice of K has at least six and at most eight 
points on C. If it has eight points on C, then K is a parallelogram, hence 
irreducible; in this case, the inscribed parallelograms clearly satisfy the 
assertion. Assume next that every critical lattice of K has just six points 
on C, and let P, be any given point on C. There exists then on C at least 
one pair of points Py, Ps such that 


P, =P, +P, {P;,P.}>0; 


i.e., OP, P, Pz is a parallelogram with its vertices described in this order 
in positive direction. In general, only one such parallelogram exists for 
given P,. If, however, C contains a line segment parallel to OP; and of 
greater length than this vector, then there are an infinity of such paral- 
lelograms, and all are of equal areas. Select one such - parallelogram 
OP, P,P; and call its area A(P,). Then the lattice A of basis P;, Po is 
of determinant d(A) — A(P,) and is K-admissible. As is easily seen, 
A (K)= min A (P)). 
P,onC 

The assertion follows therefore from the theorems, C, D, and E. 

Theorem G enables us to construct any number of irreducible convex 
star domains in Ry. Take any three points Q,, Qe, Q3 in Re such that 


Le Fins J ok WE, {Q;,Q0,3 20. 
Denote by T,, To, T3 the three triangles of vertices 
Q;, Q, -+- Q,, Q, or Q,, Q, i Q;, Q; or Q;, Q; —— Q,, <= Q, 


and by A, and Ag, two continuous arcs of the following kind: 
(a) A, connects Q, with Qy, and Ay connects Q, with Qs. 
(b) Ay lies in T,, and Ag lies in Ty. 
(c) Neither A; nor A, contains a line segment 4). 
(d) The region bounded by A,, Ao, and the two line segments OQ, 
and OQs is convex. 


*) Please change in the first communication: 

p. 331, line 4: add “contained in, but different from, K” after H. 

p. 332, line 7: Read F(X) >O for all X in R,, and F(O) =0. 

p. 333, lines 4, 6 and 10: Read “O” instead of “0”. 

p. 337, lines 8, 15: Read “O” instead of “0”. 

4) This condition is not essential. If it is dropped, then Pz need not be a single-valued 
function of Pj. 
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To every point P,; on Aj, there is then a unique point P, on Ay such that 
{P;, P2} = {Qy, Q3}. 

Denote by Az the arc of all points P; = P, —P,, where P, runs over Aj; 
as is easily shown, Ag lies in T3 and connects Q3 with — Q,. Denote by 
—A,, — A>», —Asz the arcs symmetrical to A,, Az, Az in O, and by K 
the region bounded by the six arcs A;, Ay, As, —A,, —Ao, —As. If K 
is convex, then K is irreducible. 

As an example, let 

Q,=(4,—1), Q.= (1,0), Q3= (41), 
and let A, and Az, be the arcs Q;Q. and Q2Qz of the parabola 
x=1—ty?. 
A simple calculation shows that. Ag is the arc Q3, —Q, defined by 
4 x2 = y4—- 8 y2 + 8y = y(y—2) (y2 +2y —4); 
hence 
Pere Tye 6)! 


for all points on Ag. This arc is symmetrical in the y-axis. Hence its con- 
vexity is proved if we can show that 


seed Tee ir og bet 1 
gio if Of xSt,1lsysvy(5)— . 


Now 
22 Sey —4g + 2=(9— 1? + — 3) —1. 


and 


$V O ty — 35 5) = 1P + VO) — 3/-—3 = 
Ba 5 0,0 = 2x shy 


hence 
dx— tes =| 
ey aS j Bg eee 
Further 
2 2 
22S a2 a = 3 y? — 4, 
whence 


; 2 
2x F453 6)—1P 4-21 =12-6V5<0, $5 <0, 


dy? 
whence the assertion. Both A, and As have the gradient 
dies 
Act, 


29 
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at the point Q3. Hence the set K bounded by the six arcs Ay, Ao, Az, 
—A,,—A,, — Az is therefore an irreducible convex star domain of 
determinant 


A(K) = {Q;, Qo} = 1; 
its boundary has everywhere a continuous tangent. 
Irreducible convex star domains in R, can also be obtained by the 
following construction: 
Denote by a,(t), 6,(t), ao(t), b(t) four continuous functions of t of 
period 1/6 which satisfy the identity 
a,(t) bo(t) —ag(t) b(t) = A, 
where A is a positive constant. Let then C be the closed curve in Ry con- 
sisting of all points P(t) = (x(t), xo(t)) where 
x(t) = a,(t) cos2at + 6,(t) sin2 at, 
X(t) = ag(t) cos2 at + bo(t) sin2 at, 


and where ¢ runs over any interval of unit length. It is easily verified that 


P(t+a=P(O+P(E+3), [P().P(t+aj=A. 
Hence C forms the boundary of an irreducible convex star domain K 
provided it is a convex curve. In the special case that a,(t), b,(t), ao(t), 
by(t) are constants, C is an ellipse. But there are an infinity of other per- 
missible choices, and it is, in particular, possible to find algebraic curves C 
different from ellipses and forming the boundaries of irreducible convex 
star domains. 


§ 7. Further examples of irreducible star domains. 
In my note, Proc. Cambridge Phil. Soc., 40, part 2 (1944), 107—116, 


I gave the first example of a non-convex irreducible star domain in Ro, 
namely the domain K, 


| x1 42) 1, xr Se oe 


of determinant A(K) =| 5.1 shall prove in a separate paper that the 
following non-convex star bodies in Ry are likewise irreducible: 


(1) The domain K,, 

lxi|+le2|S1, [x2] max (cy 1.—j{2?-+1—2cf), (O<e< 4) 
of determinant A(K,) = c. 

(2) The domain Ko, 

xe+ x21, |x. |< max (sin c, {2—2 cos c—x?}"h), (o<e<§}. 
of determinant A(K,) = sinc. 

(3) The domain Kz, 

lxi|Slo2|+1, © |x.) min (c,{x?-+1-+2cf—1), (<e<4), 
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of determinant A(K3) = c. 
(4) The domain K,, 


-1Sxm<l—ey, Iz tml<t—e (Bah <cxt} 


of determinant A(K,) = : —c. 


There is no difficulty in constructing an infinity of other examples in Ry. 
On the other hand, it is much more difficult to construct irreducible star 
domains in R3; I hope, however, to discuss also some examples of this kind 
in the paper referred to. 


§ 8. The concavity coefficient of a star body. 

Let K: F(X)=1 be a bounded star body. Then F(X,+ Xo) is a 
continuous function of X; and X»2 on the closed bounded set F(X) + F(X.) 
= 1, and so assumes a maximum value, wx say, on this set. Hence, by 
homogeneity, 


P(X, + X2) S ox (F(X) + F(X2)) . . - - + (a) 


for any two points X, and Xo. We call wx the concavity coefficient of K. 
This coefficient is evidently an affine invariant. On putting X2. = O in (a), 
we see that wx= 1; the equality sign holds if and only if K is a convex 
body 5). On applying (a) repeatedly, one obtains the inequality 


F(X, +...+ Xn) Sof (F(X) +... + F(Xn)). ~~ (0) 
where n* denotes the integer defined by 
Pee STE PMG oe ale es SF. PR EAC 


As an example, if K is the star body in Ry defined by 


ie, Xe 1 la, +x,/< 5, 
i.e. if F(X) is the distance function 
1 


F(X) = max (| x; x2 |'", VA: 


| x; +x2|), 
then a simple discussion gives wx= 3/2. 
Let K be of volume V(K), and let A be any lattice of determinant A(K). 


Then by a theorem of L. J. MORDELL®), A contains at least one point 
P+ O such that 


FIP) <20x ( FR) 


A(K) 3 
5) If K is not bounded, but of the finite type, then (a) does not hold for all points 
X31, X2, however large w, is taken. 
6) Comp. Math. 1, 248—253 (1935), in particular pp. 248 and 251. 


448 


Let now A be a critical lattice of K. Then F(P) = 1, and so7) 
ViK)S ZagdtAtKyer2, +) oo eee 
Next let A be a K-admissible lattice of determinant d(A) with n 
independent points P;, ..., Pn on the boundary C of K, 


FP) =...=f£P,) 1.2 = eee 

The determinant 

| DS EP Serie AG 
of these n points is a positive integral multiple 

D=Nd(A) 

of d( A); we call 

N= ind( Piet ea) 
the index of the n lattice points P,,..., Pa. An upper bound for this index 


is obtained in the following way 8): 
A basis R;, ..., Rn of A can be chosen such that 


R= FP, 


R agi Pio a age he et eg 
Ure ag 


iga—2, 3, Sra one 


where the a's are integers, and 
&, = 1, as 1... 25 an) ao ag. dnl 
Every point P of A can be written as 


P=ua,R,+...+unRn 


with integral coefficients u,, ..., un. On replacing the R's by the P’s, 
this gives 
P=v,P,+...+unPnr, 
where 
21 ani 
y, =a, + a+ += ‘ns 
an 
1 232 an2 1 
Vo = —u.+ —43+. + — up; > Un — — Ug 
a a an an 
By a theorem of MINKOWSKI9), integers uy, ..., un not all zero can be 


chosen such that 


In 
Jolt. blond < (Ry) 


7) By a theorem of MINKOWSKI and HLAWKA (Math. Zeitschr. 49, 285—312 (1943), 
in particular pp. 288—299), there is also a lower bound for V(K), namely 
V(K) > 2C(n) A (K). 


8) MINKOWSKI, Geometrie der Zahlen, 173—176 and 187—189, 
%) Geometrie der Zahlen, p. 122. Put p= 1, r=n, s=O, and use (e). 
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Therefore by (5) and (d), 
ISP(P) Ss oF [PF (v, P\) +...+ Flv, Pr) } = 
* * Pye 
Sof (Je|+..-t lon) og (Fy) 
whence 
TRE Ceo eearet Pia) Soe tt Oa gre a= te a, § (IN) 


Finally, let again A be K-admissible, let P,, ..., Pm be the only points 
of A on C, and put Py) = O. In the basis Rj, ..., Rn of A, these points can 
be written as 


Py, =u R, ate tens oa 0,155...) 
with integral coefficients ul. Denote by q the integer for which 


2moK<qS2oxn+1. 


Then : 

mq?—1S(2@«K+ 17-1. . . . . . (IID) 
For let this assertion be false, ie. let m= q". Then two of the m+ 1 
points Po, P;, ..., Pm, the points Py» and Py say, satisfy the congruences 

u\) = ul’) (mod q) gn eet Saeed 
Hence 
Des (P, =P) 
q 


is again a point of A, and PO since w= ». But then 


ai 1 we Liars 
1<F(P)<ax}F(2P.)+F(—9P:)(<on(2 +5) <1 
a contradiction 1°), 

The two inequalities (Il) and (III) apply, in particular, to the critical 
lattices of K. They show that these critical lattices are essentially only of 
a finite number of different types, depending alone on the value of.the 
concavity coefficient wx. 


§ 9. Some unsolved problems. 


Special results suggest that each one of the following four problems, 
has an affirmative answer, though I have not succeeded in obtaining proofs. 
We assume always that K is a bounded irreducible star body in Rn, that 
A is a critical lattice of K, and that V(K), ind (Pj,..., Pn), and m have 
the same meaning as in the last paragraph: 


Problem 3: To decide whether, to every dimension n, there exists a 
positive constant an such that for all K, 


WK A an: 


10) Compare MINKOWSKI, Geometrie der Zahlen, 77—80. 
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Problem 4: To decide whether, to every dimension n, there exists a 
positive constant bn such that for all K 


V (K) S ba A (K). 


Problem 5: To decide whether, to every dimension n, there exists a 
positive constant cn such that for every K and for every critical lattice 


A of K, 
ind (P;,..., Pa) Scn. 


Problem 6: To decide whether, to every dimension n, there exists a 
positive constant dn; such that for every K and for every critical lattice 


A Of K; 
Mt dn 


It is clear from the last paragraph that if the first one of these four 
problems has an affirmative anwer, then the same is true for the three 
other ones; by (I), (II), (III), we may then, in fact. put 


bn = (2 an)", Cantar, dn = (2 a, + 1)"—1. 


But it is, of course, possible that no an, but at least one of the three numbers 
bn, Cn, dn exists. 

While the last problems deal with properties of given irreducible star 
bodies, the main existence problem, as follows, refers to reducible star 


bodies: 


Problem 7: To decide whether every bounded reducible star body 
contains at least one irreducible star body of equal determinant. 


It is highly probable that the answer is in the affirmative, and that even 
a continuous infinity of irreducible star bodies of the wanted kind exists; 
but I have not succeeded in proving this. One reason for this failure is the 
following fact: If H, K, K,, Ko, .... are star bodies such that 


Pei Kk, (r= 412 See 
Ky, > Ky Kae 


then the star bodies K, tend to a limiting set, namely their intersection, but 
this set is not necessarily a star body. Presumably, a proof will be con- 
structive and will consist of a finite number of steps. — If Problem 7 has 
an affirmative answer, then only irreducible star bodies need be considered 
for most purposes, in so far as bounded star bodies are concerned. — The 
analogous problem for unbounded star bodies has probably a negative 
answer; but again, I have not so far succeeded in proving this. 


§ 10. A general principle. 
We consider in the following paragraphs non-trivial examples of 


unbounded reducible star bodies, and begin with a simple principle on star 
bodies with automorphisms. 
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Denote by F(X) and G(X) two distance functions in Rn, and by w(x, y) 
a distance function in Ro, satisfying the following conditions: 

(a): The star body K: F(X) =1 is unbounded and of the finite type, 
and admits a group J’ of automorphisms Q. 

(b): If s>0 is arbitrary, then there exists an element Q of I" such 
that if |X|=s, then G(Q-1X) = 1. 

(c): (1,0) =1, and (1, y) = 1 for all real numbers y. 
Hence 


F* (X) = 7 (F(X), G(X)) 
is also a distance function. By (c), 
Pet errret pee bl ns etd) 
for all points X; the star body K*: F*(X) =1 is therefore contained in K. 


Theorem H: A(K*) = A(K). 

Proof: We first prove a simple inequality for m. Denote by c the 
maximum of (x,y) if |x| +,|y| =1; this maximum exists since p is a 
continuous function. By homogeneity, 


e(xy)Se([x|[+lyl. . - . 2. . 
Choose further ¢ > 0 arbitrarily small, and choose 6 >0 so small that 


2c 01; 
and that further 
p(l.yySI+e § i€ly[—2céd; 


this is possible by (c). Then 


pead=lele(1e)<ite ify. <lxi<1, [<3 


since | y/x| = 2c 4; and by (e), 
‘ : l 
p (x.y) Se(\x|+l{y|)<1 if |x|Ss>d1ylS4 


since 0 = 1/2c. On combining these two inequalities, 


y(x,y)S1lt+e Peas eh heneerd sia het (Ff) 


The proof proceeds now as follows: Denote by r an arbitrarily large 
positive number, put s = 1r/6, and choose the automorphism 2 = Q, in 
I such that 


if |X|<s, then G(Q7' X)<1, 
and so, by homogeneity, 


Hi Peer, then G(2s! X) . dy.do)2ucrinmtareee (g) 
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The star body F*(Q7-1X) = 1 is identical with Q,K. We saw that K* 
is a subset of K; hence, by the invariance of K, 
0, K*is contamedin K. °..- 45 45.) en 
Next, let K, be the set of all points X satisfying 
| F(X)<1, |X|<r. 
hence by (g), 
- G(Q7! X)S 4. 
Then by (f), 
F* (Q"' X)= 9 (F(X), G(27' X)) = 1 +2, 
which means that 
K, is contained in(1 + 22,K*. . > .°. 29 19 
The two relations (h) and (i) imply, by Theorem 9 of Part I, that, as 
é—>0 and r>o, 
lim A (Q, K*) = A (K). 
But, by Theorem 17 of Part I, all automorphisms 2, are of determinants 
+ 1. Hence by Theorem 16 of Part I, 
A (Q; Ky 2B), 
whence finally 
PN AUK 2) eps 
as asserted. 


Remark: The restriction (a) that K is of the finite type, is essential, as 
the following example in Ro shows. Take 


F(X) =| x? x, We GLX ara ty 
v (x, y)=max(|x|,| 9) 
The star domain K: F(X) =1 admits the automorphisms 
YS, ee 


of arbitrary determinant t + 0, hence is of the infinite type. On the other 
hand, the star domain 


Ks Karts vee © %|<1 
is of the finite type since it is contained in the star domain 
H: | 2x9]. 1 


of determinant A(H) = [“5. 


We see also that the more general star domain 
Kt: |xtx|<1. |al<r 
is of determinant 
A(K?)=A(K‘)Vt, 


an expression which tends to infinity with t. 


“— 
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§ 11. Applications of the last theorem. 
Let us assume that, in the last theorem, G(X) and g(x,y) satisfy the 
additional conditions 
G(X) #0 if F(X)+#0, 


and 


, @(xy)>|x| if yO. 


p (x, 0) =| x 
Then 


F* (X) = ¢ (F (X), G(X)) > F(X) if F(X) #0, 


and so every point of K*: F*(X)=1 is an inner point of K: F(X) =1. 
Hence the critical lattices of K, which by A(K*) = A (K) are also critical 
lattices of K*, have no points on the boundary of K*. The simplest 
n-dimensional star domain K* of this kind is obtained for 


WO, nos) Faia or aa 
1 1 
rg wa ey) Ge 7% A, 9) (07 * + oP". 
For the star body K: F(X) =1 admits the automorphisms 
Q: en Oe ee tana taste Xe ee en, 


and so, if X is restricted by a condition |X|=r, then a number t>0 

depending only on r can be found such that G(Q2-1X) =1. The star body 
K*; EN ee CAS tA eke ier hasXe) ee | 

has therefore critical lattices with no points on its boundary 11), 


As a second example, choose 
POA ax (1 a ties 


Cem Xn ji), 


take for G(X) either of the two distance, functions 


Cs Xalyh Xn | 
Gi ({X)—max| |="},.....{—— | | or G2 (X) = |— |, 
€ | €n—1 En 
where ¢,, ..., én are arbitrary positive numbers, and put 


y (x, y) =max(|x), |y)). 
The star body K: F(X) =1 is of the finite type and admits the auto- 
morphisms 


Q: x; Sat ptt? Meee Vee Xp Fo) ie: 


Therefore, if X is restricted by a condition |X| =r, then numbers t > 0 
depending only on r can be found such that Gy(2-1X) =1, or such that 
G_(2-1X) =1. Hence, by Theorem H, both star bodies 

1 
K]: [Xn [®t max (|x, |,.....|Xe-11)S 1, ji [Sar -. PX at fe oat 


11) Compare a similar example in Theorem 15 of Part I which was proved in a far 
more complicated way. 


a5 


and 
1 
K3: Al oa wt hal) Red oy Be oe WE Ip rey WES 
are of the same determinant 
A (KT) SAN ho ta = say 
as 
: 1 
K: | Xa l* max (| xp ete) eed 


Hence, if e > 0 andd(A) = D, then at least one point P ~ O of A belongs 
to (1 +) Kj, and at least one such point belongs to (1 +'e)K3. 

Let now ay, ..., Gg_1 be n—1 real numbers at least one of which is 
irrational; and let fy, ..., Ba-1, 1 be n real numbers which are linearly 
independent over the rational field. Both lattices 


Ay thy = Gy ins one ee eee ee 

(ts <0: tp 0) 1S eee 
Nick, SaOpee Xn-1=Vn-1, Xn =D (By 0, +... + Bn-1 Vn-1 + Un) 

(0,5. e-0ne 0, cel, see 
are of determinant D. Hence, however small ¢, ¢1, ..., en; are chosen, 


there exist integers uj, ..., un not all zero such that 
1 


(A): [Dia] "1 max (hinge, ae ee ee 


|a,—a,un|&,..., 


a 
Un—1— Gn-1 Un | = €n-1, 
and however small ¢ and én are chosen, there exist integers vy, ..., Ua not 
all zero such that 


(B): |D(B, eo, +...+ Ba—1¥n—1+ vn) |2—! max (|v, ],.:-,]onaa|)< 1 +e, 
By vy t+... + Ba—1¥n—1 + ¥a| on. 


Let now ¢, ..., én tend to zero. Then, from the hypothesis, both | una | 
and max (|v,|, ..., |va—,|) tend to infinity. Hence, by (A) and (B), 
there exist an infinity of systems of n integers uj, ..., un such that 

1 1 
l+e \n—1 1+te|n-1 


(C): uate <5 ye Hae ave iilypetee a ly tal | Diag 


and an infinity of systems of n integers vy, ..., Un such that 


parhonery ee 


(D): |p; 1+. B na tea + on] <—E max (| 


peees [Un-1|) oO. 


max (|v; 
Connected with this, the following problems seem of interest: 
Problem 8: To evaluate D= A(K). 


1 
Problem 9: To decide whether the constant factors D’ n-1 and D™ 
in (C) and (D) are the best possible ones. 


Mathematics. A generalization of TCHEBYCHEF’s inequality to poly- 
nomials in more than one variable. By C. Visser. (Communicated 
by Prof, J. G. VAN DER CorPUT.) 


(Communicated at the meeting of March 30, 1946.) 


We shall prove the following generalization of TCHEBYCHEF’s inequality 
to polynomials in an arbitrary number of variables. 


If P(u,, ..., ur) is a polynomial of total degree n in h variables with real 
coefficients, then 


Max (P(a,.%s.un)|\a5 Max [P* (tts. -stts) 


hs 3 os. => pe toe, n ' 
iS eS bt Pet 27) Pi, | =.= (04 [=I 


where P* denotes the sum of the terms in P whose degree is n. 
We put, for real ty, ..., th, 


feiti 4 eit Bitpals e—ith' 
Ft... t= P (SSE se \= 


7 Aves D ns 


= PME Pape ellkit t+...+kKaty), 


For each term in F we have —n<k, +... + kn Sn. Further 


ne 
Pe EP og DLE OTR), 
K,+...kKp=n 


< 1 ; ‘ 
tp Cer CRA 7, Pre, Ca hy, 
ket er kp——? 


Since ; 
1 2n-1 i[k (t.+p =) +... 4kp (tate —)| met for ky +...+kn =n (mod 2n) 
pa ie ~ 0 for ky +... + kn én (mod 2n), 
we have 


1 2n-1 ( A a: 
2n vy : ; a, ree — —— 
2n | 1) Pe aCe os ote =| 
ae 7 Pr(ett,...,e/h) + aq P (Seth oe esta). 


The two terms on the right take their maximum absolute values in the same 
points (f,,...,f1), and among these points there is one for which both are 
positive. It follows that 

1 
Dnt 


Max | F (t;,.... tn) | = MaxipP7 tet", |<... e8)|, 
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and since 


Max) Ft 5i.5th) Max (a en ee 


—1S4,51,...,-1SupSt 


the proof is complete. 
There are polynomials for which there is equality. Example: 


P (u,,..», ta) =Tp (a,) +... + Tr (an), 


where 7, denotes the nt? polynomial of TCHEBYCHEF. 

We restricted ourselves to polynomials with real coefficients. It will be 
clear that it would have been sufficient if we had assumed the reality of the 
coefficients of P*. 


Mathematics. — On the G-function, III. By C. S. MEIJER. (Communicated 
by Prof. J. G. VAN DER CoRPUT.) 


(Communicated at the meeting of March 30, 1946.) 
Lemma 8. If h, m, n, p and q are integers with 
=HSn=p, V=m=qandh=1.... . (70) 


and 4 is an arbitrary integer, then 


A-1 
DG (hs A) = OG (h +4—1)— 2 Og (1:1) 2" 2 (th + A—e—1) . (71) 


Proof. From the definitions 7 and 9 it follows 


P . 
"3 QrP t ee 
COE saa ees 
IT (1—x e?7/°j) 


pe 
q Pe p ; ; 
IT (1—x e?!®j) / \ IW (1—x e?*!4) 
BEND ft heaa!. SSS ONE TA yer ane! 
7 2ni er e oe 7 2nxib 
IT (1—x e?7!4j) IT (1—x e?7!°)) 
p= 721 ) 


(1—x e276) 
Ss u 


-{getoe} 8 


m+ 
i (1—x e?7/2)) 


The coefficient of x*+4-1 in the expansion of the left-hand side of this 
relation in ascending powers of x is in view of definition 9 equal to 


@’" (h; 4). If the right-hand side is expanded in a series of ascendin 
Psd g P g 
powers of x, the coefficient of x*+4-1 is on atcount of definition 7 equal 
to 28) 


ams (ht i—1)— 3 F S™" (1; OP (htd—r—1) . . (72) 


So the lemma is established. 


38) Since Dg ( lit) =0 for t= —1, —2, —3, ... (comp. (52)), the coefficient in 
question has not only for 4>0 the value (72) but also for 4< 0 (comp. definition 4). 
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Lemma 9. The coefficients 44 (h; 1) satisfy the relations 


623 i—i 9) =15 | USO. ee 
A—l 
Pig (hs J=— BT Ppg(ls 7) WG (h+A—1—-l) (hELEAF1—h),. (74) 


De (hea AQS0pha1. hs l—je eee 
Proof. From definition 7 it follows 
2%) (0)==A»and, 2%; 0a Oy 
The relations (73) and (74) are therefore special cases of (71); formula 


(75) is a special case of (74). 


Lemma 10. /f m,n, p and q are integers withO <n <p andO0OSm<q, 
and t is an arbitrary integer, then 


OT" (131) = YO F(s) OF 717 es), 
3 s=0 
Proof. In virtue of the definitions 9 and 7 we have 
Pp ? | p ; \ q : \ 
IT (1—x e27!a)) \ IT (1—x e27ia;) Il (1—x e?"ibj) |] 
Jj=nti pee a? Kae | j=mtl ree 
m aa n 
IT (1—x e?7/°)) / IT (1—x e?7/°j) IT (1—x e?7/4)) \ 
ES j= ns fe 


@o > 
§ m5 9) x8. 


=} $ ofeciast 


s 


If the right-hand side is written in the form of a series of ascending 
powers of x, the coefficient of x* is 


B Q™"(s) O29 (1;r—s) 
s=0 


Since the coefficient of x* in the expansion of the left-hand side is equal 


to @74 (1:1) (because of definition 9), the lemma is established. 


Lemma 11. Jf h, m,n, p and q are integers which satisfy the inequalities 
(70) and 4 is an arbitrary integer, then 
A-1 
EQ G(s) O79 (hs A—s) = Dog (hs 4)—2™G(h+A4—1). , (77) 
s=0 
Proof. We first consider the case with 4 <0, Then the left-hand side 
of (77) is zero because of 25 (s) =0 for s<O (comp. definition 4). 
Since B74 (1:7) = 0 for t<0 it follows from (71) that the right-hand 
side of (77) also vanishes if 1 <0. Formula (77) is therefore true for 2 < 0. 


29) This holds also good for negative values of 1, because of Qm4(s) = Oifors <0 
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We now suppose 2 = 0. Then we have because of (76) 


A-l 
E Beg ( 2) WG (h +1) ; 


~» 


—) . 
= FOG (h+ dal) YMG (s) HH9 (12s) 


c= 


= ew 7 (s) ‘So 9 (1; ™s) OPE ea A—ca1) 


s=0 T==8 
A-1 A-s-1 0 0 
== D) Qs (s) >: DF g (1; 0) 25 (h + A—s—t—1) 
s=—0 t=O 
res 
ee Oy 9 (s) OF 5 (hs As) (because of (74)). 
so 


From this relation and (71) follows (77). 


Lemma 12. Ifo, m,n, p and q are integers with 


R= a=. p, 0 —a— prand Cee wi=agy 5 i <) (78) 
and 4 is an arbitrary integer, then 
a1 
3125 (3) AF” (6: A—s—1) = OF" (9; 41). : « .. (79) 
et) 


Proof. In view of the definitions 11 and 7 we have 


p p : ; 
Hi (lxers) \ Te te7) ul (ment 
a Be! pty Se. J=len j=m+1 
m —- q n 
(1—xe?7!4c) I (1—x e?#!°j) I (1—sxerne) I (1—xe?7#?7) IT (1—x e?*'2)) \ 
yo j=1 bic! ] 


=| Sos inant) Fomaia xf. 


If the right-hand side of this relation is expanded in ascending powers 
of x, the coefficient of x4+-1 is 


A-1 
x 25 (s) O%° (a; A—s—1). 
s=0 


The coefficient of x4-1 in the expansion of the left-hand side is on 


account of definition 11 equal to O05’" (o; 2—1). From this follows the 
lemma. 


Lemma 13. If o, m,n, p and q are integers which satisfy the inequalities 
(78) and r is an arbitrary integer, then 


. 
es ch ett alas Bria (V Fe). eae (80) 


2=0 
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Proof. In virtue of definition 9 we have 


p p 
WT (1—x e?*/2)) IT (1—x e?74;) 
j=nt+l pia | s e2tria, x j=n+1 
m = m 
(l—x ete) TT (l-—xe*ihg) i I {i—xer!?7) 
ie hee es: 
=} Serio ett) § ons (tia x 
fos} Le 
ei 2, i 2, eb eB g (15a). 


From this relation and definition 11 follows (80). 


Lemma 14. If h, m,n, p and q are integers which satisfy the inequalities 
(70) and 2 is an arbitrary integer, then 


pre (hi d= J OF) Oe hs eo 
Proof. On account of definition 9 we have 


/ 5 p 
\ inlay 
Qs (h—t) x g ize Us ; 
/ IT (1—x e?7!°)) 
j=l 


i 0 
= iN C8 ptt) | x 2 Dp’ q (1; 1) x* : 


i=1 
We now expand both sides of this relation in ascending powers of x. 
The coefficient of x*+ in the expansion of the right-hand side is 


A-1 ote 
2 Ppa (1; 7) Q°F (h4+1—A) 30); 


on the left the coefficient of x+ is in view of definition 10 equal to 
Yo'g (A: 4). This proves the lemma 31), 


§ 8. Definitions and Lemmas. 
Definition 12. Suppose that m, n and p are integers with 
0=m=q and 0=n=p; 
suppose further that j is an arbitrary integer. 
Then the coefficient Dj ¢(2) is defined as follows: 
Dip (2) =(— 2ni)P-4 exp {xi( 3 an— 2 bn)} X | 
A=l A= a (82) 
<BR" £9") — BE TE" (p—m—n—2). ) 
30) This is also true for 4 >A, since QP (s) vanishes for s < 0. 


31) Formula (81) is obvious for 4 <0, because of (52) and (53) (comp. definition 4). 
A similar remark holds for the formulae (79) and (80). 
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PRematkr ta lk 
Grea bee Ope 1) 2,4... GF 1,82.) mss—t, .. mips), 


the coefficient D(A) may also be written in the form 


pala) = (re 2:4) PaO hem tee # exp { ai ( 3! an — 2 bn) } X< 


p 
m IT sin (a; =— bs) Ut . (83) 
S< ST elm+n—pt2ijzi bs PENT ees a eS 
eS IT sin(b; — bs) x 
ai 
its 


Proof of (83). Formula (83) follows from (82) and (69). 


Remark 2. The coefficient D5’ 6(A) is zero if p—m—n<i<0O. 
This follows at once from (82) and (51). 


Definition 13. Suppose that h, m, n, p and q are integers with 
0=n=p,0=m=qandh=1; 
suppose further that ) is an arbitrary integer. 
Then the coefficients R54 (h;4) and Rb’ G(h; 2) are defined as follows: 
ig (hi = AMG Ob (hi )—AMBE" BEE (hs p—m—n—141), (64 
Roa (hs a= AG Pog (As 4) — Ae Boe” PG (hi p—m—n—A+}). (85) 
Definition 14. Suppose that l, m, n, p and q are integers with 
1=l=p,0=n=pand0=m=q; 
further that ) is an arbitrary integer; finally that the numbers a,,..., ap 
satisfy the condition 


aj—arf-0,£1,42,... (j=1,...,pifFi). 
Then the coefficient T 5.4 (1; 2) is defined in the following way: 
If 1 <1 <n, we put 


Pg (lsA)=—fe™41Bp”” Op" (l:A—1) +e! Bp” Op” (sp—m—n—I)} AG (0) (86) 
+ e(m+n—pt2i—l)xiay Ars (I). 
Ifn+1SIlSp, we put 
pg (ba)=— fe" Bp” Op" (I; a1) +e’ B™"GN" (p—m—n—d)} A°Z(0. (87) 
Remark. If 
bj — 657-0, +1,42,...(7=h...,.misl,,..,mijFs) 
the coefficient Tg (1; 4) may also be written in the form 


; I sin (aj—bs) 2} } Vistatirota ire 
j=nti j=1 


m : 
T p74 (l4)= oy eee ae elm ta—pti—i)qld, sake Cail 26." CARE sah ates eae ‘(SR 
sin aj—ai) s=l i sin (bj—b,)x 
mT, fos 


30 
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Proof of (88). If we replace bm; by ai, the coefficients BY *»” 
and Bit)" reduce respect. to —2nie™!B™ "and 2zi e741 BM” : this 
follows without difficulty from (47) and (48). It further appears from the 
definitions 8 and 11 that the coefficients Feast B and fakes: "(2) with 
bm+1 = ay are respect. equal to OF" "(1;4) and OF?" (1; 2). 

We now take formula (69) and replace therein m by m+ 1, 2 by A—1 
and put b,j+1 = ar; then we find 


—eria, BO” OF" (1; A-- 1) —e-#!41 BR” OF" (l; p—m—n—A) 


Pp 
m IT sin (aj;—bs) LA 
= — 7Mtn—p Yelm+n—pt2i—i)aibs j=ntl 
m 
s=1 { IT sin (b;—b,) 2} sin (a;—bs) a 
j=l 


is 


(89) 


Pp 
II sin (aj—ay) x 
—y7m+n—p e(m+n—p+2i—1)xiay j=ntl 
m 


IT sin (b;—a1) Es 3 


j=l ) 


The last term on the right-hand side of this relation vanishes if 
t+ Vos p, 
Now we have by (16) 


q 
II sin (bj — ai) x 

AY (Q=aP-at nes ok SE 
II sin(aj — ai) x 


J=1 
Jfl 


Hence it appears from (89) ifl1<sl<n 
—ferar Bo” On” (I; A—1) + e- 7/41 By” On” (ls p—m—n—A) | AG) 


Tr sin(s 2 bjntt [sta (b ee 
j=nti j=l 


qmtn—q-l Lh Et ixs 
oe ae e(mtn—pt2i—)ribs 
p m 
IT sin(aj—aj)a s=1 II sin(bj—bs)z 
j=) are 
JHl IFS 


q 
IT sin(bj—aj)x 
— _M+n—g-1 e(m+n—p+24—1)ziay j=m+1 a 
n 
IT sin (aj—ai) 
jzt 
The last term on the right-hand side of this relation is in view of (16) equal 
to —el™ *"-Pt24— Malai. A™" (1), On account of (86) » formula: (88) is 
therefore established if 1 S</<n. 
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Ifn+1<1<p, it follows from (89) and (90) 
— fever Ba” 5" (I, 41) + e-'41 By” Op" (l p—m—n—2)} A% (0) 


. f i sin(aj—b,) 0} { Il sin(bj—ay) 2} 
alee y e(m+n—pt2—I)zib, ah = fps , 
AEG enh s=1 ma sin(b;—b,s)a 
Ix! Js 
and this relation is because of (87) equivalent to (88). 
Lemma 15. 
ee Rogie a gliher ees as a ee (SN) 


-Ppm . q P n 
pq (lL; p—m—n—A+1)=(—1)P-9+! exp {2 ai ( 2 ba—Zan)} pq (Al). (92) 
Proof. From formula (50) and the definitions 9, 10 and 8 it appears 


Daren Le s(t pn (Ee A = D(A) 
and 


Poa (lsay—=Ip"™(QA—1), Pog (1s a) = Ip” (A—1); 
hence we have because of (84) 
pa (L:a)=A™G Ip’” (”)—A”G Bp” Tp”” (p—m—n—I). . (93) 
- Now it follows from (45) and (47) 


Formula (93) is therefore on account of (82) equivalent to (91). 
The proof of (92) is nearly similar to that of (91). 


Lemma 16. If b, = f and by = — 8, then 32) 
sin2(A+ 1 
Ro (1; = ere (94) 
and 
Z0 ta ae Si ZAP 


Proof. From (91) it follows RFS C1sA} == De2(A), and in virtue of 
(83) we have if b; = —b, = B . 
1 ett sri_e20+ Ai gin 2(A-+ 1) Bax 
at sin 2B x tein ior 
so that formula (94) has been established. 


32) If 28 is an integer, the right-hand sides of (94) and (95) must be defined by 
proceeding to the limit; similarly in (96) and (97). 
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Because of 2°$(0) = 1 it appears from the definition of the coefficient @ 
Boro (2; A) = D9 (1; 4+ 1) + 9 (1) GH (1; a); 
similarly we have on account of the definition of the coefficient "7 
Wry (2; —A—1) = WS (1; —A—2) + 23 (1) Wor? (1; —A—1). 
From these two relations and (84) it follows 
R32 (23°) = RES (1:4 + 1) + 22 (1)-Res (bs 


Now 2°3(1) with 6, = —b, = B is equal to —2 cos 2 Bz; in view of 
(94) we find therefore 


20 (9; 3) = sin2(A+ 2)Ba sin2(A+1) Bx _ sin2APa 


sin2pa Te sin 2px sin2 pa ’ 
so that formula (95) has also been proved. 
Lemma 17. If a; =a, 6b; = B and b, = —f, then 
2,0 gS BON RE, 
Dj’2 (4) = aa ‘sin 2 (A + 1) Ba—e sin2Afa}.. . (96) 
Proof. The coefficient DPA) with a; = a and b, = —by= f is 
in virtue of (83) equal to ; 
etx * f } 
sae (2A+1) Bai oF =f) —(244+1) 821 oF 
sin 2px fe sin (a—f) a—e sin (a + £) 2} 
Here ee sit 2A ni gu ri__,2(At+1) Pai p—axi__p—2U Bri pani ~2(141)82i pani 
a Pisin 2px’ M3 . aon: 7 or ae eg 
Secs 1 2axni o: 
~ sin 2px {sin 2(A+1) Ba—e sin 2AP 2}. 
Lemma 18. /f a; =a, bi = f and by = —f, then 
2,0 271 z*—! sin 2 Apa ey re § 
TH2 (1 DBs A2ll)= af sin BaP? (1+8- a,1-p-a;~=). (97) 
Proof. Ifa, —aand b, — —b, = 8, then we have because of (88) 
2,0 we ‘far at Boe : 
hey Ue Srey sin (a + f) a sin (a—f) a sin 21 fa, 
and because of (14) 
1 
E,,2(z || a) =z*' (1 + B—a) F'(1—B—a) 2Fo (1 + p—a, 1—p—a; — = : 


From these two relations follows (97). 
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§ 9. First expansion formula. 
Theorem 1. Assumptions: k,l m,n, p and q are integers with 
1SlS>n>p=q, 0=m=k=q and m+n=k+1;. (98) 

ri numbers a,,...,an and by, ..., bx fulfil the conditions 

Bp Dp 12,5, nee font ite ie my, (1) 
aj —b, 1,2, 3;....(jn—1+2,....n:h=m+1,...,k), (99) 
By ai e0. 21. 4-2,...tjanf...,n te lit=1)....n— 1 1s); (100) 

d is an arbitrary integer which satisfies the inequality 


O=iASm+n—k—l... . ... (101) 


Assertion 33); 


n—I+1 
’ ——, at oe ae | , ’ —I+1 
za (= 2 elm+n—k-I-2i)riag /\™" k (x 


(102) 


x< Grr (z elk+l—m—n+24)xi | ad 


On the right-hand side of this formula the products 
GL) Gre (Ca) tn — 21) 
must be defined by a limiting process when 
at— bp =1,2,3,...(m+12h=h). 
This will be further explained in the Remark at the end of this §. 


Proof. We shall suppose that the conditions (98), (101), (1), (99) 
and (100) are satisfied; besides we assume temporarily 


oT eae) at Pay ee @ ae n—Il+1;h=m-+1,....,k), . (103) 
aj — ba 0, —1,—2,...(j=1,....n—I1+1;h=1,...,k), (104) 
Diese Oit 1, 2. (fe ke hel... vk Fh). (105) 


Now we have according to (7) 


n k 
rd + bp —atz) Il I'(1-+ bp —ay;) JH I'(b; — bn) 
k j=n—I+2 iZh 
ee 6 (106) 
m= IT I'(aj — bn) II I'(a; — bn) vai ri + b,— bj) : : 
j=nti j=4 j=k+1 


ixt 
x Con pF g-1 (1+br—ay,..., 1-+bp—ap; 1+b,—by,,..*..,1+-b,z—bgq; (—1)P-F-! f) J 


33) The function Gea" (Slat) is defined at the end of § 1. 
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From this relation it appears, since 4 is an integer, 
k 


k,Ln (k+1—m—n+24)zi) — En 
Gpiq (z e | at) ye, sin (br oa az) = 
where 
k 

. ih I'(1+6,—a,j) WI I'(b;—bn) 

=n—1+2 J=!1 
E,=—2x Sate © eR, oe j fh 20h elkt+l—m—nt2)) xi bp < 

Tolar aby r P(aj—b) i P+br—65) ee 
j=ntl 

x pF q-1 (1 -b br—ay, ooes 1 + br—ap; 1 + br—by,. . +? 1 -+ ba—byg:(—1)?—" " z) 


does not depend on ft, 
The right-hand side of (102) is therefore equal to 


Eset k 
y ‘plm+n—k— 1-21) xi at rk eG ae (t) De : En 
sin (b 


t=) res a—at) wu 
k — m, me. 
== Oh Bus > ‘elm+n—k— 1—21) xiaz = A (t) 
hai (fet sin eee a 
ee n— Hs set) 


m —I+ 
is oe elm+n—k- 1-2) xiag —_ (after lemma 6) 
h= 


in eet sin ain (Ge nm 


k 
II sin(bj—bp) x 
_qm+n—k—-l $y, elmtn—k-l-2)) xi bp fen (after lemma 5) 


ae IZ sin (aj;—bp) x 


I P+ bia), IT I (bj—br) 


m J=1 


zonXxX 


a 


p 
Roi TT Teer I (1 +, ba—by) 
j=n+l jJ=m+i 5- 


X pF (1 + br—a,, oe | + br—ap; 1 By SP) ete 1 by—byi( 1 2) 
i(after (107)) 


and the last expression is equal to Gp’ g (z) (after (7)). 
Now the functions 


Geena) (t=1,....n—[+1) 
are never meaningless, except if. 


ae —— by a 23, ee eee 
and if 


aj — ba 1, 2:3 of Sa 2, 2. oh See 
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the function G5’ 4(z) is meaningless if 
pa Oree oF, 2; 3) et ooh aiten = 1, +.%, mm). 
The additional conditions (104) and (105) are therefore completely non- 


essential and may immediately be removed by considerations of continuity. 
We may remove the restriction (103) if we define the products 


en n— mei (t) Ges in (¢ || a;) 
by a limiting process when at iat a = ligase (ie) SAS k); this will 
be established in the following Remark 34), 
Remark. On the value of the product 


AP’ PE.) Gre" (Cla) (1 SeZn=l+ lim<h) 
when at —ba = 1,2,3,... (m+1ShSk). 
If we first divide the function Gren lel ar) by i (i + 6; —at) 
and after that make at —bn (where m+1<h Eh end to a positive 
integer, we obtain on account of (106) 


1 nip 
BS Sere aes as) 
II eT + bj—az) 


j=m+1 


n k 
WM (1+ b,—aj) WU 0 (bj—bn) 


j—n—I1+2 ci) , 
j=n ee x (108) 
n—I+1 
I I'(1+b;—az) i ['(aj—bpn) I I'(aj—bn) I I'(1 + bp—b,) 
j=m+1 j= j=1 j=k+1 
ih J#t 


ee eel bya, ancg 1x bp aps) 4-0, -- 1 + bp —bg3 (—1)" “21 0). | 
This formula may be written in another form. Indeed, the hypergeometric 
function pF,-, on the right is a polynomial of degree at — bax —1 in £ and 

for such a polynomial the following relation holds 35) 


TED orcs fy) cen ish 
St ya (a 
Pray +e Bie beets (uljer. G 
i= 
=a, (109) 
Sa —y, 1—v—f,,..., 1—v— By;)\ | 
i : piss cata fe eet Pe Ge 


p-1 
DP +“ a) 
j=l 


herein is y a positive integer or zero. 


34) Similar considerations of continuity apply on some other points of the paper; 
henceforth I will not occupy myself with such considerations, 

®) Formula (109) may be proved by comparison of the coefficients of equal powers 
of ¢ on both sides. 
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Formula (108) may therefore be written in the following way 
1 - 
i r(1 + wae 


jJ=m+41 


Gag" (¢ || ar) 


m n q 
HT I'(1+bj;—a1) OP + ba—aj) HW D(1 + bj—ay) 
j= J=k+1 


= ps : 
a {I'(bj—bp) F'(1 + b»—b,)} 
(110) 
I I'(aj—bp) 
S< (=e eA eee citar ja=n—142 x 
i I(1 + aj—ar) 
fet, 
1+b,—at,.. oa) 1+-5 Oar, : 
Fe ( : | 
panies FREE E DRM cele Sgr! 


We now put at —b;, —1 = » (where » is zero or a positive integer); 
the expression 


it Tab | 
j=n—1+42 tai ss F ( 1+ b, —at,...,1+bg—at; 
baal 


1 i ee 
i r( + aj—at) \1 + a;—az, «. ++ 1 + ap—az;(—1)*+! g¢-1 
fees! 
i#t 


takes then the form 


mr + ay—arto)  (-meraet HP + bya +h) 


a My jz 
“Pp 
(1+ bj—at) 4 h! UW I(1 + aj—at +h) 
at 7 hy 
j fer 
and this expression, considered as function of the parameters 41, ..., ap and 
by, ..., bg, has no singularities. 


The expression 


q 
TT D(1 + bj~ai) 4 
gett (1 + bya) sin (6j—by) 2} 
IT {£"(bj—bn) F'(1 + bn—b))} jakti 


j=k+1 


too has no poles, since at — bp is an integer. 

Hence, if we merely suppose that the conditions (1) and (99) are. satis- 
fied, then the right-hand side of (110) is significant if one or more of the 
differences at — bmy1, at —bmig, ..., at — bx is equal toa positive integer. 
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The function 
1 
k 
WT r(1+b;— ‘4 


j=m+1 
may therefore, when at —b, — 1,2,3,:.. (m+1<h<k), be defined 
by a limiting process. 
Now it follows from (17) that 


Gee" (¢ || az) 


aqyenee 1 (Tara) F(1 +aj—ay) 


Ree Gel ¢\a)=———_ asi alee <— Gi" (I) a). 
E te (a; —b,)I(1 +b;—a;)} 
j=m 


Hence, if at —b,a — 1,2,3,... (m +15 hk), the product 


(ore t+} (t) Ge in (¢ ] ar) 
may also be defined by proceeding to the limit. 


Mathematics. — Primitief-symmetrische projectieve invarianten. III. By 
P. G. MoLeNAAR. (Communicated by Prof, J. A. SCHOUTEN.) 


(Communicated at the meeting of March 30, 1946.) 


§ 9. Thans willen we het voorgaande toepassen op de binaire gemengde 
vorm 


F =a} a3 = (a) x} + 3a, x? X_ + 3.a2 x1 x2 + a3 x3) (ay 3 + 3a, £7 E+ 
+ 3a, §, + a3 6) = 
= Alon x7 3-1 3 Agi <, 6. 63 1 4a 9 a Xe a 6 Oe 


De isomeren van 


L =(ab)* (cd). (ad) {60q)-- See 
zijn volgens § 4 (11) lineair uit te drukken in 
Lowy Le Le) Le) . ew See ae ce 
Die van 
A == (af)? (yd)? (a0) (By) a 


zijn lineair uit te drukken in 


Aq) AQ) Ass) AG) . So. wl ee ae 


Door contractie van de invarianten (2) en (4) ontstaan 16 invarianten 
van de vier gemengde vormen 


F, =a} a; F, = b} B} F,;=c} 73 F, = d} 63. 
Elk dezer 16 invarianten geeft aanleiding tot een productvoorstelling 


I; X Ix. Deze moeten volledig gereduceerd worden. In de theorie der 
substitutiegroepen wordt hiervoor afgeleid 9) 


IY Xl=T2, I,xX1,=T1, 22 aha 
Y, l,i Ae /. 43) 
MY XiZ=T; 
Alleen [Le Ag) is dus niet primitief-symmetrisch. Door contractie vindt 
men dus onmiddellijk de symmetrische invarianten 
(La) Aw) = J, [Lode a=... ot) ae ee 
9) Zie B. L. V. D. WAERDEN, Moderne Algebra II, pag. 196, of 


B. L. v. D. WAERDEN, Die Gruppentheoretische Methode in der Quanten- 
mechanik, pag. 57, J. Springer, Berlin (1932). 
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de anti-symmetrische invarianten 


[La A@] = J, Pea as Ti 8 8S ett (2) 
en de cyclisch-symmetrische invarianten 

[La A@)] = [, [Li) Aw] = I, 

[Lw As] =I, [Lis Aw] = I, 

[La As) = In [La AaJ=MoQ * (8) 


[Li2) Ae] =I, [Ls Aa] =f 
De niet primitief-symmetrische invarianten 
(3) 
[L* Aa] [Ls A] [Le) Ao] [Ls do}. . . (9) 


geven volgens § 8 (6) aanleiding tot een 4-dimensionale productvoorstelling 
3X3 


1000 1 1 el ee ORO 

OsTE0O20 —l 0-10 —1-—1l1 00 
E’= A= eh 

0-0" 1-0 —1-—1 00 —1 oO-—10 

C0708) Ol OnO l Bs fal 


en deze wordt door transformatie met de matrix 


Pe yeahs 1 2 
3 3 a}: a3 
OF st 0 
M= age (10) 
st ale pie 2 
3 3 3 3 
2 a0 cS oe F 
3 3 3 3 
volledig gereduceerd tot 
1000 10 0 0 a-07 20.0 
, 0100 Osi 0 ealse 00 
| et thy se onl 
0010 Oak Gece ban 0 
0001 ‘Oc Olea 20 Ope) = 1."21 


Dit is volgens § 4(9) de gereduceerde voorstelling 
Fae Lo es 


Met behulp van de coéfficiénten uit de matrix (10) vindt men volgens 
§ 8 (10) de symmetrische invariant 


li Pw) =e [Le) A0s)] + [Le AG) + [Le A(s)] +2 [Le Ao)}) ath) 


de anti-symmetrische invariant 


Ty, = Pa = 4 ((Le As] —[Le Ao) Make arr. eRe) 
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en twee cyclisch-symmetrische invarianten 


15 Pe) = }(— [Le) As)] - [Le Avi + [Lo A@)] +2 [Ls) Ao))) 


pee) 
Lew Pe) =+4(2 [Ley A)] + [Loy Ag] + [Le A@)] — [Le A@)}) i 
Verder is i" 
oi hut Pia @, 
se oh ed 
ye ere (14) 
edi — 1 
1 0 0O—1 


zodat volgens § 8 (12) 
[Lo) Aa) = Tis —I;; \ 


[La Ae] = —4 Lis thats the 
Fey atts Se: 
[La Ao] = —3.3—Ta ths + A 


[Le) Agi — Th3 — die ; 


Tenslotte willen we, deze primitief-symmetrische invarianten /,,........., lig 
afleiden, door de invarianten 


[Le) A@)] [Ley A@)] [Lo Aa)] [Lo A@)] Wale SOND 


te splitsen in primitief-symmetrische delen. 
Stelt men Le) A) = Jz, en noemt men overeenkomstig § 4 (10) - 
1 . 


6 le + Is + Ip + Ie + In + Ir) = Is | 

$ le + lat-ig—tIe— Ip — Ir) — Tat (16) 
tle —Ip Pass 
$e — Is Ip irs 


dan is volgens § 4 (11) 
Tge=TIs + Iq + Ter + Ice . . . . . . . (17) 
een splitsing van J¢ in primitief-symmetrische delen. 


Verder is volgens § 8 (13) en § 4 (9) 


Lec 666 LG) tes Le) 
i Ie 34 1 Pata 2 
Le =— Le — Le Ler 2 Be 
1A 1 rs 2A 1 
HSS (3) Le =—Le—Le 
L B i ae Li a 
Le = Le) Lee =% EG) 
1 IN oy 2a 2°C 1 
Le = — La— Le Lae Le 
ey a 1 2 vig B) 2 


LG =a ies) ; Ley_ = — Le — Le 
1F 1 oF 1 Fe 
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dus 
[Le Ae) =} ([Le) A@)) , + [Le As] | +...4 [Lis) Ag) 1.) = 
= + (Le Aa] + [(— Le — Le) (— 40) — Ao)] +... + [La Aa]) = 
=4(2 [Ley A@)] + [Lo A@)] + [Loy Ag)] +2 [Lo As))). 


Aldus voortgaande vindt men voor de 4 X 4 primitief-symmetrische 
delen van de invarianten (9): 


[Le) Ae). —=—2 [Lo A@)]< =—2 [Le Ass — [Loy AG); = 
=e (2 [Ley i + [Le) A@)] Sa [Lo Ao] +2 [Lo Ao)}) cml (E 


{Le) Ao) —— [Lo A®)a —0; Le) Ab} a [Le Ao)|q = ee 
= 4 (Lo Ag)|—[Le) As)}) aot AY 
— [Lo Ab)}c1 =< [Le Ab)}e1 = [Le Ab\c1 = 
— [Lo A@)| + [Lis As) + [Le As) +2 [Le) Ag)}) =v te [Le AG) Jer = 0 


[Le A@)c2 — 02 [Le) As)fe2 = [Le) AG) cz =— [Le) A®)\c2 = 
See (Lo) A@)] + [Loy As] [Le Ao) = [Loy A@)}) = Joa 


Substitueert men deze uitkomsten in (17), dan vindt men de be- 
trekkingen (15). 


§ 10. Thans willen we de symmetrische invarianten J,, Jz en [1,3 nader 
beschouwen. 

J, is ontstaan door contractie van Li) en A(i). 

Volgens § 5 (3a) kan men L) uit de discriminant 


R= 12a a; a2 a3—8 ay a3—2a? a3—8a} a,+ 6a? az . . . (1) 
van a> verkrijgen door middel van 


fea at R 
Hoyt) Oap Oax 0a1 0am fy bx = dm. 


Dan is 


04 R rol R* 
h=(z4 a La ot Beara a an da,dai 0a, "749 “| 


waarin &* de discriminant van a3 voorstelt. 
Stelt men 
on 


— = Cok 
Oapdax0a;dam  -  ™ 


o*R 


Sipniosioee =cpkim, dus ook 
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dan wordt 


I = (3'7)? ( Pa) PH Cokim Cazxihu A px Bex Cr Dia) ‘ . (2) 


p,k, l,m 7,%,4,¢ 
Uit 
Cpk lin —Ckplm—--++ OM Cazip = Cenrip—.-- 
volgt opnieuw, dat J, symmetrisch is in de coéfficiéntenrijen A, B, C, D. 
Uit (1) berekent men de van nul verschillende coéfficiénten 
Co123 = 12, C222 = — 48, Co933 =— 16, C413 = — 48, Cy 422 = 24. 


Nummert men de 5 indexgroepen als volgt 

(0123), = 1, (0222):=— 2. (0033) e3 LU tS ee ol ee) eee 
dan wordt 

Cpa i2 Co — —48 cz — —16 c4 — —48 Coren 
terwijl (2) dan overgaat in 


5 5 
i=1 j= 
Stelt i de indexgroep (pklm) en j de indexgroep (1x1) voor, dan is 
(ABE Di p= ya >) Apa Bx Cr Diag *: : ls (4) 
(pk Lm) (7x4 p) 


waarin & de sommatie over de variaties der indexgroep (pklm) 
(pk 1m) 
aanduidt, Zo is b.v. 
[ABCDhs= 2 2 Ago By C23 Das 
(0222) (0033) 


een veelterm bestaande uit 4 X 6 = 24 verschillende termen. 

De eerste sommatie loopt over de vier variaties 

(0222) (2022) (2202) (2220) 
en de tweede over de zes variaties 
(0033) (0303) (3003) (0330) (3030) (3300) 

Beschouwt men Apa, Bpa, Cpx,Dpxals aequivalente coéfficiéntenrijen, en 
vervangt men Bpa,Cpx,Dp2door Apx, dan worden verschillende termen in 
(4) aan elkaar gelijk. 
Zo gaat b.v. [A BCD), over in 


[A AAA} a= 12 Ap Ass An 12 Aga ae 


De invariant J, kan men gemakkelijk uitdrukken in de coéfficiénten der 
grondvormen. 
Immers 


do 2; ap 43} | A A, G2 Az 
bo*b; by b3| | Bo Bi Bo Bs 
Co. Cy C2 Cai | Her yy 72.73 


dy d; dz d3| |5o 4, 42 43 


I,= [Le Aq] =4 | 


aio 


Door contractie vindt men 


0* D OnLy 
Oap Oby Oc10dm Oax Of, O71 Ibu 


,=} Apa Bex Cr NO oo ee 


P,k,l,m 2,x,A,u 
—- ye im sign (ckIm) sign (axAm) Apa Be, Cru Dinu 
P,k,l,m a,x,4,¢ 
0123 


waarin sign (p kim) het teken van de permutatie ( : 
pkim 


is. Nu is 
Apo Bn Ce Dp3 
Ar Br Cr Dis 

DH sign (17xAp) Apx Be, C Ds — = det (ABCD m 
7, x, A, 2 pe Ea ee Arp Bn Cr Dr ett pat 


Amo Bm Cm2 Dm 


? 


dus 
Gast 2 sign (pkIlm) det(ABCD) prim. « .°. ~ (5) 
DP, »f,m 


0123 
pkim] 

Zijn de grondvormen aequivalent, zodat Bpx, Cpx, Dpx door Apa ver- 
vangen mag worden, dan vindt men 


waarbij gesommeerd wordt over de 24 permutaties 


Ato Au Ai Ai; 
A2Q An Ax Ad 
A309 Az A32 A33 


Dit is een vierdegraads invariant van de enkele grondvorm F = a3 a}, 


be Ao Ao2 Ag; 


(6) 


De invariant 
13= 4 (2 [Lo Ao] + [Le Ao] + [Le As] + 2 [Le Ao)]) 


behoeft niet in de moduulbasis te worden opgenomen. Ze is uit te drukken 
in Jz en in de symmetrische invariant 


Jascno=t(fasJeo+JacjJantJcajep). .. . (7) 
waarin 
Jas=]ea=(ab)3(ap= Aoo B33 — 3A 19 Bz3 + 3A2Bi3 —A39 Bos + 
— 3A; B32 + 9A; Boz —9A2 By2 +3A3; Boo + 
+ 3A 92 B3,;—9A12 Ba + 9A. Bi,—3A32 Boi “tr 
ae Ao3 B3y + 3A13 Bry — 3A23 Big + A33Boo 


een symmetrische invariant van de tweede graad is. 


. (8) 
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- Men vindt nu met behulp van § 5 (7) (8) 
2 [Lis Ae] = # flac)? (dby Ae (ec)>} §(ay)?(38)°—(aB)? (y)°} = 
= $ tJac Jos—(ac)? (db) (af)? (yd)? —(ab)? (cd) (ay)? (68)? +Ja 8 Jed} 
[Le As) = 5 (ac)? (db)? a ite c Jpp—(ab)? (cd)? (ad)? (By)? + 
+ (ab)? (ed)? (ay)? (68) 
[Lo As)] = 5 t(ad)? (bc)? (ay) (68)’—(ad)? (bc)? (a8)? (74)’—Ja cc Jon + 
+ (ac)? (db)? (aB) (yd)? 
2 [Le Ao] = § {Jap Ja c—(ad) (bc)? (ay)? (68)? —(ac) (db)? (ad)? (By)? + Jac Jos} 
dus 
I3=9'7{6Ja Bc p-ab) (cd) (a7)? (88)?-(ab) (ed)? (ad)? (By)?-(ac)°(db)*(ad)*(By)? + 


~(ac)? (db)? (af)?(y3)?-(ad)? (be) (a) (8)?-(ad)’ (bc)? (ay)? (68)? } 
en volgens § 5 (5) 


T13 = 37 {6 Jasco — (36 [L@ A@] —JasJcoo—Jac ]an—JcaJep)} = 
= zr 16 Jason — (36 1, —3 Jascn)} = 7 {9 JaBcp— 36 Ih} 
dus 
h3s=tfascp=4thn. «. + 3a eee 


Zijn de grondvormen aequivalent, dan gaat Jag over in 
Js = 2 (Aoo Ass —3 Aip Ars + 3 Ar Az —As0 Aos — 3 Aoi Az2 + 
+ 9A, Ar2—9 Ar Ai2 +3A3; Aog). (10) 
Uit Jasco ontstaat dan 
J=S; 
zodat 1,3 overgaat in 


$= 47S 2 Se Oe ee 


§ 11. Onder de i#* overschuiving van twee binaire gemengde. vormen 
P=alaf en G=biB 
zal men verstaan 
(F, G)®.== (ab)! (af). ab bSt} ag) BES? ai och Sie See 
i is ten hoogste gelijk aan de kleinste der exponenten p, q, r, s. Deze’ over- 
schuivingen zijn blijkbaar covarianten. 


De eerste overschuiving hangt samen met de determinanten vaii partieel- 
afgeleiden. Men vindt 


CF OF E ( 
Ox, 0&; Ox, dé, pqak' al" aya, pqak' asa, a 
eG eG] — 


rsbi* br bap, rsbe" BS by By 


0x2 08; O2x2 0&, 
=pqrsal" br! af! BS a, bz (a8) 
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en evenzo 
eG G | 
Ox; OF, Ox, OF). 
re eae al ae Sear e ice P1828 O) 


0x2 08, Ox, OF | 


ASS keg Sm Ma ha Sagi oS 
Ox, 0é, Ox, Of (OX 0é; Ox, 0é, 


MYGUE?GlOLILeH OR 


0x2 Of, 0x2 0, | 0x2 0&, Ox, 08, | 
= pqrs(ab)(ap) ae! br! a9! f= pars (FG). . . (2) 


Naar men weet, is de discriminant R van de enkelvoudige binaire cubische 
vorm a? te beschouwen als de tweede overschuiving van A? met zichzelf, 
waarbij A? weer de tweede overschuiving van a3 met zichzelf is. Naar 
analogie hiermede kan men de volgende tweede overschuivingen van de 
vier gemengde cubische vormen 

F, = a} a3 = B: FB; =c} 72 Bod? 07. -»- (3) 
berekenen. 
(F;, F,)? = (ab)? (ap)? ax bx az Bz = p2 m0? — 
(F'3, F4)?) = (cd)? (v6)? cx dx yz bz = 82 oz = S. 

Hierin is 

| Pik, tm — 4 (ab)? (af)? (a! bk + ak bi) (a! pm + a™ Bl), 

De tweede overschuiving van P en S wordt 
He=(P,S)=(ps)? (70)? = (ab)? (af)? (as) (bs) (ao) (80) = 

=+(ab)’(aB)? (ed)*(76)? | (ac) (bd) (ay) (89) + (ac)(bd) (ad) (By) + 
+ (ad) (be) (ay) (83) + (ad) (bc) (24) (By) }= 
thet Lp) (de dpy 0 Ub ete ke (4) 
Deze invariant is niet symmetrisch in de coéfficiéntenrijen der vier grond- 


vormen (3). 
Nu kan men deze laatsten op drie manieren twee aan twee combineren, 


en vindt dan 
He = (Fi, Fy), (Fs, F4)2)° = 4 (Le + Lp) (4g + Ap) 
Ha = ((Fp, Fs), (Fy, Fa)®) = 4 (La + Lo) (4a + Ac) 
Hg = (Fy, F\)®, (Fp, F,)®)” = 4 (Le + Lr) (48 + Ap) 
Blijkbaar is 
H=+(He+ Ha+ Ha) = 


= #5 {(Le +L p) (Ag+ Ap) +(La+Lc)(4a+ Ac) + (Le +Lr)(4p+4,)} (5) 
31 
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een symmetrische invariant. Deze willen we uitdrukken in de primitief- 
symmetrische invarianten /j, ......, lic. 
Volgens § 4 (11) vindt men 


Le Llp Zhe eee Le) 

TIa+Le=2 10+ Le) 

Le t+Llre=2 La) — L133) — Le) 
en dus volgens § 9.(6) (7) (8) 
(2 La) + Le) (2 Au) + As)) =41,4+21,+21,+ Le) AG) 
(2 Lo) + Ls) (2 Aa) + As) =41f,+21,+21.+ Le) As) 
(2 La) — Le) oa Le) (2 Aa) — AG) “= AG)) = 4],—21,—21,—21,—21,+ 

-L La) Ao) + Lis) AG) + Le) As) + Ls) Ao), 
dus volgens § 9 (11) 
A= (12h +3) +ths sa > Se 


Op dezelfde wijze kan men de symmetrische invariant 
U=% (Le de + Lada+....+Lr Ar) See ae 64 


in de primitief-symmetrische invarianten 1], ......, I,¢ uitdrukken en vindt 
dan volgens § 4 (11) 


U=4(6 Le) Ad) + 6 Le Awe + 4L) A) ae 4L6) A) +2 Le) Ae) - 2 Le) Aa) 
en volgens § 9 (6) (11) 
U=)1,+h+h3. es Se SU Pees te (8) 


Anatomy. — A new entoptic phenomenon. By H. JANSSEN. (Communicated 
by Prof. C. U. ARIENS KAPPERS.) 


(Communicated at the meeting of March 30, 1946.) 


When regarding a light formed by a small circular hole in a screen, 
this aperture looks like a star as a result of the irregular lens-astigmatism 
instead of retaining the perfectly circular form as we might expect. 

The immediate surroundings of the light appear to be luminous to the 
extent of approximately 7°, This light-zone is related to the pupil; its size 
varies in accordance with the constriction or dilatation of the iris. The 
structure of the light-zone is not homogeneous; its appearance depends to a 
certain extent on the intensity of the source of light. On close observation 
we may perceive in it a bundle of very thin rays which forms a usually 
horizontal propeller-formed glow, standing out against the dark back- 
ground (fig. 1). 


Fig, 1. 
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If we do not observe the ‘‘lightpropeller’’ — as I should like to call the 
phenomenon for shortness sake — or do not observe it clearly, its presence 
can make itself manifest if we move the head round a sagittal axis. Once 
having become conscious of the effect, one can observe it as a companion 
of any circumscript light, even of the moon, 

The phenomenon can also be perceived with one eye. Some see with 
each of both eyes a propeller, which form an angle with each other; in that 
case the covering of one of the eyes is recommended for the following 
experiments. 

However mobile the “‘lightpropeller’’ may be, after some time it will 
always come to rest approximately in the plane defined by our eyes and the 
light. From this we can conclude that the cause of the effect must be sought 
in our eyes and not in the medium between the light and the observer. 


Two experiments will bring us closer to this cause. 
First experiment: We move the head round a sagittal axis, starting for 
instance with the head on the left shoulder (fig. 2). 


Fig. 2. 


The “‘lightpropeller” lies parallel to the line joining the eyes, viz. from 
the left bottom-side to the right top-side. Upon moving the head round a 
sagittal axis, so that it rests upon the right shoulder (always keeping our 
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eyes fixed on the light), we find that after a few seconds the “‘lightpro- 
peller’ again lies parallel to the line joining the eyes, viz. from the left top- 
side to the right bottom-side. 

Supposing that the line joining the eyes has been moved over an angle 
of 90°, it appears that the ‘‘lightpropeller’’ did more than merely turn from 
its first position to the final one. At first it turned roughly 15° into the 
opposite direction, then changing its direction it turns 120°, thus going 
15° too far, and finally corrects this excess by reversing 15° (fig. 2). 

The first phase occurs during the time in which we move the head 
quickly from left to right. After the head has taken up its new position we 
observe the further movements of the “lightpropeller”, which take place 
in a few seconds. 

The starlike extensions of the light — caused by the irregular lens- 
astigmatism — have turned together with our head, without the somewhat 
slower balancing process of the “‘lightpropeller’. The propeller thus moving 
independently of the starlike impression cannot find its origin in the lens. 


Second experiment: We keep the head upright without moving it. 

The light in front of us again appears to have the ‘‘lightpropeller”. This 
lies horizontally. Now we direct our eyes to a point at the left hand side 
of the light, at an angle of say 45°. Then suddenly looking again at the 
light we observe a digression of the “‘lightpropeller’’ of approximately 80° 
in a negative direction. In the course of 5—7 seconds it slowly turns back 
again over these 80° in a positive direction (fig. 3). 

Approaching the light from the right we find the opposite taking place. 


ay) 


/\ 
—()— 


Fig. 33 


* * 
* 


The first experiment proved that the cause of the phenomenon was not 
to be found in the lens. 
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The fact that in the second experiment the “‘lightpropeller” turned over 
an angle of approximately 80° excludes the cornea as well, since it is out 
of the question that the cornea, and consequently the eye itself, makes such 
a rotatory movement. 

Nor can the liquid of the anterior chamber of the eye be held responsible 
for the occurrence of the propeller-phenomenon. In normal circumstances 
this liquid is homogeneous and has the same refraction in all directions. 

As it is unlikely that the retina does anything more than play a purely 
perceptive part in the ‘“‘propeller-effect’, the only possible conclusion we 
can draw is, that the cause of the phenomenon must be sought in the 
corpus vitreum, ; 

That it is not caused by other influences, such as irritation of the semi- 
circular canals or deformation of the eyeball by the exterior eyemuscles, 
appears from the fact that the “propeller” remains stable if we keep the 
eyes intent upon the light and make yes- and no-movements. 

We may take it for granted from the slow swinging of the “light- 
propeller’ that the corpus vitreum — wholly or partly — follows the 
movements of the eye only with a certain inertia. A supposition that may 
be confirmed by such ‘‘muscae volitantes” that drift slowly to a point of 
rest after a movement of the eyes. 

I am unable to give a physical explanation of the phenomenon. The 
structure of the corpus vitreum might indicate from which angle the 
explanation of the propeller-phenomenon should be sought. 


The corpus vitreum — a gel — consists of a stroma of fine fibrils 
forming a spongelike network with meshes filled with clear liquid. After 
the first few years of life the stroma begins to sag. This can be demon- 
strated by the lowering of the hyaloid canal of CLOQUET (fig. 4) as is 
shown by the investigations of IDA MANN (J. of Anatomy 62, 290—296, 
1928). 


A B C 


Fig. 4. Relations of CLOQUET’s canal, A. at birth, B. in the adult with the eye at rest, 
C. in the adult after sudden movement upwards. (After MANN.) 


. In my opinion the propeller-phenomenon is closely related to the stroma 
of the corpus vitreum. By sudden upward movements of the eye the stroma 
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floats up and CLOQUET’s canal assumes for a second or so its foetal position 
(fig. 4). It is important to note that for these few seconds the “‘lightpro- 
peller’ cannot be observed. 

It is worth considering whether the eye-movements round a vertical axis 
make the bottom part of the corpus vitreum sway too far, as a result of its 
greater density. This might explain the behaviour of the propeller in the 
second experiment. 

The mobility of the corpus vitreum would thus be stressed by the wide 
swinging movement of the propeller. This behaviour might be of interest 
to oculists, who might wonder whether rapid movements of the eye provoke 
a tear and a detachment of the retina in a predisposed eye. 


Medicine. — On the probable mode of action of thiourea and thiouracil on 
the thyroid function. By P. FoRMIJNE. (Communicated by Prof. 
A. DE KLEIN.) 


(Communicated at the meeting of March 30, 1946.) 


Preliminary communication. 


It has been shown by many investigators that the function of the thyroid 
can be profoundly influenced by the administration of thiourea, thiouracil 
and other related compounds. 

The molecular combination of thiourea is present in all these compounds. 
They are very effective for the treatment of GRAVES’ disease, as has first 
been shown by AstwoopD 1). In these cases a profound lowering of the 
basal metabolism, even to subnormal values, can be observed. Regarding 
the mode of action, different hypotheses have been suggested without 
actual proof. Some investigators have suggested the possibility, that the 
synthesis in vivo of thyroxin in the thyroid is disturbed by these compounds. 

It has been shown, especially by ABELIN 2), that the addition of iodine 
to proteins can produce substances with the biological action of thyroxin. 
LUDWIG and VON MUTZENBECHER ?) have shown that under special con- 
ditions the treatment of protein with iodine can lead to highly active sub- 
stances from which pure thyroxin can be isolated. 

In the present investigation the action of thiourea on the in vitro forma- 
tion of thyroxin was analysed. 

If iodine is added to a solution of protein containing thiourea, it can be 
seen that the iodine disappears much more rapidly in this solution than in 
a control solution without thiourea. If these solutions are hydrolysed with 
bariumhydroxyd, the acid-unsoluble fraction, which contains the thyroxin, 
can be isolated. The thyroxin-content of this fraction can be determined 
by the butylalcohol-extraction method of LELAND and FosTER #). It was 
found, that a marked amount of thyroxin-iodine was present in the control 
solution, while in the solution with thiourea only traces of thyroxin-iodine 
could be detected. 


Description of experiment. 


To 10 gms soluble casein were added 3 gms of sodium bicarbonate, 


400 cc destilled water and 3 gms of thiourea (Solution A). In the control 
1) AsTWOOD, J. Am. Med. Assoc. 122, 78 (1943). 

ABELIN, Klin. Woschrift 13, 940 (1934). 

3) LUDWIG und VON MUTZENBECHER, Zeitschrift f. Physiol. Chemie 258, 195 (1939). 

4) LELAND and FOSTER, J. Biol. Chem. 95, 165 (1932). 
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solution 10 gms of soluble casein, 3 gms of sodium bicarbonate were solved 
in 400 cc destillated water and 3 gms of urea added. (Sol. B) 

Hereupon 20 cc of Lugol-solution, containing 1 gm of iodine, were 
slowly added to each of these solutions. Afterwards the iodated protein 
was isolated and hydrolysed with 60 gms (Ba(OH). and 120 cc of water 
during 18 hours. 

The acid-unsoluble fraction was isolated, solved in normal NaOH 
solution and shaken with an equal volume of butylalcohol. 

The butylalcohol was separated, shaken again with an equal volume 
of normal NaOH and again separated. The last washing with normal 
NaOH was again shaken with half a volume of butylalcohol and the 
butylalcohol-extracts were combined; each of these butylalcohol-extracts 
contained the thyroxin of solution A and B. 

The iodine content of these solutions was determined, The thyroxin- 
iodine of control solution B (with urea) was 32.26 mg, the thyroxin-iodine 
of solution A (with thiourea) was 3.1 mg. 

These figures demonstrate that the formation of thyroxin by iodini- 
sation of protein in vitro can be inhibited by thiourea. It was found, that 
thiouracil had a similar action, 

If iodine in the form of Lugol-solution is added to a solution of urea 
nothing seems to happen. If Lugol-solution is added to a solution of thiourea 
the iodine is bound immediately and the yellow colour disappears rapidly. 
The quantitative relations of this reaction and the mode of binding of the 
iodine by thiourea are being investigated further. 

A simple explanation for the action of thiourea can now be given: The 
thyroidcell has the property of liberating free iodine, which combines with 
protein to iodised compounds which contain thyroxin. In the presence of 
thiourea this reaction cannot take place because the liberated iodine is 
caught away by the thiourea and cannot combine with the protein. 

_ It is therefore possible that the physiological activity of thiourea and 
related compounds is determined by two factors: The capacity for the rapid 
binding of free iodine and the property of entering into the thyroidcells. 
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Applied Mechanics. — The convergence of a specialized iterative process 
in use in structural analysis. By C. B. BIEZENO and O. BOTTEMA. 


(Communicated at the meeting’of April 27, 1946.) 


1, Introduction. In recent years so-called ‘‘relaxation’’-methods have 
been developed which have completely altered the treatment of a great 
number of technically important structures, such as redundant girders, 
redundant frame works, trusses of ‘“Vierendeel’’-construction etc. 1) 

All of them are iterative methods, the convergence of which — if at all 
considered — is generally discussed from the energetic point of view 2). 
The iterative method, under consideration here, will be investigated in a 
different way. It restricts itself to such two-dimensional frameworks the 
joints of which are only liable to rotations, and for the rest are fixed in 
space. The joints of the frame work may be denoted by Ai (i= 1,2... n); 
the length of the member joining the points A; and A; may be indicated 
by li; =1;; and it may be prearranged by definition that li; — 0 if the 
points A; and Aj; are unconnected and that — in agreement with this 
definition — li; = 0. ; 

If the structure is loaded it will be brought into its ‘‘natural’’ state of 
stress and all joints A; will rotate. If the rotations are prevented by suitable 
moments M; applied to the joints Ai, the construction will be said to be 
“locked”. It is supposed that the state of stress can easily be calculated 
for this fully “locked” structure. Then the problem to be solved consists 
in calculating all stresses which occur if the structure is ‘“unlocked”’. It is 
this unlocking of the structure which is effectuated in degrees and in an 
iterative way. The locking moments, which prevail after the k'th iteration 
will be designated by Mi(k). The procedure of iteration once being fixed, 
it is our aim to show that all locking moments M; (k) (i= 1,2... n) 
tend to zero if k tends to infinity. Obviously it must be required for the 
sake of practical applicability that this procedure of iteration be such that 
the change in state of stress, implicated by one single iteration, can easily 
be calculated. 


2. The iterative method. Let the iteration be carried out k times, so 
that the locking moments are M; (k) (i= 1,2...n) and let the joint Ai 
alone be unlocked. Then A; must be loaded with —Mi(k). All joints 
connected with A; will be influenced by this unloading in a way which 
depends upon the distribution of —Mi(k) over all members by which Ai 


1) These methods originate from an article by HARDY Cross, Analysis of Continuous 
Frames by Distributing Fixed-End Moments. Proc. Amer. Soc. C.E. 96, 1—156 (1932), 
and have been developed mainly by R. V. Southwell and his ‘disciples; comp. R. V. 
Southwell, Relaxation Methods in Engineering Science; a treatise on approximate computa- 
tion, Oxford University Press 1940. 

2) See f.i. G.. TEMPLE, The general theory of relaxation-methods applied to linear 
systems. Proc. Royal Soc. of London, Vol. CLXIX. 1939. 
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is connected with other joints Aj. This distribution can be described by 
attributing to every member A:Aj a certain ‘‘elastic weight” ai; which will 
be specified later on. The portion of —Mi(k) for which the member AiA; 
stands, will then be represented by 


aij 


Fa, Mile - * Gb o)iotSe Glee eee 

h 
(where the summation over h may be extended over all valuesh = 1,2... n, 
if only ain is put equal to zero for every A for which li, = 0). 

The “extra’’ locking-moment, caused by the unlocking of Ai, depends 
solely on the elastic properties of the member AjA; and can be calculated 
by introducing the so-called ‘‘coefficient of transition” fi; (which again 
will be specified later on); it then becomes 


mR Ss io Sheil” Ghd ena np Seg ee 


If the liquidation of the moments Mi(k) is supposed to take place simul- 
taneously for all joints Ai, it is evident that at the point A; the moment 
Mi(k) vanished, but is replaced by a moment Mi(k +1) represented by 


Mike pl sea hy ee 


j &ajh 
A 


The system (3) is the analytical representation of the iterative method 
proposed in this paper. 


By putting 
(gj Mi 
Ne (4) 
it is reduced to the system: 
Ni (k + 1). > ayy == 2a Pyiogs Nz) (eel 32 eae ox (5) 
j j 


3. The coefficients ai; and Bij. To calculate the coefficients aij and 
fi;, introduced in the preceding section, we want to know what happens if 
the structure is loaded by a moment M; at Ai, whilst all other joints 
A; (j #i) are locked. To this end we consider the member Aj; (fig. 1), 


Bigy 
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clamped at Aj, freely supported at Ai, and loaded by its share Mi; of Mi. 
If, for abbreviation, we put 


(4 es (32d I 

= xax ab a 

O° | iene tes Rive eel heed bay os ea a a 
y . tj 4j ij 
A; ¥: 


i Aj i 


of O), 


(where EI represents the local bending rigidity of the member), the reaction 
X is determined by the equation 


Mi; Sij— X1;;=0 
(expressing that the deflection at Ai is zero), and the rotation qi; at Ai by 
jcid Peery 
gj = Mi; Fi—X Siz = Mij Sy ara 
ij 
Obviously all members li, by which A; is connected with other joints An, 
will suffer the same rotation gi if Ai is loaded by the moment M; (whilst 
all other joints remain fixed) and therefore we have 


2M pty 7 


, Y Min, 
Mij _ Mik _ Seta ecg Vj 
Oj j Qik “a » ih 2 Gih 
h h 
from which it follows that 
a 
M;;= — 
* 2» Gin 
h 
The quantity 
1s 
ayy = ——_— |} ... . oe ss 


defined by (6) therefore is identical with the quantity ai; introduced in 
sect. 2. As to Bij, the equilibrium of the member AiA; (comp. fig. 1) 
requires a clamping moment at A; of the magnitude 


Xhj—-My = 
so that 
lig Sig ij. 
Teo a SS kere ee AS) 
ij 


It follows from (6) that ai; >0, fi; >0, and furthermore that 
2 
yi me a Syi iy Fis—Sij Lj¢=liy Fig—2 ij Sig + iy - (9) 
3) It may be stated that the coefficients a;; have nothing to do with the influence 


coefficients of MAXWELL, which ordinarily are denoted in the same way, and to which 
reference will be made in sect. 7. 
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Consequently 
Fj dij—Sip = Fy dj Se (10) 
liz Sig—liy = 1 ji Spi ji : (11) 
With 
1 
— = F;; hyj—Si; . (12) 
Vij 
and 
bi = liz Sigz—Tij (13) 
we therefore have 
vig=Vjis Oi = Oj: . (14) 
ee 
is za Pig kegs Bij =z" (15) 
ij 
whereas — with due regard to (9), (12) and (13) 
1 
lij lij—81 = 5, 7° (16) 


4. The solution of the equations (5). With the new notations and with 


Bi= 275 hy. (17) 
the equations (5) become 
Bi Ni(k + I) + 284 yey Ny (K)=0 (1=1,2...n) . . (18) 
In the usual way we put 
Nj (k) = C; w* (19) 


by which the system (18) is replaced by the n homogeneous linear equations 


in Ci 


BBY Cerys ty i raat (Led 2 <a) (20) 
admitting a solution, different from zero, only if: 
Bim = 042 712, 913-13. -'+ + O1n Yin 
Day) One 28 ee ee 


Oni Yni Bn be 


The determinant Dn() is symmetrical, and therefore all roots (1,2 --. (un) 
of (21) are real, if not necessarily different. Should a p-fold root exist, then 
the system (20) is reduced to a system of (n—p) linearly independent 


—_—o 
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equations which admit a system of p linearly independent solutions. In 
accordance herewith the general solution of (18) is given by 


IN Rao ae ean co, bs. = (22) 


as (s=1,2...n) denoting integration-constants computable from the 
initial values M;i(0) (i= 1,2...n). Equations (4) and (22) provide us 
with the formal means to evaluate the locking moments Mi(k), required 
after the k’th iteration. It must, however, be emphasized that the proper 
aim of the iteration method lies in the avoidance of this calculation, and that 
the practical computation of the successive sets of quantities Mi(k) takes 
place by making use of the “‘‘coefficients of distribution” ai;, and the 
“coefficients of transition” Bij. 

Nevertheless eq. 22 provides us with the criterium of convergence of the 
iteration methods, which obviously consists in the condition that 


Pemep ee (eee Loic Vo v4: ely ewe ot ne pe 2 429) 


5. The convergence of the iteration process. It will now be shown 
that the condition (23) is always fulfilled. To this end we draw our 
attention to one single root « and the corresponding (non zero) -solution 
Cis(i=1,2...n). If, for simplicity’s sake Cis is replaced by Qi(i=1,2...n) 
the following relations hold: - 


fe Bees Otic) (b= 1, 2 ae. n) sc 3 O24) 


from which we deduce: 


SQ: [ms Bi Qi + 2 4i; 715 Qi = ws FBi Qi + 
t J i 
-|- yizi 0:1; Vij QEQ;7=0 
ij 


On account of (18) this relation can be transformed into: 


(us—1) 3 Bi Qi +4 DS yiy (ij Qi + 261; Q7 Q3 + Lyi Qij)=0. (26) 
i ij a 


The quadratic function 
Fyy Qh 28, QQ, Qy 4+, OF 27) 
being positive-definite (comp. 16), and consequently the second sum at the 


lefthand side of (26) being essentially positive, it is obvious that («ws — 1) 
is negative and therefore 


pF oan) tot ate ie Me iy lla ee trea 2.) 
At the other hand (25) can also be written as: 


(us + 1) YB; Qi—$ Diy (lis Qi—2 5:7 Qi Q; + 141 Qj)=0. (29) 
i ij 
from which analogously it follows, that 


Hs > — | 
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6. The upper limit of us. Narrower limits can be given for us by 
introducing the quantity 
Ae: an 
by Bp =a ed SS 
RET RES o 1 
dig + 
Vij 


(comp. (8) and (16)). ‘ 
The greatest of the numbers |“ f:;fj;i may be denoted by G, so that 


iPihice Ol + ee eee 
Then it follows from (31) and (32) that 


G2 


1—G2)o,= ; 
( ) ois Vij 


(33) 


Strictly imitating the trend of thought developed in the preceding section 
we now bring (25) into the form: 


(us—G) YB; Qi +4 3 (Gli; Qi + 2 6;; Qi Q; + Gj; Qj) =0. (34) 
i ij 
The discriminant of the quadratic polynom 


G Ii; Q3 +26; Q;Q;+ GIy Q} 


amounts to 


72 2 2 2 1 2 G? 
6jj—G7i; 17,5 = 01 ;—G? (2%) + te (1—G?) 67; 
ij 


Vij 


which certainly is not negative (comp. 33). 
It follows (comp. sect. 4) that 


pez GS max VV Bi Bid ae ee 
and, — in replacing in equation (34) G by —G — analogously, that 


ye —G (Emax | po eee 


If all members A;A; of the structure are prismatic, all coefficients fi; are 
equal to 4. In this case 


i? are reer © CR ele ie 


and a rapid convergence of the iteration process is guaranteed. From the 
fact, that constructions can be indicated for which one of the characteristic 
roots is equal to 4 (f.i. a continuous beam supported in n points, having in 
every span a constant factor of rigidity EJ) it follows that the limit G in 
(35) and (36) can be reached. 


7. Second proof. The conjugated influence coefficients of MAXWELL. 


A second method of attack of the problem is furnished by the so called 
“conjugated” influence numbers of MAXWELL. Just as the ordinary numbers 


ey LP, 
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aij of MAXWELL are suited to express the displacements in prescribed 
directions in those points of an elastic body for which the ai; are defined, 
and in which the loading forces may act in the prescribed directions, the 
conjugated numbers ai; provide the obvious means to calculate in a formal 
way, the force required to act in prescribed directions in those points of 
an elastic body for which the ai; are defined and in which prescribed 
displacements in the given directions occur (forces to be taken in the 
general sense of forces or moments, directions in the general sense of 
directions or axes of rotation). Taking in view a number of points n, the 
number aj; is defined as the force (the moment) required to act in the 
point i in the prescribed direction (about the prescribed axis) if the point j 
is subjected to a unit displacement in the prescribed direction (or about the 
prescribed axis) connected with the point j and if all other points are 
locked (as to prevent a displacement in the prescribed direction in those 
points) 4). 

With respect to the problem under consideration we define ai; as the 
moment required to act externally at the joint i, when the jth point is 
subject to a unit-rotation (caused by a suitably chosen moment) and if all 
other joints are locked. 

Let in the natural state of loading, the rotations occurring in the joints 
1,2...n be designated by 4, qo...q@n, then the locking moments 
required to lock all joints simultaneously, are represented by 


PR ge tere oy 7) 


Sacer ri Soiree Cryin. Pal ee atid key cone (OS) 


Mz = [ant Pi + @n2 2 +... ann Pn 


(To fix our thoughts it may be supposed that the clockwise rotation — 
both in respect to displacement and moment — is positive.) 

From the mechanical point of view the iteration method developed in the 
preceding sections, consisted in that every joint in its turn is unlocked with 
the intention to liquidate the prevailing external moment to an amount 
which is prescribed by the foregoing iteration. Thereafter the joint in 
question is re-locked and it must be emphasized that, when the k'th 
iteration has been performed, with the purpose to liquidate the external 
moments required after the (k—1)th iteration, there still will be to liqui- 
date new external moments due to the fact that he unlocking of a certain 
joint (i) has a secondary effect upon all those joints with which the joint i 
is materially (and directly) related. 

It is obvious, that the successive unlocking of M,,M.... Mn gives rise 


‘to the following positive rotations at the joints (i): 


— M,:a,;:;— M2: a2:... . . . . . ° (39) 


4) Between the ordinary coefficients a;; and the conjugated numbers 4; ; simple 
relations do exist. Comp. f.i. C. B. BIEZENO und R. CRAMMEL, Technische Dyzaamik 
(Springer, Berlin 1939, p. 95). 
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and therefore the angles y!, m}...@! through which the joints have to be 
rotated if it is required to bring the construction from the natural state of 
load (in which the joints 1,2... n are supposed to have rotated m1, po... n 
in the positive direction) into the state of deformation acquired after the 
first liquidation of moments, amount to: 


M. M. M, 
Ba +S et ee 


The external locking moments required to effectuate this forced deformation 
could be calculated with the aid of (38) if only in these equations 
P1P2++- Yn are replaced by gp}, y}...y1. The external locking moments 
required to effectuate this forced deformation could be calculated with the 
aid of (38) if only in these equations @,q@o...@n are replaced by 
Pin Pia Pee We refrain from this calculation but ask for such “char- 
acteristic’ sets m, for which the iterationproces would lead to the excep- 
tional result, that the iterated values pm! and the original values gi would 
be proportional. 
This requirement gives rise to the condition 


git Mia _ 2+M2:an _ — Pat Mn? ann 
YP Y2 Pn 


which in connection with (38) leads to the system of homogeneous linear 
equations 


Say 


Hay + ay Po2+.-- aing~n—O 
821 P) + Maz, Pat... am Pn—O (42) 


ani YP ei An2 P2 + o+ . Hann Pn — 0 
This system has solutions different from zero only if: 
Mayy @j2++-+ ain 


42; M@g2+++ 42n 


Djr(u) = ; 0c Ve Bese 


Ani 4n2..+ Mann 
In consequence of the fact that ai; = aji, the roots of this equation are 
real and it may be stated without further proof (comp. sect. 3) that 
. . . . . . - k k k 
there exist n linearly independent characteristic solutions g*, pk... of 
(k= 1,2...n) which, — if iterated — give rise to ux p*, ug pk... ux. 
It can easily be proved that an arbitrary set of values gy, Y2...~, as 
occurring in the natural loaded state of our structure, can always be 
decomposed into multiples of these n characteristic functions so that: 


pi=C, gy} + Cr 97 +...Ca pt; == 1, 2... 7ane ees 


and therefore it is readily seen that the iteration process, as applied to 


a «ee ee Oe 
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P1, P2 --- Pn will converge and only will converge if all roots wx of (43) 
satisfy the condition 


SREY hi eye a a x 7 £2 (45) 


After a well-known theorem a necessary and sufficient condition to fulfill 
this requirement is provided by the series 


Pee eee et) 8. LN UY ean oe woes he (46) 


(K representing any positive constant number), which constitutes a so- 
called series of ““Sturm’’-functions for equation (43). 

The loss in variations occurring when in this series two numbers uw, and 
[tg are substituted (uw, < ug) is equal to the number of real roots wx lying 
between yw, and pp. By choosing uw, = —1, and wy = + 1, this loss (after 
45) must be equal to n, and consequently it remains to be proved that (46) 
has n variations for «4 = —1, and no variations at all for «= + 1. The 
latter condition is obviously fulfilled, as after a well known property of the 
influence coefficients every determinant 


41; 2}2+++ ain 


421 492++-+ @2n 


ie Sem MeO ie ons UL ea Z} 


An, An2+++ Ann 


is essentially positive. The other condition is more intricate. It requires the 
proof of the unequality 


—a) Ai2++% Ain 


@21— @22++-+ an n odd 
r : 


== : = 0 fo 


@nt @n2-++—4nn 


We will give it for two special cases. 


8. The continuous girder supported in n fixed points. In this case the 
numbers ai; represent the locking moments which must be introduced at 
the supports i (+4 j) if at the support j a unit-rotation is called into being. 
Evidently all numbers ai; (i=4j) for which |i—j|>1 are zero. Taking 
this into account we find, by multiplying the odd columns and the even 
rows of D', (comp. 48) by (—1): 


ome S| Ajo 0%. 0. €y; 4120 ea 
’ 42; —€22 423.-- 0 42; 492 223--. Oy & 
Dae : ‘ i= (— 17 i =(-1)"Da (49) 
0 0) +++ @n,n—1— @an ) 0 +++ @n,n—14nn 


and therefore — Dn being pos. — condition (48) is fulfilled. 


498 


9. Trusses of Vierendeelconstruction. A similar proof holds for con- 
structions as represented in fig. 2, 


ae i 


Oo 
I 
g) 


Figs3, 


It is supposed that the different joints are only liable to rotations. Again 
it has to be proved that 
Din=(—1)" Da 

and again the proof is simplified by the fact that a great number of 
influence coefficients is zero; this being the consequence of the fact that 
only the joints ({(—1),i,i+ 1,i—pandi-+ p (p representing the number 
of joints per row) are effected by a moment acting at the joint i (all other 
joints being locked). The determinant D, hereby takes the schematic form 


_ 


De Peace se | (iy it ete 


20 


every point denoting a non-zero coefficient. By multiplying in a suitable 
way the rows and columns of the corresponding determinant D,, by a factor 
— 1, it is easily seen that D, = (—1)"Dn. 


10. Concluding remark. The proof given in the preceding sections, and 
relating to two specified (be it) important structures, is not a general one, 
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and is essentially based upon the fact that a great number of coefficients 
aj; is zero. Unsatisfactory as it may be, it seems rather troublesome to give 
the direct general proof of the relation (48). 

It will however not have escaped to the notice of the reader that the 


determinants (21) and (23) are essentially the same. In fact it is readily 
verified that 


tw ae : 
SS aij. * : . A ‘ ‘ - . (51) 
LB: Bj 
The unequality (48) therefore is proved in an indirect way, and from this 


indirect proof a remarkable conclusion with respect to the influence num- 
bers may be drawn. 


From 
merce T eet ket 2 ain 
3 421 — 422 42n 
jie iz 
Ant @n2+.+—€4nn 


it follows, by multiplying the odd rows and the even columns by —1: 


411 412 — 413 14 7415 
, | aq a2 423 — 424 425 — 426 ce m 
D, =(—1)" =(—1)"Dn . (52) 


—A31 432 433. 34 — 35 135 —A37- 


The unequality (48) being adopted as true, it follows that the deter- 
minant D”’ is essentially positive and therefore the following theorem holds: 

If in a MAXWELL determinant (related to the type of structure as treated 
in this paper) the numbers of all diagonals of odd index (viz. all diagonals 
beginning with the numbers aj3, a15, 217 ---, 231, 454, 471 -.-) are replaced 
by their negative values, the determinant remains positive. 


Medicine. About the disparity of different parts of the labyrinth. By 
A. DE KLEYN. 


(Communicated at the meeting of April 27, 1946.) 


It is often assumed that phylogenetically older systems can resist 
injurious influences better than younger ones. This formula, however, lays 
perhaps too much stress on the phylogenetic age and it is possible that the 
amount of vulnerability is rather connected with the more or less important 
function which the various systems have to fulfill in life. 

“It goes without saying that even when supposing this we can always 
expect that generally speaking older phylogeny and greater resistance will 
run parallel, as systems which are found in the whole animal kingdom will 
mostly have to fulfill functions that are more important to life than systems 
or part of systems which have developed only later together with higher 
forms. 

This does not alter the fact, however, that if in a certain case a phylo- 
genetically younger part fulfills a function important to life, under those 
circumstances the phylogenetically older, but functionally less important 
part may be more vulnerable. 

The various parts of the equilibrium organ are a fine example and here 
we mean by equilibrium organ not only the peripheral labyrinth but also 
the central connections. 

In several communications 1) DE BURLET has shown, according to me 
convincingly, that the three semicircular canals are not equivalent, but that 
the horizontal semicircular canal is phylogenetically younger and built 
differently from the two vertical semicircular canals. 

The arguments which he advanced for his view are the following: 

a. In many kinds of animals the horizontal semicircular canal arises 
ontogenetically later and is mostly shorter and narrower than the vertical 
semicircular canal. The ampulla contains an undivided crista with one 
planum semilunatum, and is only innervated by one nerve-branch. 

The vertical semicircular canals have, on the contrary, a crista and 
ampulla, which consist more or less of two parts, often in the form of a 
septum cruciforme. On both sides of the crista there is a planum semi- 
lunatum, while two separate nerve-fibres provide for the innervation on 
those sides. 

b. In the petromyzonts which have only two semicircular canals, the 
latter look quite like vertical semicircular canals, In the other groups of 


1) a.o, DE BURLET, H. M. Ztschr. f. Anat. und Entw. Gesch., 104, 79 (1935). Vergl. 
Anatomie des stato-akust. Organs, Die innere Ohrsphare. from: Handb. d. vergl. Anato- 
mie, 1934, 
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animals the third horizontal semicircular canal separates itself, as it were, 
from the anterior vertical semocircular canal. For this DE BURLET found, 
among other things, the following indications; the way in which the ends of 
the horizontal semicircular canal debouch in the various kinds of animals, 
in some even quite in the anterior vertical canal; the proportion of the raphe 
of the anterior vertical canal with respect to the raphe of the horizontal 
semicircular canal; the innervation of the crista horizontalis in connection 
with the course of the ramus ampullaris horizontalis and a curious terato- 
logical find in Echidna, where DE BURLET and VERSTEEGH 2) found a 
fourth abortive semicircular canal, shoved in between the anterior vertical 
and the horizontal one, which they considered “‘as the result of a repeated 
division. The first of these divisions gives rise to the horizontal canal’. 

With these considerations in view we now want to examine what the 
experimental and clinical investigation made of man and animal, teach us. 

If we consider which movements of the head man most often makes in 
daily life, it appears that when he sits and walks movements round the 
vertical axis (turning of the head to right and left) and round the 
bitemporal (movements forwards and backwards) occur most frequently, 
while movements round the fronto-occipital axis (inclination of the head 
to the right and left shoulder) are only seldom made. When he makes the 
former movement (turning of the head) it is nearly exclusively the hori- 
zontal canals, when making the two latter movements of the head it is the 
various vertical canals that are excited. It is not considered which 
combination of vertical canals on both sides we are here dealing with. 

When the above-mentioned head-movements are made, at the same time 
from the equilibrium organs reflectorially effective eye-movements are 
caused and these eye-movements can be examined more in detail by turning 
the patients on a revolving-chair or an electrically driven turning chair. 
When the head is turned horizontal eye-movements occur, when it is moved 
forwards and backwards vertical ones and when it is inclined rotatory 
ones. As has already been said, in daily life inclinations with the head are 
only seldom made and so one may expect, if the supposition made in the 
beginning is right, that the last-mentioned reflectory rotatory eye-move- 
ments will be most vulnerable. Inversely the reflectory horizontal and 
vertical eye-movements, which are caused when — as occurs so often in 
daily life — the head is turned and moved forwards and backwards, would 
have to show a much greater resistance. 

Now this is in accordance with reality and is proved true by the so-called 
symptom of EAGLETON 3). As early as 1912 EAGLETON showed that in 
various affections of the central nervous system it frequently occurs that 
from the equilibrium organ horizontal, but not rotatory eye-movements can 
be evoked. He concluded from this that probably the central paths of the 


2) BURLET, H. M. DE and C. VERSTEEGH, Acta Otolaryng, 16, 516 (1931). 
3) a.o, EAGLETON, Laryngoscope, 33, 483 (1923). 
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horizontal and of the vertical canals each went its separate way. All 
investigators agree about the frequent occurrence of this symptom, In the 
extensive literature opinions are rather divided about the question in how 
far this symptom also has a localisatory value. We shall not consider this 
question here, however. 

AuBRY and CAusSE4) now further pointed out that for a complete 
examination of the vertical canals not only the rotatory, but also the 
vertical eye-movements should be examined. The result of their extensive 
examination — and my own experience is in accordance with it — was that 
if in affections of the central nervous systems. anomalies are found, they 
are nearly always such that by stimulating the vestibular organ horizontal 
and vertical, but no rotatory eye-movements can be brought about. AUBRY 
and CAUSSE found no exceptions to this. As, however, the symptom is 
found in so many and various pathological processes, exceptions must be 
expected. I myself could observe a few cases in which horizontal, but no 
vertical and rotatory eye-movements could be brought about or in which 
inversely the reflexes for the latter were intact and were absent for the 
horizontal movements 5), Up to now, as far as I know, no cases have been 
mentioned in which the rotatory eye-movements could and the others could 
not be brought about 6). 

Summarizing, it appears that the vestibular rotatory eye-movements 
which in man are least important, are most vulnerable and that the hori- 
zontal and vertical movements, which are much more important to life, have 
much more resistance and this notwithstanding the fact that the vestibular 
horizontal eye-movements are evoked in the phylogenetically younger 
horizontal semicircular canals. 

Another picture can be expected if one examines the vestibular eye- 
movements in animals with eyes placed laterally, as rabbits, guinea-pigs etc. 
They make no spontaneous eye-movements, so that these latter only arise 
through reflectory influences. 

If in these animals we examine which movement of the head they perform 
mostly in daily life, these are again in the first place movements forwards 
and. backwards with the head round the bitemporal axis. Here, however, 
from the vertical semicircular canals no vertical eye-movements are brought 
about, as in man and in animals with eyes directed forwards, but as a 
consequence of the fact that the eyes of these animals are placed laterally, 
reflectory rotatory eye-movements occur. The second, frequently occurring, 


4) AuBRY, M. et R. CAUSSE, Ann. d’Otol. Laryng., 1, 1331 (1931). 

5) KLEYN, A. DE, Proc, Ned. Akad, v. Wetensch. Amsterdam, 44, 547 (1941). 

6) Up to now few clinical investigators have made examinations of patients with 
affections of the central nervous system in which the horizontal as well as the vertical 
and rotatory vestibular eye-movements were thoroughly examined, This is due to the fact 
that properly speaking such examinations can only be made safely aad exactly if one 
has at one’s disposal an electrically driven turning-chair on which a stretcher has been 
mounted, If one then lets the table turn slowly there is no objection to examining 
completely even serious cases of affections of the central nervous system. 
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movement of the head of the normally sitting animal takes place in the 
horizontal plane and here the horizontal semicircular canals are excited and 
horizontal eye-movements are caused, On the other hand it is only seldom 
that a movement of the head occurs round the occipital snout axis and 
here the stimulation of the vertical canals expresses itself in a reflectory 
manner by vertical eye-movements. 

In rabbits, therefore, according to the views expressed above, the greatest 
vulnerability should not, as in man, be expected for the vestibular rotatory, 
but for the vestibular vertical eye-movements. This now appears to be 
really the case. For in literature one meets with several communications 
which confirm the above-mentioned supposition. 

Thus in ROTHFELD7), who without going further into the matter, 
supposes in men and animals a prevalence of the horizontal nystagmus, one 
finds that in rabbits, both after poisoning with alcohol and with chloro- 
form, ether and paraldehyd, the quick component of the nystagmus ,,in 
folgender Reihenfolge verschwindet a. des vertikalen,b. des rotatorischen, 
c. des horizontalen Nystagmus. Das Wiedererscheinen des Nystagmen 
vollzieht sich in umgekehrter Reihenfolge’’. » 

Later the well-known experiments of VERSTEEGH 7) about the influence 
of narcotics on the various labyrinthine reflexes in rabbits came to confirm 
these observations. MAGNUS 8) who in his ,,K6rperstellung” published the 
experiments of VERSTEEGH for the first time, pointed to the curious selective 
action of the narcotics with regard to the various labyrinthine reflexes and 
remarked here: “Von den Augendrehnystagmus ist der horizontale am 
resistentesten, der verticale am empfindlichsten’’. 

In the thesis of JONGKEES 9) about ten years later, an analogous descrip- 
tion is found as regards the poisoning with paraldehyd. 

Also when there is poisoning with veramon MAGNUS 1°), as appears 
from this tables, found several times: “vertical Nystagmus absent, horizontal 
nystagmus present’. ; . 

It is not only for narcotics, for that matter, that we find the above- 
mentioned sequence, 

If one reads over exactly the protocol of which KLEITMAN and 
Maanus 11) inform us in their publication about poisoning with insulin, 
one finds several times: “Augendrehnystagmus nur horizontal’. SCHOEN 12) 
examined the various labyrinthine reflexes after poisoning with coffein, 
cardiazol and hexetone and described the stimulating action of coffein, 


7) ROTHFELD, J., Arbeiten Obersteiner’s, 20, 89 (1913); Pfliigers Arch., 149, 435 
(1913). 

8) MAGNUS, R., Kérperstellung, Berlin, Springer, 1924, p. 652. 

®) JONGKEES, L. B. W., Picrotoxine als tegengif tegen eenige slaapmiddelen, Thesis 
Utrecht 1935. 

10) MaGNus, R., Jnl. of Pharmacology and exp. Therp., 29, 35 (1926). 

11) KLEITMAN, N. und MAGNUS, R., Pfliigers Arch., 205, 148 (1924). 

12) SCHOEN, R., Arch. f. exp. Path. und Pharm., 113, 246, 257, 275 (1926). 
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camphor, cardiazol and hexetone on rabbits which had been narcotised with 
alcohol, paraldehyd and urethane. 

Expressions as: “beim Nystagmus und Nachnystagmus wird die ver- 
tikale Komponente friither als die rotatorische und horizontale gelahmt (with 
coffein); “die Lahmungserscheinungen beschrankten sich dabei auf den 
vertikalen Nystagmus der Augen (with hexetone) and “‘es gelingt bei 
beiden Giften die Dosis so zu wahlen, dass Krampfe und Lahmungser- 
scheinungen vermieden werden ausser der Lahmung der vertikalen Kom- 
ponente des Nystagmus”’ (with hexetone and cardiazol) are met with again 
and again and speak for themselves 13). 

Let us finally point to the communication of KLEITMAN and MAGNUs 14) 
about asphyxia in rabbits, here too it is said: “von den Augendrehnystag- 
mus erwies sich der horizontale am resistentesten, der vertikale am emp- 
findlichsten”’. j 

Summarising one finds, therefore, that in rabbits, during poisoning with 
very different pharmaca and during asphyxia the horizontal and rotatory 
vestibular eye-movements resist much more than the vertical ones. The 
greatest resistance one finds, therefore, also in these animals, in the reflex- 
system of the horizontal semicircular canals which, it is true, is phylogene- 
tically younger, but for daily life more important, and not in the vertical 
labyrinthine eye-reflexes, which are phylogenetically older, but for daily 
life far less important. 

The so-called compensatory eye-positions play in the life of the rabbit a 
still more important part than the above-mentioned eye-~movements. 

These reflexes are also regulated completely in a reflectory manner. 

Compensatory eye-positions occur when the normally sitting animal 
brings its head from one position in space into the other. They are called 
compensatory because whenever there is a change of position of the head, 
the eyes do not change their place in space, so that the visual field of the 
animal always remains unchanged. 

When for instance the rabbit bends its head downwards 30° from the 
normal position, eye-movements occur which cause the eye to roll exactly 
30° backwards and to remain in that position as long as the head keeps its 
new position in space. In this way, the result is that notwithstanding the 
fact that the head bends 30° downwards, the position of the eye in space 
does not-undergo the least change, nor, as a consequence, the visual field. 
This is brought about by several reflexes. During the movement from one 
position into the other, the reflexes of the semicircular canals described 
above appear, which make it possible for the eye to execute its required 
counter-rolling. As soon, however, as the other position of the head is 


13) E.g. also with alcohol + coffein: “es fehlt nur der vertikale Nystagmus’; with 
paraldehyd + hexetone: “Reflexe bis auf vertikalen Nystagmus vorhanden” and with 
paraldehyd + cardiazol: “Reflexe alle normal bis auf das Fehlen des vertikalen Augen- 
nystagmus’. 

14) -KLEITMAN, N. and MAGNUS, R., Pfliigers Arch., 205, 142 (1924). 
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reached, the position of the eye newly obtained by this is kept by means 
of other reflexes coming from the utriculus. Here other reflexes also 
cooperate, which are caused in the neck as a consequence of the fact that 
the animal, in bending its head forwards, not only changes the position of 
the head in space, but also the position of the head with respect to the 
trunk. By the harmonious cooperation of these reflexes of the semicircular 
canals, utriculus and neck it now becomes possible for the animal to bring 
its head from the normal position into different others without change of 
the visual field 15) through movements upwards and downwards in the 
sagittal plane in a region of about 100°, in the horizontal plane in one of 
about 40° and in the frontal plane in one of about 30°. From these figures 
it appears already that the changes of position in the sagittal plane, where 
the rotatory compensatory eye-positions occur, are most important for the 
animal. It could be shown experimentally that the horizontal compensatory 
eye-positions, which occur when the positions are changed in the horizontal 
plane, are regulated almost exclusively from the neck and that here 
labyrinthine reflexes do not clearly cooperate. As regards the two other 
planes, where labyrinthine reflexes do play an important part, it can be 
said that in daily life changes of position by turning of the head occur very 
seldom, while they constantly take place in the sagittal plane by bending 
and raising of the head. 

Quite in accordance with this WERSTEEGH 16) and JONGKEES 17) could 
show that when there is poisoning with paraldehyd, the rotatory com- 
pensatory eye-positions, occurring as a consequence of bending and raising 


_the head resist the poisoning much more than the so-called vertical com- 


pensatory eye-positions which, when there are changes of position, are 
brought about in connection with the turning of the head. In MaAGNus 18) 
we read: “von den compensatorischen Augenstellungen sind die rotato- 
rischen resistenter als die vertikalen’’, 

We see another example when there is poisoning with oleum chenopodii. 
JONKHOFF 19) from his experiments with rabbits had drawn the conclusion 
that in a certain stage of the poisoning the tonic labyrinthine reflexes are 
paralysed, while the labyrinthine reflexes of movement can then still be 
brought about. By tonic labyrinthine reflexes are meant those labyrinthine 
reflexes which remain unchanged as long as a certain position of the head 
in space is not changed. So among these are also the compensatory eye- 


15) KLEYN, A. DE, Proc. Kon. Akad. v. Wetensch., Amsterdam, 23, 509 (1920); 
Pfliigers Arch. ,186, 82 (1921); Arch. néerl. de Phys. de l'Homme et des Anim., 7, 138 
(1922). 

MAGNUS, R. und A. DE KLEYN, Bethe’s Handb, der Phys., 15 I, 55 (1930). 

16) MAGNUS, R., Korperstellung, Berlin, Springer, 1924, p. 652. 

17) JONGKEES, L. B. W., Pirotoxine als tegengif tegen eenige slaapmiddelen. Thesis, 
Utrecht 1935. 

18) MAGNUS, R., Kérperstellung, Berlin, Springer, 1924, p. 652. 

19) JONKHOFF, D, J., De invloed van eenige geneesmiddelen op de labyrinth-reflexen 
van konijnen, caviae en katten, Thesis, Utrecht 1921. 
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positions. This find of JONKHOFF’s seems contrary to our view that the 
rotatory compensatory eye-positions must play such an important part in 
the daily life of the rabbit. It appears, however, that JONKHOFF had only 
determined the vertical compensatory eye-positions. So when the examina- 
tion by JONKHOFF though with another purpose, was repeated 20) and 
the rotatory compensatory eye-positions were also examined, these reflexes 
appeared to be an exception among all tonic reflexes and to be among the 
least vulnerable labyrinthine reflexes, when there was poisoning with oleum 
chenopodii. 

Finally, observations of other labyrinthine reflexes might be mentioned, 
which might support our views. These, however, being too small in number 
as yet, will not be considered for the present. 


Summary. 


In connection with the much varying influence which several reflex- 
systems show under the influence of pathological processes and poisonings, 
the supposition was pronounced, with reference to clinical and experimental 
observations of men and animals, that those reflex-systems are most 
resistent which have to play an important part in daily life and not those 
which are phylogenetically oldest. 

This was made clearer by referring to several labyrinthine eye-reflexes 
of man and the rabbit, We pointed to the fact that in accordance with the 
above, in man the rotatory and in the rabbit the vertical labyrinthine 
reflexes of the semicircular canals being the least important in life, are most 
vulnerable, while the important horizontal eye-reflexes, though brought 
about in the phylogenetically younger horizontal semicircular canals, offer 
most resistance, 


20) MAGNUS, R., Pfliigers arch., 198, 428 (1923). 


Medicine. — Some remarks on the absence of the sinus maxillares and on 
sinusitis ossificans. By A. DE KLEYN and B. vAN OMMEN, 


(Communicated at the meeting of March 30, 1946.) 


While the absence of the sinus frontales occurs rather often and is 
even found in 3—5% of the cases in persons otherwise normal, the 
absence of the sinus maxillares only seldom occurs and the number of 
cases of this kind mentioned in the literature is very small. 1 

We do not consider here various affections of the cranial bones, such as 
osteo-dystrophia fibrosa, PAGET’s disease and leontiasis ossea, when the 
sinuses of the nose and especially the sinus maxillares are not seldom 
entirely filled up with pathological bony tissue. Nor will monstra, when 
the sinuses of the nose have not developed, be discussed further 1). 

The absence of the sinus maxillares, which we have in view here, is 
often ascribed in the literature to primary hereditary factors or to inhibitions 
of the pneumatisation, though, as we hope to show more in detail, it is quite 
doubtful whether this is right. It goes without saying that secondary 
inhibitions of the pneumatisation can be expected much more often with the 
sinus frontales than with the sinus maxillares. For the latter are already 
present at birth, while the sinus frontales penetrate much later into the 
ossa front. So injurious influences, inhibiting the pneumatisation, which 
come into being especially after birth, will leave their traces especially 
where the sinus frontales are developing. 

A number of investigators have determined the size of the sinus maxillares 
by various methods. Thus SCHURCH 2), with 118 skulls, filled the skulls 
with shot after having cut off the communications with the nasal cavity 
and after this measured the quantity of shot needed for a complete filling, 
in a cylinder. With his skulls, an absence of the sinus maxillares did not 
occur. 

LoEB 3) made plaster-casts of the sinuses and apparently did not mention 
an absence of the sinus maxillares either, FREER4) again used another 
method and with his patients he filled the free space in the sinus maxillares 
with lipiodol, at the same time making a Réntgenogram. When, with his 
120 cases, he indicates that in 27 pathological cases the free contents of 
the cavities amounted to only 0 —4 ccm, this only means, however, that 


1) Cf. eg. LANG, B. Virch. Arch. 285, 93 (1932) who described a case of proboscis 
lateralis and another with arhinencephalia bilateralis, where the sinuses of the nose were 
not present. 

2) ScHURCH, O. Arch, f. Larying., 18, 197 (1906). 

3) Logs, H. ref. Mon. f. Ohr., 48, 228 (1914). 

4) FREER, J. Mon. f. Ohr., 66, 173 (1932), 67, 681 (1933); 67, 841 (1933); 67, 1065 
(1933). 
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these cavities were completely or nearly completely filled up by polypous 
tissue, but not at all that a bony mass took up the space of the sinus 
maxillares. 

Finally, MUNDNICH 5), with some 100 skulls, cut off all the vascular 
canals and dehiscences of the sinus maxillares, after which he filled them 
with water. Then the consumption of water indicated the contents of the 
cavities. An absence of the sinus maxillares did not occur either with the 
skulls investigated by him, 

Nor did we find observations made by the investigators themselves in 
this field in the various hand- and text-books, e.g. not in those of COATES 
and CHEVALIER JACKSON 6), GRUNWALD 7), HAJEK 8), LEDERER 9), LOEB 19), 
ST. CLAIR THOMSON 11) and ZARNIKO 12), COATES and JACKSON do not 
even raise the question of an absence of the sinus maxillares. In the hand-~- 
book of DENKER and KAHLER GRUNWALD writes about this absence: 
“Dieses ist ganz iiberaus selten. MORGAGNI berichtet von beiderseitigem 
Defekt bei einem Weibe. Sonst ist nur ein Fall derart von BENJAMINS be- 
kannt’’ 13), This, however, is no longer the case now, as will appear in 
the following. 

HAJEK, in his famous monography on the sinuses, says: ‘Nur selten ist 
die Resorption der Spongiosa so mangelhaft, idass die Kieferhdhle sich fast 
gar nicht entwickelt.”” LEDERER only communicates that “‘partial or complete 
absence of a sinus has been observed” without going further into this. 
LoEB indicates as “cubical capacity in cubic centimeter; “greatest 28,4 and 
least 4,5”. In Sir St. Craik THOMSON’s book we read: “‘a large adult 
maxillary sinus will hold 1 ounce of fluid, but the cavity may be represented 
by a mere chink, or more rarely be entirely absent’, thus quoting only the 
old communication of MorGAGNI in 1779, Finally, ZARNIKO 14) in his 
text-book, speaks about the absence of the sinus frontales, but not about 
that of the sinus maxillares. Even ONODI, who has a great knowledge of 


5) MUNDNICH, K. Ztschr. f. Hals usw. 43, 5 (1938). 
6) COATES G. M. and JACKSON, Chev. L. The nose-throat and ear and their diseases. 
‘Saunders Philadelphia 1929, 

7) GRUNWALD, L. Denker—Kahler Bnd. I, Springer, Bergmann 1925, 

8) HAJEK, M. Pathologie und Therapie der Entziindl. Erkrankungen der Nebenhéhlen 
der Nase. F, Deuticke, Leipzigq—Wien, 1925, IV Auflage. 

®) LEDERER, F. L. Diseases of the ear, nose and throat, Third revised Edition. Davis 
Company, Philadelphia 1942. 

10) Logs, H. W. Operative surgery of the nose, throat and ear, Vol. I, H. Kimptan, 
London 1914. 

11) ST. CLAIR THOMPSON. Disease of the nose and throat, Third Edition. Cassell 
and comp., London 1926. 

12) ZARNIKO, C, Die krankheiten der Nase und des Nasenrachens. IIe Aufl., Berlin, 
Karger 1910. 

13) Cf, also KOCH, J. Arch, f. Ohren, Nasen und Kehlkopfheilkunden, 125, 174 (1930), 
,Volliges Fehlen der Kiefehdhle ist itiberaus selten. MORGAGNI und BENJAMINS berichten 
davon.” : 

14) ZARNIKO) Lac 
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the anatomy of the sinuses of the nose, only wrote in the handbook of 
KATZ—PRESING—BLUMENFELD 15) that: “Die Kapazitat der Kieferhdéhle ist 
groszen Schwankungen ausgesetzt; nach BRUHL ist die mittlere Kapazitat 
der Kieferhéhle 10,5 cm.” 

These notes may suffice to show that anyhow the complete absence of 
the sinus maxillares occurs very rarely. Before investigating the cause of 
this anomaly by means of the cases published up to now, we should first 
like to communicate the latter briefly. 


I. Ass early as 1779 MoRGAGNI 16) described the absence of the sinus 
maxillares, ZUCKERKANDL 17) however, wrote: ‘‘doch sind die anatomischen 
Daten iiber diesen héchst merkwiirdigen Casus so aphoristisch, dass man 
sich keine klare Anschauung tiber diesen vielfach citierten Fall bilden 
kann.” 

The same objection obtains more or less, however, for all the cases that 
have been investigated only macroscopically and anatomically and not 
microscopically or clinically. The macroscopic-anatomic investigation is 
certainly not sufficient to decide whether in a special case we are dealing 
with a pathological process or with a disturbance of development 18). 

Nor is the well-known case of ZUCKERKANDL an exception to this. 


II. He described that on the left side of his preparation the hiatus semi- 
lunaris was absent “‘an seiner Stelle zieht die Nasenschleimhaut glatt vor- 
iiber und es erstreckt sich von hier aus ein iiber bohnengrosser, dichter, mit 
einigen, bis hanfkorngrossen, glashellen Cysten durchsetzter Bindegewebs- 
propf, welcher mit der Submucosa der Nasenschleimhaut in Verbindung 
steht, in den Kiefer hinein. Der Kiefer besitzt keinen Sinus, da von dem 
eben beschriebenem Bindegewebskern abgesehen, sich statt der HGhle eine 
engmaschige, fetthaltige Spongiosa im Kiefer findet.’’ Considering the whole 
picture with many synechiae in the nose, found at the same time, ZUCKER- 
KANDL decided that in his case there must be disturbance of development 
and that several facts prove that a pathological process does not exist. 

According to him against a pathological process are: 


a. das normale Aussehen der Schleimhaut 
b. der Mangel an Narben in der Nahe der Synechién. 


As there was no microscopic examination and in consideration of the 
existence of the synechiae this pronouncement seems to us very challenge- 


15) ONopDI, O. in KATZ—PREYSING-BLUMENFELD: Handb. der spez. Chirurgie des 
Ohres und der oberen Luftwege. 2e Aufl. C. Kabitzch, 1922. 

16) MORGAGNI. De Sedibus et Causis Morborum 1779. Quoted according to ZUCKER- 
KANDL. 

17) ZUCKERKANDL, E. Normale und pathol. Anatomie der Nasenhdhle. Wien 1882. 

18) So this also obtains for the cases mentioned by RESCHREITER (MECHELS, 
SOMMERING and ROZENMULLER): RESCHREITER, G. Zur Morphologie des Sinus maxill., 
Stuttgart 1878. 
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able. ZUCKERKANDL further remarks that in favour of a disturbance of 
development are: 


der Defekt der linken Highmorshéhle 
die Einmiindung der Keilbeinhéhle in das Siebbeinlabyrinth 
das Fehlen der halbemondférmigen Spalten 
die Miindung des Ostium maxillare dextrum ins Siebbein und 
schlieszlich 
g- das normale Aussehen des rechten Sinus maxillaris, 
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These arguments, however, are not sufficient to exclude a pathological 
process as cause of the absence of the sinus maxillaris, The case of 
GRABSCHEID 19) published in 1933, concerns a woman of 53 with a 
congenital anophthalmia on both sides and suffering from anosmia. She 
was admitted into the clinic of BRUNNER in Vienna for a peculiar form of 
sinus-thrombosis. As an accidental discovery réntgenologically an absence 
of the sinuses oft he nose was found. As a transition to those cases in 
which symptoms of inflammation undoubtedly play a part, we should first 
like to mention the communications of LANGE 2°) and BENJAMINS 21), 


III. LANGE, in 1912, could examine a man of 54. When working, a 
horse knocked against the right half of his face and nose. After this, rather 
vehement pains arose on this side, which expended towards the forehead, 
polyps in the right nasal cavity, conjunctivitis and facialis-spasms in the 
right half of the face. Réntgenologically one got the impression that the 
sinus maxillaris was filled up; puncture of this cavity appeared to be 
impossible. At the operation according to DESAULT—KUSTER it is mentioned: 
“Es stellt sich heraus dasz die ganze Kieferhéhle von spongiésem Knochen 
erfiillt ist, der sich mit dem scharfen L6ffel unschwer entfernen laszt; dabei 
erscheinen zwischen Blut und Knochenteilchen massenhafte Fetttrépchen. 
Dieser spongidse Knochen wird sorgfaltig ausgerdumt, bis man auf 
kompakte Knochenwande kommt, die anatomisch denen der Kieferhdhle 
entsprechen.”’ 

The microscopic picture was described as follows: Microscopically the 
removed contents appear to consist of a network of irregular bone-trabe- 
culae, among which lies here and there entirely loose connective tissue 
largely fat-tissue, however. Neither pictures of apposition or resorption 
nor symptoms of inflammation can be found, 

The case took a favourable course, all complaints disappeared after the 
operation. LANGE asked himself: “Hat es sich um die sekundare Ausfillung 
einer vorhandenen Kieferhéhle gehandelt oder ist iiberhaupt keine vor- 
handen gewesen?” He thought that the first supposition was right. Micros- 
copically, the spongious bone removed at the operation did not resemble 


19) GRABSCHEID, E, Revue de laryng., 54, 1184 (1933). 
20) LANGE, Passow Schafer’s Beitr., 5, 58 (1912). 
21) BENJAMINS, C. E, Arch, f. Ohr. usw., 109, 71 (1922). 
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normal spongious bone of the skull; it could be removed easily and by it 
one could “einen Raum herstellen, der einer normalen Kieferhdhle ent- 
sprach’. LANGE thought that, owing to the trauma, between the mucous 
membrane and bone and also in the sinus maxillaris itself, a haemorrhage 
arose, which after organisation led to the sinus maxillaris being filled up 
with spongious bone. The absence of infection is in such a case a conditio 
‘sine qua non. 

According to this conception, remains of the mucous membrane of the 
sinus maxillaris must be expected at the operation and when a microscopic 
examination is made. Now this was not so in the case of LANGE. The latter, 
however, is right in pointing out that only part of the removed spongious 
bone was examined microscopically and that if any mucous membrane was 
present at the operation, it may very well have escaped observation, owing 
to the haemorrhage. 

In the case of BENJAMINS, to be discussed now, it is difficult to decide 
whether we must -assume a pathological process or a disturbance of devel- 
opment. 


IV. A woman of 60 appeared to have a squamous-celled carcinoma 
of the left concha inferior. When an attempt was made to remove the 
tumour according to the method of DENKER, when the frontal wall of 
the sinus maxillaris was being chiseled away, only spongious bone was 
found, which hurt very much when touched. Here, as BENJAMINS expressed 
it, “ein kleines aus festem Gewebe bestehendes Zellnest ohne Auslaufer 
und ohne sichtbaren Zusammenhang mit der Nasenhdhle” appeared, which 
he took to be a metastasis of the carcinoma. According to what will be 
communicated when the following cases are discussed, the question arises, 
however, whether this tissue has perhaps been mucous membrane of the 
original sinus maxillaris. 

At a second operation the rather extensive carcinoma was removed. We 
read. here that the operating doctor was struck by the fact that neither the 
concha media nor cells of the ethmoid were found at the operation. On the. 
other hand, the sinus sphenoidalis was present and filled with pus. 
BENJAMINS says himself it is not quite impossible that there was only a 
seeming absence of the concha media‘and the ethmoid, they having been 
pushed upwards by the tumour. He did not think this likely, however, as 
the offshoots of the tumour upwards were not strongly developed. There- 
fore he himself thought that it was caused by a disturbance of development 
in the region of the infundibulum ethmoidale, so that neither the sinus 
maxillaris nor the frontal cavity nor the ethmoid nor the concha media had 
developed. 

If one reads the clinical history of this patient attentively, symptoms of 
inflammation also appear to be present in this case 22). This, however, is 
not at all without interest to explain the absence of the sinus maxillaris. 


22) “An der Stelle des verschwundenen ersten Molaris war der Alveolarrand unter- 
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V. Interesting in this respect is the communication of UNDERWOOD 23), 
who remarked, among other things, when studying a great number of 
skulls of various races: “in chronic abscesses over the roots of the cheek 
teeth there was an abundant formation of bone thrown up between the 
abscess and the sinus, causing the floor of the latter to retreat from the 
neighbourhood of the root trouble, and thus protecting the cavity from 
perforation. There were many of these cases among the skulls examined, 
especially in uncivilised races, where dental treatment had not been 
attempted’. Here he describes a “very extreme case’, where “‘in fact the 
deposit of new bone has almost entirely obliterated the sinus’. He himself, 
however, points out that some thickening of the bone occurs without an 
affection of the teeth playing a part: “In some cases the whole of the walls 
cf the sinus were much thickened by bony deposit. This thickening had no 
apparent connection with the teeth.” 

That, for that matter, following upon certain forms of sinusitis maxillaris 
it may occur that the original sinus maxillares disappear, appears from the 
following case, observed by GODFREY COLLINS 24), 


VI. A woman of 51 was operated upon radically on the left because 
of a sinusitis maxillaris. 4 months after the operation already the opening 
that had been made towards the nose was closed again and it soon 
appeared that a new opening made by means of diathermy had narrowed 
again. After 4 years, serious complaints made a new operation necessary. 
It appeared that the opening towards the nose had entirely disappeared, 
the sinus maxillaris was filled up with spongius bone, only in the middle 
there was still a small cavity covered with mucous membrane. At the end of 
the operation patient succumbed as a consequence of a weakness of the 
heart. Obduction was refused. We regret to say that a histological 
examination did not take place. In this case we know for certain now that 
the almost complete absence of the sinus maxillaris must not be ascribed 
to a disturbance of development, but to a process of inflammation, as the 
cavity was still present at the previous radical operation. 

In our opinion the picture agrees very much with the sinusitis ossificans, 
which e.g. by SKILLERN 25) was described as “‘obliterative frontal sinusitis” 
and which occurs with certain inflammations of the frontal cavities. 


VII. FETIssow 26) already seems to have observed a similar process 
according to the report at my disposal, He thought that the narrowings of 
the sinus maxillaris by conditions of protracted excitation were based on 


brochen; eine livide Granulation zeigte hier, dass ein riickgangiger Entziindungsprozess 
anwesend war’. 
23) UNDERWOOD, A. S. Jnl. of Anatomy and Physiology, 44, 354 (1910). 
4) GODFREY COLLINS, E, Jnl. of Laryng., 54, 125 (1939). 
5) SKILLERN, S. R. Arch. Otolaryng., 23, 267 (1936). 
6) FETISSOW, Russisch, cf. Zentr.bl. f. H. N. Ohrenh., 12, 35 (1928). 
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a fibrous hyperplasia of the mucous membrane. According to him the 
cases in which the whole cavity has been obliterated and replaced by 
spongious bone are rare. In the two cases observed by him a slowly growing 
swelling of the half of the face, not attended with pain, arose after tooth- 
ache. The process lasted resp. 5 and 12 years. The diagnosis made: 
“osteosarcoma and osteoma’ were not confirmed by the microscopic 
examination. For normal spongious bone-substance was found with con- 
nective tissue and fat-deposits in between. FETISSOW proposed to speak of 
a “Highmoritis ossificans’ and took the at first alveolar perisostitis to be 
the aetiological factor. 

Two years afterwards v. GANGELEN 27) published a case that perhaps 
may be considered as a beginning stage of such an inflammation. 


VIII. A patient of 50 had a tooth drawn in 1898. A root had remained 
in the upper maxilla and this was only discovered 8 years later. After this 
the sinus maxillaris was washed through the alveolus because of a sinusitis 
maxillaris. In 1928 an affection of the sinus maxillaris was established 
rontgenologically, In 1929 patient was operated upon, hard tissue-traits, 
distributed irregularly over the sinus maxillaris, were found. Both the small 
cavity and the sinus sphenoidalis were covered with rough bone on the 
inside. The writer never saw so much formation of bone in maxilla and 
sinus sphenoidalis and therefore felt obliged to speak of an osteosclerosis. 
Pathologically and anatomically: 


1. mucous membrane with glands, rich in lymphocytes, 
2. connective tissue rich in vessels, 
3. bony tissue with fibrous marrow (no tumour-tissue) 


were found. 

This writer also looks for the explanation of the process in the chronic 
condition of excitation of the mucous membrane, so that the tissue-layer, 
serving as periost- of the submucosa began to form new bone in the sinus 
maxillaris, the cells of the ethmoid and sinus sphenoidalis. 


IX. We cannot investigate from the data at our disposal in how far 
MATSUYAMA and HAZAMA 28) observed a beginning stage of a sinusitis 
ossificans, In a few patients they removed at a radical operation a few free 
pieces of bone lying in the sinus maxillaris. Histologically spongious bone 
was found, which according to them had arisen metaplastically, from the 
periost of the sinus maxillaris, viz. following upon a chronic tooth- 
inflammation, 

LINDBLOM 29) gave the name of sinusitis Highmori calcificans to pro- 


27) vy. GANGELEN. Ned. Keel-, Neus- en Oorheelk. Vereeniging, Wergadering 1 en 2, 
Juni 1920 te Leiden. 

28) MATSUYAMA, Sch. und HAZAMA, F. Jap. Ztschr. f. Otorhinolar, 43, 55 (1937). 

29) LINDBLOM, A. F. Acta Radiologica, 10, 210 (1929). 
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cesses where a partly calcified detritus mass was found in the sinus 
maxillaris, This mass was surrounded by granulation-tissue with meta- 
plastic bony tissue. It seems very doubtful to us whether these cases are 
in-any way connected with the clinical pictures discussed just now. 

We also had an opportunity ourselves to observe a few cases of sinusitis 
ossificans, 


X. A woman of 33 was sent to our policlinic by an oculist. She had an 
iridocyclitis for which no cause could be found and we now asked ourselves 
whether in our field an infectious focus was perhaps present, which might 
be held responsible for her eye-anomaly, especially as patient complained 
that she lost much pus from the nose, At transillumination and at the 
rontgenological examination the right sinus maxillaris and the ethmoid 
seemed to be darkened, the walls of the sinus maxillares were bounded 
unsharply, while the other sinuses did not show any anomalies. 

At the operation according to CALDWELL—LUC it appeared that the 
maxilla, at the place where the sinus maxillaris was expected, was entirely 
filled up with spongious bone, which could be removed easily and without 
pain with the sharp spoon, until the originally smooth, but partly very 
hard maxillary walls appeared. The ethmoid was so hard that we did not 
succeed in opening it. In the upper part of the spongious bone there was a 
cavity of the size of a grain of rice, covered with mucous membrane. By a 
mistake this was not examined microscopically. The spongious bone, 
however, was subjected to a minute microscopic examination with the very 
much appreciated help of the pathological-anatomist colleague SITSEN, so 
experienced in the judgment of bone-diseases, The following could be 
established: On the surface the spongious bone is covered with new 
formation of bone and numerous osteoblasts. The walls of the marrowy 
cavities are partly considerably thickened, the bony marrow has been made 
more dense fibrously and contains a few infiltrations. This is the picture of 
an inducing inflammation: spongious bone changes slowly into compacta. 
Also in a second preparation by the side of the old bone numerous new 
formations of bone-trabeculae of non-differentiated bone, surrounded by 
fibrous marrowy tissue, were found. ; 


XI. A second case of far advanced sinusitis ossificans, also attended 
with clear symptoms of inflammation, is the following observed by us. 

A man of 32 was admitted with a swelling of the left upper eye-lid, 
which had been treated in vain with Priessnitz-compresses and incision. 
The secretion from his nose, which had existed for months, had become a 
little less during the last week. 

At rhinoscopia anterior a septum deviation was found on the left and 
pus in the middle and lower part of the nasal cavity, at rhinoscopia posterior 
on the same side pus below the concha inferior. Réntgenologitallen on the 
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left both the sinus maxillaris and the ethmoid were darkened, the frontal 
cavities were large and clear on both sides. 

At the operation according to CALDWELL—LUC no sinus maxillaris was 
found on the left, the upper maxilla appeared to be one bony mass. The 
puncture of the maxilla, for that matter, had always failed in spite of 
repeated attempts. 

At the pathological-anatomical investigation (Dr. SITSEN was again so 
kind as to help us) the following could be established: Some 10 small pieces 
of bone, apparently broken off from spongious bone, were examined. It 
appeared that the bone was lamellose everywhere and showed in a few 
places on the surface symptoms of bone-destruction. In the irregular 
marrowy cavities fibrous oedematous tissue with fat marrow was found, 
In a few places there was on the surface old fibrillar connective tissue with 
a few round-cell infiltrations. Neither building of new bone nor osteoblasts 
were found. 


XII. The following case observed by us is interesting because here 
several stages of a sinusitis ossificans of the sinus maxillaris were found. 

An office-clerk of 42 came to our consulting-hour with complaints of 
nasal obstruction. There were polyps there on both sides and some mucous 
pus. On the réntgenogram the sinus frontales were clear, the ethmoid and 
sinus maxillaris darkened on both sides. The polyps coming from the 
ethmoid were removed and after this we tried to wash the sinus maxillaris. 
On the left the liquid resulting from the washing contained some pus, on 
the right the puncture failed, though it was done in several places. 

At the operation according to CALDWELL—LUC it appeared that on the 
left there was a very small cavity surrounded by spongious bone, on the 
right the whole sinus maxillaris was absent and only spongius bone was 
found, To our great regret a pathological-anatomical record is wanting in 
the clincal history and as the pathological-anatomist of that time died 
(patient was operated upon in 1928) no further information could be 
obtained. 

In 1931 patient was examined for the last time and was then in complete 
good health. 

This case seems highly important to us, because here on the left the 
picture of a sinusitis maxillaris ossificans in an already far advanced stage 
was found. However, the purulent sinusitis could still be diagnosed, both 
by washing and during the operation, while on the right the process had 
already advanced so far that the whole sinus maxillaris had disappeared. 

From the cases communicated just now it appears very clearly indeed 
that the cause of the absence of the sinus maxillaris must in the greater 
number of cases be looked for in a process of inflammation or in hae- 
morrhages, as in the case of LANGE. 

Of the remaining cases, as far as is known to us, there are only two 
that were examined somewhat extensively, namely the cases of ZUCKER- 
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KANDL and BENJAMINS. In the case of ZUCKERKANDL several anomalies, 
described extensively above, could be found which pointed in the direction 
of congenital anomalies. 

On the other hand, in this case no microscopic examination was made 
and the various synechiae found in the nose rather point to a previous 
intra- or extra-uterine process of inflammation. Is it not possible that the 
“Bindegewebspropf” found by him in the maxilla, which was provided with 
some cysts, is the remains of the original sinus maxillaris? In the case of 
BENJAMINS at the operation an inflammation of the left processus alveolaris 
was found, on the other hand the absence of the concha media and the 
ethmoid on this left side were not established with ‘sufficient certainty. The 
absence of the left sinus frontalis, observed réntgenologically, can certainly 
not be brought forward as an argument for the proposition that also the 
other anomalies must have been due to disturbances of development, as 
the absence is seen in-too great a number with skulls otherwise normal. 
Accordingly, it does not seem at all impossible to us that the “Zellnest”’ 
found in the middle of the spongiosa, which BENJAMINS took to be a 
metastasis of the carcinoma in the nose, but which was not examined 
microscopically, has in reality been the remains of the original sinus 
maxillaris. 

The interesting patient of GRABSCHEID, as far as the sinuses of the nose 
were concerned, could only be examined réntgenologically. Accordingly, 
GRABSCHEID writes: “nous mentionnons ce fait et ne pouvons pas nier la 
possibilité de l’existence de cavités accessoires du nez peu développées.” 
Undoubtedly in this case combined with congenital anophthalmia and 
anosmia the possibility exists that the sinuses of the nose were entirely 
absent congenitally or were very small. 


Summary. 
Summarizing, the following appears from the above: 


1. The absence of the sinus maxillaris only occurs very rarely, as 
opposed to the absence of the sinus frontalis. 


2. Neither osteo-dystrophia fibrosa, disease of Paget nor leontiasis. 
ossea are considered here. In these cases we observe not seldom absence 
of the maxillary sinuses, because there is a filling up with new formation 
of bone. In monstra, the sinuses of the nose often have not developed. 


3. The other cases, in which the cavities of the sinus maxillares are 
completely or almost completely absent, are perhaps entirely, but certainly 
in by far the largest majority, due to local processes of inflammation of the 
maxilla and to the fact that then the sinus maxillares are filled up with 
spongious bone. 


4. In accordance with the courses of the disease, already known for a 
long time in connection with the sinus frontalis, one might speak in these 
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cases of a sinusitis ossificans or obliterative sinusitis (SKILLERN). So the 
cavity, already present, is replaced entirely or almost entirely by spongious 
bone, as a consequence of an inflammation. 


5. Up to now no cases are known in which the absence of the sinus 
maxillaris must be ascribed with certainty to disturbances of development 
or to inhibitions occurring with the pneumatisation-process, though e.g. in 
the case of GRABSCHEID described above, with congenital anomalies this 
possibility must certainly be considered seriously. 


Mathematics. — Continuous classification of all microcompact 0-dimensional 
spaces, By J. DE Groot. (Communicated by Prof, L. E. J. BROUWER.) 


(Communicated at the meeting of April 27, 1946.) 


1, All continuous invariants of the family of all countable sets having 
been classified in a previous paper ([3], chapter II; comp. also [4]), we 
set ourselves as chief task the classification of all continuous invariants of 
the family of all microcompact O-dimensional sets (theorem III). To 
accomplish this purpose we begin by proving a theorem concerning retrac- 
tions of 0-dimensional sets. The subset A of B is, as known (Borsuxk [1]), 
by definition a retract of B if there exists a continuous mapping f of B on 
A which in A is the identity (A = f(B), f(x) = x forxc A). f is called 
a retraction of B in A. We shall now prove (theorem I) that, given an 
arbitrary 0-dimensional set B, a not-vacuous subset AC B is a retract of 
B only if A is closed in B. 

The notations and results of [3] are supposed to be known. All sets (or 
spaces) considered will be separable. ‘ 


2. Theorem I. A not-vacuous subset A of an 0-dimensional space N 
is a retract of N only if A is closed in N. 

Proof. According to a well-known theorem of SIERPINSKI [6] N is 
homoeomorphic with a subset of the Cantor discontinuum D (i.e., the set 

a 
of all real numbers expressible in the form oy = where an = 0 or 2). 
n=1 

We denote this homoeomorphic subset of D again by N. Be A an (in N) 
closed subset of N. We shall construct a retraction of N in A. 

We consider an infinite system of coverings {1} of D, consisting of 
lump-sets (i.e., both open and closed subsets of D). Each lump-set 
Ta,ay...ay (@i = 0 or 2) will consist of all points of the form 


5? i 
Z : 
1=1 gf t=n+tl 3 


(6; =D "or 2), 


For arbitrary but fixed n the 2” sets Ta,a,...a, apparently determine a 
covering, the so-called nth covering of D. Every monotonicly decreasing 
sequence of sets 


T;, Oivb/ Oda ee (1) 


apparently determines exactly one point dg, a,a,.., of D and, conversely, for 
every point d CD there exists exactly one defining sequence (1). A 
number of sequences (1) defines exactly the points a C A. If in an J lies 


at least one point of A we also denote this J by J. Now consider the first 


519 


covering of D, consisting of the two sets Jy and J,. If both lump-sets J) and 
I, are at the same time sets hi and ie nothing happens. If, however, one of 


these lump-sets, e.g. Jy, is not an L-set, so that I,-+A =O, we map the 
set [,-N, if it is not vacuous, onto one fixed but arbitrarily chosen point 


of i -A. Then we strike out the set J, and also all sets J, 5,5,... bn 
(6; = 0 or 2; n = 2, 3,...) in the subsequent coverings (a set of this shape 


can never be an J-set and all (possible) points J- N have already been 
mapped for every / of that kind. 
Now consider the (n—1)th covering of D consisting of the 2"-1 sets 


Ta, a,...a,_, (@i = 0 or 2). A number of these /-sets is also an I-set. The 
remaining I-sets (possibly none at all) have been struck out according to 
the supposed induction, while the points of N which they may contain have 
already, at one of the first (n —1) steps, been mapped onto points of A. 
We now construct the mapping at the nth step as follows. Consider the 


nth covering of D by the sets Ig,a,...a, yan: Evetyla,a,..2a,_, i8 divided into 
two sets Ig,a,...a,_,0 and Iq,a,...a,_,2- If both of these are L-sets nothing 


happens. If they are not, then at least one, for instance Ig,a,...a,_,;0 = 


a tava..,/a,.,0¢ 18 a0 I-set. We map all possible points of N*Ia,a,...a,—12 
on a fixed but arbitrarily chosen point of Ara eet ey, This process 
takes place for the considered n for every foge ech After this all sets 


Tq,a;...a, Which are not L-sets, are struck out. 

This process we think infinitely continued in the same way and we shall 
prove that the thus constructed mapping f, if we moreover put f(a) =a 
for a C A, is a retraction of N in A, 

First every point n C WN is indeed mapped onto one point of A. For, by 
definition, f(a) =a for the points a of A; a point n Cc N—A lies at a 
certain distance ¢ from A, as A is closed in N, so that there may be found 


a jth covering of A by L-sets for sufficiently great j such that the point n 


does not belong to any of the L-sets of this covering, in other words is 
mapped on a point of A. 

The mapping f further is continuous. Let a sequence of points 
ni (i= 1,2,...) of N be converging to a point n C N—A. The point n 
is, e.g. at the kth step, mapped on a point a of A as it is belonging to an 


I-set which is struck out (which in other words is not an L-set). But this 
I-set is a neighbourhood of n so that also nearly all points ni are mapped 
on the point a; the mapping f therefore is continuous for such a sequence. 
— There remains the possibility that the sequence of points ni; converges 
to a point a C A. a is determined by the intersection of the lump-sets of 
a sequence 


D 2 Ia, Dilaio: ml at el a =) ere 
34 
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For every natural number j almost all points ni are lying in Pia 
Then these points ni have not yet been mapped by previous steps, since 
they cannot be lying in a struck-out set J. At the (j + 1)th and subsequent 


steps the points n; are mapped on points within Ie a,...a; SO that also nearly 


Bs 
all points f(ni) (i= 1,2,...) are lying in Ta, as...a;7 i.e., f is continuous. 
Conversely, we still have to prove that a retract A of N is closed in N. 


This is, however, a matter of course. 


3. We now determine all continuous invariants of the family F- of all 
compact O-dimensional sets. The countability is a not-trivial continuous 
invariant; further, it has been shown in [3] that the (compact) countable 
(and so naturally O-dimensional) sets possess exactly the not-trivial 
continuous invariants [< j,/]. These are already all (mot-trivial) continuous 
invariants of F;. For, be N a compact, not-countable, 0-dimensional set of 
F.; then, because of the non-countability, N has a not-vacuous kernel, 
dense in itself. This kernel is, according to a theorem of BROUWER [2], 
homoeomorphic with the discontinuum D. Further, if A is an arbitrary 
compact 0-dimensional set, then according to the already mentioned theorem 
of SIERPINSKI [6] A is homoeomorphic with a closed subset of D, and 
therefore also with a closed subset of N; according to theorem I A may be 
considered as a retraction of N. So every not-countable compact 0- 
dimensional set N may be mapped continuously on every compact 0- 
dimensional set A, by which we have shown that there exist no other 
continuous invariants in FP; than the already mentioned ones. 


Theorem II1). The family of the compact 0-dimensional sets has, as 
only (not-trivial) continuous invariants, the properties of the ‘‘countability” 
and [<4,l]. 


4. We shall now proceed to determine all continuous invariants of the 
family Fm of all microcompact 0-dimensional sets. All sets mentioned in 
this number will be supposed to be microcompact and 0-dimensional. We 
know already the existence of the following (not-trivial) continuous in- 
variants in Fm: the properties [<J/,/], the property x-a, ie. “both 
compact and countable’, the property a (countability), the property x 
(compactness). Also the property x + a (a set has the property x +a 
if the set is the sum of two (disjunct) sets one of which is compact while 
the other is countable; one of these two sets may be vacuous) is an 
apparently continuous invariant. The logical dependency of these axioms . 
is illustrated by fig. 1. We shall prove that these are the only continuous 
invariants of Pm. 


Theorem III]. The family of microcompact 0-dimensional sets has, as 


1) Mentioned without proof in [4], theorem IV. 
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only not-trivial continuous invariants, the properties: [<i,l]2), x a, 
a,x and x +a. 

By this theorem especially all (e.g. in an n-dimensional Euclidian space) © 
closed 0-dimensional sets have been classified continuously 3). 


Microco 
O-d dimensioned 


4 
K+ 


Proof. The compact sets have already been investigated (theorem 
Il); the investigation of the countable sets has been described in [3] 
(theorem V), where we even proved that every (not only microcompact) 
not-compact countable set may be mapped continuously on every countable 
Set. 

Therefore we now first must investigate a set with property x +a, 
which does not possess the property x or (and) a (for those have already 
been investigated); in other words, we start from a set N = C + A where 
C is compact and not-countable, while A is countable and not-compact. We 
have to prove that N may be mapped continuously on every set 
N’ = C’ + A’ (C’ compact, A’ countable; C’ or A’ may be vacuous) with 
property x + a. 

Before proceeding to the construction of the continuous mapping in 
question we insert a necessary remark, Every micro-compact 0-dimensional 
set N may, as known, be compactified to a compact 0-dimensional (separ- 


able) space N= N+ P by one point P. Putting this for N= C+ A, so 


N=C+A+P, then apparently there may be found a neighbourhood 
U = U(C\N) of C in N, which, like C, is compact and not-countable, so 
- that N —U is countable and not-compact, while both U and N—U are 
closed in N. U is again denoted by C and N—U by A; then N=C+A 
has therefore been divided into two disjunct closed sets, of which C is 
compact and not-countable, and A is countable but not-compact. 


2) There are apparently §, continuous invariants of this kind. 
3) Since every such closed set is microcompact. 
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We now construct the continuous mapping on N’ = C’ + A’. If N’ is 
compact, then N’ is topologically equivalent with a closed subset N” of C, 
since C has a discontinuum as a subset; a retraction of N in N” (theorem I) 
together with the topological mapping of N” on N’ gives the required 
continuous mapping of N on N’, 

If N’ is not compact, so if A’ is not compact, and moreover if C’ is not 
vacuous, then we map C continuously on C’ (which apparently is possible 
according to the above-written) and A on A’. Both mappings together give 
an apparently continuous mapping of N on N’. 

If, finally, N’ is not compact but C’ is vacuous, then we map A on A’ 
and all C on one arbitrary point of A’. The required continuous mapping 
is therefore always possible. 

Secondly we have to consider an O-dimensional microcompact set N 
which does not possess the property x + a, and we must prove that every 
such N may be mapped on every other (0-dimensional micro-compact) set 
N’. Suppose N’ is not compact (if N’ is compact the following proof may 
be simplified). We compactify the micro-compact sets N and N’ each by 
one point, P and P” respectively, to the compact O-dimensional sets 
N=N+P and Nee N’ + P’. We determine two monotonicly decreas- 
ing systems of neighbourhoods Ui; and U;(i=0,1,2,...) of P and P’ 
in N and N’, consisting of lump-sets, while Uy = N and Uf, = \N% Since 
N does not possess the property x + a there are infinitely many values i 
(eg. je (k = 0,1, 2, ..)) so ‘that the lump-set V ,, == U1y -— U; hase 
discontinuum as a subset, in other words, every Vj, may be mapped 
continuously on the lump-set U,—U/,,, (k = 0,1,2,...). The possibly 
remaining sets U;—Uj41(i jx) we all map on one point of N’. Thus 
an apparently continuous mapping of N on N’ is constructed. 

It follows immediately from the above that there exist no other continuous 
invariants than the already mentioned, by which the proof has been 
completed, 


5. Final remark. The above used method is not suited to the 
determination of the continuous invariants of the family of all 0-dimensional 
sets nor to the determination of the topological invariants of the family of 
all compact O-dimensional sets. 

On the contrary, in these cases things turn out to be very complicated. 
This is already shown by the following example.- The 0-dimensional sets 
N, having a discontinuum D as a subset, play an exceptional part, since 
every such N may be mapped continuously on every compact 0-dimensional 
N’ (N’ is topologically equivalent with a closed subset N” of D and N” 
is a retraction of N). At the same time there exist, however, not-countable 
0-dimensional sets which do not contain a discontinuum as a subset 
(according to a theorem of BERNSTEIN, comp. [5], p. 176); sets of this 
kind are called totally imperfect. 
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We now think a discontinuum D divided into two totally imperfect 
subsets S,; and Sy (this is possible) and define S; and S) as pointsets on 
the real axis, homoeomorphic with S,; and Sy, and isolated in respect to. 
each other. The sum S’ = S| +S) therefore is also totally imperfect. Yet 
it is apparently possible to map this totally imperfect set S’ one-to-one and 
continuously on the discontinuum D, namely by mapping the corresponding 
points of S,; and S;, resp. Sy and S}, on each other. 

But to what extent is it possible to map an arbitrary totally imperfect set 
continuously on a given (not-countable) O-dimensional set? 
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Mathematics. — Lattice points in n-dimensional star bodies II. (Reduci- 
bility Theorems.) By K. MAHLER. (Third communication.) (Com- 
municated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of April 27, 1946.) 


§ 12. Boundedly irreducible and reducible star bodies. 


In the case of unbounded star bodies of the finite type, the following 
definition seems to be of interest: 


Definition C: The unbounded star body K of the finite type is called 
boundedly reducible if there exists a bounded star body H such that 
H< K, and it is called boundedly irreducible if no bounded star body H 
with H < K exists. 


Theorem J: For every dimension n, there exists a boundedly irreducible 
star body Kin Rn. , 
Proof: We choose for K the star body 


Ki: FX s re, ee hn Cee 

considered already in the last paragraph, and for H any bounded star body 
contained in K. As we saw, K* is contained in 

Kg: Erie Pee oP) | 


and of the same determinant A(K*) = A(Ko); moreover, all boundary 
points of K* are inner points of Ko. Hence the boundary points of H are 
likewise inner points of Ko; there exists then a constant 0 with O<@0<1 
such that 


Eee ee ee 
for all points of H. But this implies that 
A (A) S 4 A (Ko) <A (kK), 


and so it is not true that H < K, whence the assertion. 
If K is any star body, then, as in Part I, we denote by K* the set of all 
points X of K for which |X| St. 


Theorem K: If the star body K: F(X) =1 is boundedly irreducible, 
then there exists to every t>0 a critical lattice A of K and an infinite 


sequence of lattices A;, Ao, Az, ..., with the following properties: 
(a): All lattices A, are Kt-admissible. 
(b): d(Ar) < A(K) (r= 22 e 


(c): The lattices A,r tend to the lattice A. 


syd) 


Proof: Denote, for r= 1, 2, 3, ..., by Al‘) any critical lattice of K’™+*; 
all these lattices are K*-admissible. Since K’+* is a bounded subset of K, 
from the hypothesis, 

cA = NR =< AK) sean Pie BE Pw 
Further, by the corollary to Theorem 10 of Part I, 
hime (AO time aa 7 (KC), 


r>o roo 
The lattices AM), Al), AS), ... form therefore a bounded sequence, and so, 
by Theorem 2 of Part I, there exists an infinite subsequence 
Pees =A A AO (ky ek < hs <. 3) 


which converges to a limiting lattice, A say. It is clear that the so defined 
lattices Ar and A satisfy the assertions (a), (b), and (c) of the theorem; 
but there remains to prove that A is a critical lattice of K. 

We show firstly that A is K-admissible. Let P ~ O be any point of A. 
There is then in each lattice Ar a point P; 4 O such that 


lim | P,—P|=0. 


r>o 


Further, if r is sufficiently large, 
|Prl<t+kr. 
Since A, is K'+*r-admissible, this means that 
F(P;) > 1, 
whence by the continuity of F(X), 
F (P)=lim F(P,) > 1, 


r>o 
i.e. A is K-admissible. 
Secondly, A is even critical since 


aay iin dj) Es (KY, 
rao 
This completes the proof. 

Definition D: Let K be an infinite star body of the finite type. Then a 
critical lattice A of K is called strongly critical if there exists a bounded 
star body K* contained in K such that 

d(A’) > d (A) 


for every K*-admissible lattice A* sufficiently near to A 12), 


12) We say that A* is near to A if there exist reduced bases 
* 


Pee ete oad 3, Yo ces ta 


of Aand A* such that all numbers 
\¥e-Yi|  @=1.2,...4n) 


are less than a prescribed constant. 
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It is clear from this definition and from Theorem K that if K is boundedly 
irreducible, then at least one critical lattice of K is not strongly critical. 
Hence the following theorem follows at once: 


Theorem L: Let K be an infinite star body of the finite type, and let 
further every critical lattice of K be strongly critical. Then K is boundedly 
reducible. 

Proof Assume that, on the contrary, K is boundedly irreducible, and 
denote by K* any bounded star body contained in K. There exists then a 
positive number ¢ such that |X| =¢t for every point X of K*. If A is now 
the critical lattice of K given for this value of t by Theorem K, then A is 
clearly not strongly critical. 

Theorem L allows in many cases to decide whether a given unbounded 
star body is boundedly reducible. A few such cases are discussed in the 
next paragraphs. 


§ 13. Examples of boundedly reducible star domains in Ro. 


In his work on binary cubic forms 13), L. J. MORDELL showed that the 
two star domains 


’ 


Ky: | xy Xo (x, + x2)| <1 
and ‘ 
K,: Bocette pees cea | 


are of determinants 
A (K,)= 7 and A (K,) = ” #3. 


It is of interest that his proof gave, incidentally, the result that both star 
domains are boundedly reducible; they were the first non-trivial examples 
of this kind. I later gave an even simpler example, 


K;: | x4 yh a iT with AtkK,) =P 


of a boundedly reducible star domain, and made some applications of this 
property of Ks 14). 

By means of Theorem L, independent proofs that K,, Ky, and Kz are 
boundedly reducible, may be easily obtained. To this purpose, one uses 
considerations analogous to those in the next paragraphs. 


13) Since his latest proof has not yet appeared, I refer to two articles Journal Lond. 
. Math. 18, 201—210 and 210—217 (1943), where the two affine-equivalent regions 


1x} + x xy —2 x, x3 —x}| 1 and |x}—x, x}—-x}| <1 


are considered. 
14) Proc. Cambr. Phil. Soc. 40, 108—116, 116—120 (1943), and Journ, Lond. Math. 
Soc, 18, 233—238 (1943). 
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§ 14. The star body |x x9 x3| =1 in Rs. 
By a theorem of H. DAVENPORT 15), the star body 


K; ; pocy aca wea ped 
is of determinant 
ORE EW be 
Let 
2a 4a 6 
6=2cos 7, p=2cos 7, y = 2 cos = 


be the three roots of 
Pe? t—1 = 0; 
Then 
Ag: x, =Ouy + 9+ pu; m=py Cae ee dees x3=yu,+6u,+ vus, 
(u;, uz, 4; —0, - 1, F2,...) 
is a critical lattice of K, and every other critical lattice of K is of the form 
A= 2 Ap where Q is one of the automorphisms 
Q: Cie (hee Ry sta ay ts ey 
of K; here fy, to, tg are real numbers satisfying 
t,f)t,—= + 1, 
and a, B, y is any permutation of 1, 2, 3. 
Theorem M: The star body K: |x,x2x3|=1 in Rs is boundedly 
reducible. 
Proof: It suffices to show that Ag is a strongly critical lattice of K 
because, by affine invariance, the same is then true for all critical lattices 
of K, and so the assertion follows immediately from Theorem L. 


By definition, the lattice Ag is strongly critical if there exists a bounded 
star body K* < K such that 


d(A*) > d(A,) 


for every K*-admissible lattice A* sufficiently near to Ag. Such a lattice A* 
near to Ag contains a point 


P= (0*, Q", yp") 
arbitrarily near to the point 
Po= (6.9%, y) 
of Ay obtained for u; =1, ug=—0, ug =O. There exists then an 
automorphism 


Q*: A Sete ea bao Nglnls Xs (@ 2 t§ =1) 


15) Proc. Lond. Math. Soc. 44, 412—431 (1938). 
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of K which changes P* into a point 2* P* collinear with O and Pp: 
iG:be: by —O:o:y. 
Hence, by affine invariance, it suffices to show that 
d (A*) > d (Ay) 
for every K*-admissible lattice A* which is (i) sufficiently near to Ao, and 
which (ii)contains a point 
P*= (4, 9", ’) 
arbitrarily near to the point 
Po = (4. 9, y) 
of Ao such that O, Po, P* are collinear. 
Now every lattice A* near to Ap can be written in the form 
A*: x, = 00, + por. + pos, x2= pv, + yur + O03, x3= po, + Ov.+ 903 
with 
vy = uy + (ayy ay + 442 Hy + 443 45), 
v2 = u2 + (ay; oy + a) Uy + U3 U3), > (uy, 42, U3 = 0, F 1, F2,...), 
V3 = u3 + (a3; 4; + a32 U3 + 433 U3), 
where the coefficients anx are real numbers such that 


4 == (max 3 heaped 
h, k=1,2,3 


is less than any given constant. The point P* of A* corresponding to Pp is 
P*=((1-ay,)O-+an pas yp. (1-bai1) pan yas: 8, (1+-a11) ptar O+a3 7) 
and is collinear with O and Po if and only if 
(a): a>; = a3, — 0, 
because the three points 

Po=(6.9,¥) Pi=(y,y, 4), Pro=(y, 4,9) 


are linearly independent. We consider from now on only lattices A* for 
which the condition (a) is satisfied. 
Put for shortness, 


S(U)= (64, + pa + pas) (pu, + wuz + Ous) (yu; + Ou, + pus) = 
= (ui-+03-+-02) . 4(u,u3+u,u?+u, u3) + 3 (uj a,j u,+uju,)— 4, u,4,, 
so that 
Ky Xo Xa) 
for the point of Ap belonging to U = (uj, uo, ug). Similarly 
Xie SSD 
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for the point of A* belonging to V = (v4, ve, vs), or, on replacing V by 
its value in U, 


Hy xox, —O(U)+T (U); 
here 
T(U)=(A, a} + A, 03 + A, u3) + (B, a, 03 + B, a, uj + B, a, w3) + 
aCe tea OC. at) + Dia a, u, 


with the coefficients 


A,;= -3ay O (a?), 
A,= 3 a2) —4 a2 + 3 a3 O (a’), 
A3;= 3 a33 — 4 ap; + 3 aj3 i O (a’), 
B, = — 4 ax. — 8 a33 + 3. ay. + 6.823 +3.432— 13 + O(a), 
B,=— 8a, —='4'a33 + 3 a3 eae Be 
B, = — 4a;; — 8 az, + 6 a; aw 7239 O (a’), 
C,= 6 a2 + 3 a33 — MA eg OEY Oo 
C,= 3ay + 6 a3; — a7 — 8a); ‘ O(a’), 
C3= 6a,+3a2 +3 aj2 — 4 a32 O (a’), 
D=— a;— a2— Wei ee een ee! AE Gy 


where, in all cases, the O-term consists of the products of two or three of 
the anz. These formulae imply, in particular, that when a tends to zero, 
then the maximum 


A =max(|Ai|, |Ad|, » [Cij, [Ca], D)) 
satisfies the inequality 
A= O (a). 
On solving for the coefficients anx, we find further that 
Sai, = A, O(a’), 
105 a2, = —70 A, —15A,+30A;+18B, —12B,—27B;—6D : O(a’), 
105a;3,= 65A,+45A, —18B,+12B,+27B;—9D-+ O(a’), 


35 ay =—25A,— 5A,+15A;+ 9B,— 6B,— 6B;—3D+ O(a), 
35a.3= 35A,+15A,— 5A,— 6B,+ 9B,+ 9B;,—3D + O(a?) 
35 ay, =—10A,+10A,+10A,;+ 6B,— 4B,+- B;—2D+ O(a? 
BS an = 28A,7 5A,4.5As— 2B, +. 8By+ 3B,— -D+ O(a, 


and we also obtain the three identities, 
5C,= 5A,— 5A,—10A;— 7B,+ 3B,— 2B;— D+ O(a), 
5 C,=—10A,+ 5A,— 5A;—°2B,— 7B,+ 3B;— D+ O(a?), 
5C;=— 5A,—10A,+ 5A;+ 3B8,— 2B,— 7B;— D+ O(a’), 


and the inequality 
a= O(A), O(a4)=0 (A) 


So far, the star body K* has not yet been defined; nor have we yet used 
that A* is K*-admissible. Let then K* be a star body K* where t is so large 
that all points of Ap for which 


S(U)=1, |a,|S3, |wl|S3, |us|S3, 
belong to K‘. Then the ten points of Ag given by 
CU =(1 70, 0),"(0,.1, 0), (0.0.1) tO stat etl, lates 1,0), 
(0, —1, —2), (—2, 0, —1), (—1, —2, 0), (—1, —1, —1), 
satisfy the equation, 
Sie 


The points of A* belonging to the same U cannot be inner of K* = K* 
since A* is K*-admissible. The numbers 


Gyr 2, G3, By, Br, Bs Ys Yar V3 6 
defined by 


dal; 0, 8) eco T (0, if ha T ( 0, —I, —2)= 7}, 

T (0, 1, 0) = a,, T (1,0, 1) = 2, T(—2,~ 0/1) = 92, T(—), —b =e, 
T (0,0, 1) =a, T(1,1,0)=£3, T(—-1,—2, O)=y7s, 

are therefore non-negative because 


XX) %3—=S(U)+T(U)=1+T(U)>1 


for these points. 
Hence, on substituting in T(U), 


Gres, Ae 

oa Az, 

a, A; 

p, = A,+ A;+ B, =i Cc. 

p2= A, + A; + B, pais, 

p3= A,+ A, + Bs; =p Gay 
r= — A,—8A;—4B, —2C,, 

72 —— 8A, — A; —4B, —2C,, 
¥3—— A,—8A, — 4B, —2C;, 


6=— A,— A2,— A;— B,— B,— B;— C,— C,— C;—D, 


and conversely, 


Al geet ately 
A,= a2, 
A;= a3, 
By. = ¥aj7—Ja;— =e Ti 
By=— 3a; + 34; = Bs —+72 
By= 4a,—3a, =) fs ae. a 
o— —a,+2a,+2f, + 1: 
C,= 2a, — $a; + 2 B, + 3 V2 
Ca > ta,+24; + 2B; + ¥ 3 
D= apie tt gases Byte Pr, 83 0, 
From these formulae, we deduce that identically, 
N= 2a,+ a,—2a; + 2 B, tae Ole) (a7), 
(Bb)? y2=—2a,+2a,+ a; +2 f3-- 2.0 +-0 (a%), 
13s a, —2a,+24,;+2/, mee 4. O'(a?): 
If further 


a= max (|a,|, |a2|, |a3|, |B1|, |Bo|, |Bs|, |71|, |y2l. |73|, |6]), 
then, by these formulae, all three numbers a, A, a are of the same order, 
pe hay (A) a (ay (or) | CO (A2) © (a7). 
The proof of the theorem proceeds now as follows: 
The lattice A* is of determinant 
P+ay, ay 443 | 
O iI+a a2; 
| 0 a32_ 1 + a3; 


d (A*) = d(A)) 


where 


o = a; + a2. + a33 + O(a’), 
(a =#(A; + A,+A;)—7D+ 0(A), 
=+(a, + a, + a3) + + (B; + Bo + Bs) +46 + O (2). 


Assume now that A* is so near to Ap that a, hence also A and a, are 
sufficiently small. Then 
either 
o>0, d(A)>d (Ap), 
or 
fee LA a (AS) 


By (c), the second case cannot hold unless 


(d): - Fp a eg ep a Pg = OO,” 
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hence also 
(e): N=r72=73=0, 
because by (b), 
max (| 7; |,| 72 |, 173 |) 
is of at most the same order as 
max (| a; |, | @2 |, | a3 |, | 8: |, | Bo |. | Bs |, | 5 |)- 


The equations (d) and (e) imply next that 
Ay =A, = ASB) = 8 = 2, 6 eee 
hence also 
Ay, = Az) = 433 = Ay = 473 = 432 = ay3 = 0; 
and so A* coincides with Ao. This concludes the proof. 

Although the proof just given is a pure existence proof, it can easily be 
altered so as to lead to the construction of a bounded star body K* 
satisfying K*< K. 

The next theorems are all proved in a manner similar to that of 
Theorem M. ; 


Physical Geography. Projective-geometric treatment of O. LEHMANN’s 
theory of the transformation of steep mountain slopes. By J. P. BAKKER 
and J. W. N, Le Heux. (Communicated by Prof. A. PANNEKOEK.) 


(Communicated at the meeting of April 27, 1946.) 


Geomorphologic -science, at its present stage of development, suffers 
from a lack of quantitative exactness. All too often discussions do not rise 
above qualitative aspects, with the result that communications, although 
in themselves most interesting and emanating from prominent authors, 
frequently remain quantitatively undefined, so that no decision in favour 
of one view or another can be taken without, in its turn, being to a great 
extent subjective. 

WILLIAM Morris Davis has enriched geomorphology, in a large number 
of publications (Nos. 1 and 2) 1), by his brilliant classification of co- 
existing types of landscapes, As he himself was already aware, the basis 
of his argument was always partly inductive and partly deductive. To the 
extent, however, that DAvis applied the deductive method, it was certainly 
not pure as such. For Davis’ purpose was to explain present landscape- 
types descriptively. He knew in his own mind, from the start, the type of 
landscape his deduction ought to produce. His argument accordingly 
directed itself to a definite aim, which endowed it in the first place with a 
final, not a deductive character. Such a method, whatever its merits, is 
hardly justified in natural science. 

WALTHER PENCK, in his “Morphologische Analyse’ (No. 3), attempted 
further to elaborate the deductive method. His premature death unfor- 
tunately prevented him from carrying out this work to its full extent. The 
idea before his mind's eye, namely the mathematical treatment of the theory 
of the development of mountain slopes, was never realized. His deductions 
are largely unacceptable, a fact which has been pointed out before, amongst 
others by J. P. BAKKER (vide Nos. 4, 5 and 6). We shall return to this 
later, in connection with LEHMANN'’s theory. 

We are, therefore, still faced with the question: is it possible to trace a 
connection, in a way justified from a quantitatively exact standpoint, be- 
tween unequal mountain-shapes existing side by side, such as valley- and 
mountain slopes, longitudinal profiles of rivers, etc.? Only in a few isolated 
cases, as in the study of the conditions of the formation of meander belts, 
longitudinal profiles, and deposits in flood plains does the science of 
physiologic morphology succeed in lifting a tip of the veil, and carrying 
the statement of the problem a little further (HJULLSTROM, LEIGHLY and 
others). 


1) These numbers refer to the list of literature at the close of this article. 
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When, however, it is a question of determining alterations in the shape of 
mountain- and valley-profiles in firm rocks, we are forced to admit that 
the processes of change take place at such an infinitely slow rate that it is 
only in very rare exceptions — as, for example, in the case of landslides — 
that the transition from one mountain-form to another, differing consider- 
ably from the first, can be observed directly. In the science of physiognomic 
morphology, therefore, in which direct evidence ad oculos is generally 
lacking, both the problem itself and the argumentation will necessarily be 
of a different character from that in physiologic morphology. The question, 
however, still remains: Is it possible, in physiognomic morphology (leaving 
aside morpho-tectonic problems), to arrive at a more exact argumentation 
on a mathematical basis? 

In 1932, BAKKER published an article in the Dutch language in which he 
expressed the opinion that, if the signs were not deceptive, the development 
of a more theoretical morphology, based upon physico-mathematical treat- 
ment, was imminent (Cyclus-theorie en Morphologische Analyse, part 2, 
p. 17/18). Although doubt was expressed in some quarters as to the 
correctness of the author's view, a statement confirming it appeared the 
very next year in the form of OTTO LEHMANN’s “Morphologische Theorie 
der Verwitterung von Steinschlagwanden” (No. 7). 

As far as we are aware, OTTO LEHMANN’s theory, which bases itself 
upon a law discovered as early as 1866 by the Rev. OSMOND FISHER (No. 
8), and starts from rigorously defined premisses, is the only existing 
deduction in physiognomic morphology that is quantitatively accounted for. 
It is, however, merely a beginning; and many problems in which a rigorous 
deduction would seem possible, were left untouched by LEHMANN. 

Apart from the above theory however, another and quite different way 
to arrive at greater exactness in physiognomic geomorphology might be 
followed. With the steady increase in the publication of photogrammetrically 
produced topographical detail-maps the possibility is created of determining 
with greater exactness the shapes of longitudinal and cross-profiles of 
valleys and mountain slopes than was hitherto possible. With the aid of 
nomographic methods it should be possible to open up an entirely new 
branch of this science, namely, geomorphologic curve-analysis, which may 
well prove to be able to throw new light upon many of the problems con- 
fronting us, such as that of the equilibrium-curves of rivers, about which 
discussion appears to have come to a deadlock. To this question, too, we 
shall return later. We shall now present LEHMANN’s theory in the following 
new guise, 

In LEHMANN’s theory, the example is given of an evenly parallel receding 
steep mountain slope or cliff FS of known height A, with a great slope- 
angle f (fig. 1 and 2), bordered at the top by a horizontal plateau SR, and 
at the foot by an also approximately horizontal form FR’, upon which 
falling angular debris may accumulate. 

It is further assumed that the sheer wall FS is exposed exclusively to 
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the free play of weathering, any direct effect of lateral erosion, by rivers, 
glaciers, etc. being left out of consideration. 

Numerous authors, both European and American, have described such 
steep rock-slopes, in respect of which a parallel recession as a result of 
weathering approximately may be assumed to have placed during some 
phase of their development. We know them from the upper mountain 
ranges of the Alpine type; from the cuesta- and mesa-landscapes of Western 
Europe and North America; from some “‘inselbergs” in the arid and semi- 
arid regions of Africa, South- and East-Asia, America, etc. Observations 
have also shown that, in those cases where the screes of angular debris are 
not deposited on the terrace R’F suddenly, by a landslide, but little by 
little, these screes protect a rocky nucleus with a convex cross-profile 
(FABCR in fig. 1); of this nucleus, of, which we shall assume that its 
constitution remains unchanged, therefore, the exact shape has to be 
determined. 


uae > i tb as 
Fig. 1. Parallel recession of the steep slope FS and the simultaneous formation 
of screes [/'A, JI'B etc.]. After the disappearance of the steep slope with angle , 
the cross profile R’R of the screes also forms the tangent on the curve FABCR 
at the intersection point R with the plateau (after OTTO LEHMANN). 


As early as 1866, OSMOND FISHER concluded that, if the volumes of 
ruptured rock per unit of time (i.e., in fig. 1, SFAI, SFBII, SFCIII, etc.) 
are equal to those of the fragments deposited on R’F (i.e., in fig. 1, l’AF, 
Il’FB, III'FC, etc.), the curve FABCR will assume a parabolic shape. This 
is. in fact, quite correct; but it is a special case of a general theory put 
forward by LEHMANN, in which, e.g., the slope-angle of the cliff was intro- 
duced as a variable. Moreover, attention should be given before anything 
to the ratio between the volume of solid rock removed per unit of time 
from the steep mountain slope, and the screes volume accumulated at 
the base during the same time-unit. It is evident that FISHER’s case is 
possible only when part of the fallen fragments is removed from the 
terrace R’F owing to outside influences e.g. by avalanches, since otherwise 

an 
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the respective volumes of rock removed and debris deposited per unit of 
time, because of the greater pores-volume of the screes, can never be equal. 
However this may be, in order to arrive at an exact derivation, we’ shall 
begin by introducing the formula 


rock-volume _ 1—c 


screes-volume 1 
in which c is constant. : 

We further take, following LEHMANN, the basic point of the steep slope 
F as zero-point in our co-ordination system, while imagining the stretches 
of rock and screes, respectively, I, II, III and J’, JJ’, III’, to be infinitely 
thin. We may then neglect the black triangles at AB, BC, etc., in fig. 1 
and regard the corresponding stretches of fallen rock and deposited debris 
as parallelograms. We further imagine the wall to be perpendicular to the 
plane of the drawing, so that two-dimensional figures may suffice, which 
enables us to replace, in our exposition, the volumes of the corresponding 
quantities of solid rock and debris by the areas (base X height) of the 
respective parallelograms. With the aid of fig. 2 we then get 


rock-volume = (1—c) X screes-volume 
dx 
(dx— dy cot f) (h—y) = (1 —c) (dy wages: :) y cota 


A 

Fig. 2. Diagram from which the differential equation (1) may be obtained. 

F'F" represents an infinitely small increase in the convex nucleus (after OTTO 
LEHMANN). 


Now putting cot 6 = b, and cot a= a (co-tangent of the slope-angle 
cf the screes) we get the following differential equation: — 


(dice bag Reedieeteeeae (dy —F] a 1s) 


mols 


Ory -——— 
. __ bh+(a—ac—b)y 
fs keto ae od Geen rots. We ic ewal a) 
By introducing the new constants 
ie Saws aia 
% 
b 
a a—ac—b 
h 
m———, 
e 
we get 
ee aie ee AL a) 
desk OE dy =k (oO 1) dy. Rilke ate d(zay 


By integrating this formula we find the relation between x and y in the 


curve sought: — 
=k(-+m) [ot —k f dy + A, . ae Ala 


in which A is the integration constant. 
Rarher, fon a= y= 0,-A.=—-k() -- m) log m, 


x=k (I+ m) ‘log — ky nt CR Ger ete et 


This is a logarithmic curve of a higher order: — 


l1—c 


Ti == 90° or af cot. f= 0, then'k-= a :1=0, and m= 


ee. h lc 
a on 2 Seas a Fe gaa Pe ae (5) 


It follows from this that it is not the angle of the wall f (90°) which has 
changed FISHER’s parabola into a logarithmic curve, but the introduction of 
the constant c. In cases in which, owing to secondary factors, so many 
fragments have been removed that notwithstanding the greater pores- 
volume the’screes volume is smaller than that of solid rock detached during 
the same period, it is better to take, for c, a negative number. Formula (5) 
for B = 90° then becomes 

x=ah ts "log me tere ULM 40a ADA) 
The derivation, for FISHER’s parabola, for c=0 and £ = 90° follows 
immediately from formula (2): — 


ares 2 re ta hy ie gd) Sl ere wing (6) 
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Ancther special case arises when c = — ©; from the differential equation 
(1) it then follows that 


aydy—ay==0 


1 
y — . Kime seg ceulens «eo ee |e Oem an (7) 

This equation refers to a straight line having the same slope-angle as the 
maximal slope of the screes in Nature in the rock-formation in question. 
This straight line exists already when x = —100, which means that in 
the complete or nearly complete absence of regular accumulation of debris 
at the base of the disintegrating steep mountain the latter must adopt a less 
steep slope with a straight-line profile and slope-angle a. We here meet 
with the phenomenon described as early as 1900 by E. RICHTER (No. 9) 
under the name of “‘schiefe Denudationsebene’” (slanting denudation- 
surface), from the crests of the Alpine mountain ranges, and which also 
occurs frequently in the neighbourhood of the “Schliffgrenze” above the 
trough-shoulders of former glacier valleys. Such straight-line forms also 
occur, as is well known in the “‘island-mount’’-landscapes of arid and semi- 
arid regions. , 

Since, according to the investigations by Piwowar and Stiny (Nos. 10 
and 11), the slope-angles of the screes, in Nature, may reach a maximum, 
according to the petrologic conditions of the rock, of between 26° and 43°, 
we may say that this determines more or less the slope-angle of RICHTER’s 
straight-line denudation slope. We shall return to this point in a further 
publication. 

It is finally possible to prove, that when the upstanding part of the 
mountain with slope-angle § has completely disappeared and that the screes 
have thereby reached the level of the top-plateau, their straight-line cross 
profile forms the tangent on the logarithmic curve at the intersecting point 
with the plateau. 

In this case, y = h, According to the differential equation (2), we then ~ 


get 
d h= ie 
y cy = amc feta BE ig 


dx bh+(a—ac—b)y ah(1l—c) a’ 


This is the tangent of the maximum slope-angle of the screes in Nature, 
as was already derived by FISHER for his own special case; but we are 
here dealing with a general law, valid for any slope-angle B >a of the 
steep wall. 


Bearing in mind that the phenomena coming within the scope of 
LEHMANN’s theory are examples taken from the upper region of the 
Alpine mountain range, where, besides the striking straightness of line 
in many slopes of from 26° to 43°, in crests and peaks, we may also find 
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finely curved lines underneath some of the screes, as in the case of ‘Drei 
Zinnen” (fig. 3a and 3b); and further, that kindred phenomena have been 
observed in Saxon Switzerland, in cuesta~ and mesa-landscapes 2), in the 
chalk cliff regions in the South of England and the “‘island-mounts”’ land- 


Fig. 3a. “Drei Zinnen’” in the Ampezza Dolomites near the former Austrian 
frontier. In the foreground the Paternsattel, where the convex slopes meet in a 
manner, resembling the theoretic interpretation shown in fig. 3b. 


Fig. 36. A narrow plateau A, which at first had the width FiF2, reduced on 
both sides by parallel recession. If the plateau had been wider, the screes would 
have reached the heights Hy and Hz (after OTTO LEHMANN). 


2) Cf. also, with respect to this, the typical but more complicated forms of the Downs 
in South-England, shown in fig. 38 of ALBERT DE LAPPARENT’s ,,Lecons de Géographie 


physique”, p. 91, Paris (1896). 
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scapes of the arid and semi-arid territories, then it may not be too bold an 
assertion to say that all these phenomena comply to the same general law, 
which we propose henceforth to call the steep mountain transformation law 
of FISHER-LEHMANN, and which we shall formulate as follows: 

In the case of slow and regular parallel recession of a steep mountain 
slope protruding above a horizontal form, a rocky nucleus is formed under- 
neath the screes, of which nucleus the cross profile is a logarithmic curve 
of a higher order, whose form is dependent upon the slope-angle f of the 
steep mountain, of the slope-angle a of the screes, and of the ratio between 
the volumes of rock removed and debris deposited (fig. 4 and 5). 


Fig. 4. The influence of the slope-angle f/ of the initial steep mountain on the 
curvature of the convex nucleus underneath the screes resp. for c= } and } 
and a = 30°. As zeropoint of the systern of coordinates we invariable took the 


footpoint of the convex curve (after LEHMANN). 


C%¥rO a Ys Sef, ee eee 


el eae 


Fig. 5. The influence of the constant c on the form of the convex curves for 
a = 30° and Bf = 75°, B = 90°. For c = —o we get RICHTER’s “Denudations- 
béschung”; for c = 0 FISHER’s parabola (after LEHMANN). 
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Of this law, the formulae (6), (7) and (8) are special cases. 

Many geomorphologists, little accustomed as they are to an entirely 
exact treatment of their problems, will be loth to acknowledge the great 
significance of LEHMANN’s theory. They should reflect, however, that the 
aim of all science is to reduce what is apparently incoherent to one common 
root-principle, which enables us to survey a vast field, with all its compli- 
cations, from a central point of view. In the realization of this lay the great 
merit both of Davis and of LEHMANN’s theory. 

Those who are inclined to doubt the actual value of LEHMANN’s theory 
will probably point out that, in many landscapes, there exist, side by side 
with forms apparently lending themselves to explanation with the aid of 
this theory, relief-types which do fit in with it at all. But how variable the 
premisses may be, even at very small distances! And the last thing we wish 
te argue is that, with LEHMANN’s theory,the last word upon this question 
has been spoken, On the contrary, it will have to be sounded and elaborated 
at many points, for LEHMANN’s theory is a special application of the more 
general theory of non-parallel recession of steep mountains; but it con- 
stitutes at least a first beginning of a truly exact treatment of physiognomic 
geomorphology. 

When deviating forms are found in Nature, therefore, the theory should 
not be thrown overboard; in such cases it should be inquired to what extent 
the premisses have to be modified in order to find an explanation of the 
deviation found. This point will be made the subject of a number of future 
publications. 

In attempting to explain such deviations in the way indicated, however, 
we shall find that the form in which LEHMANN has cast his theory does 
not readily lend itself to this purpose. LEHMANN himself mentions more than 
ence the lengthy and painfully laborious task of constructing the curves 3), 
in which he had to use logarithms with as may as 7 decimals so as to 
obtain smoothly running lines. The fact that he himself produced only very 
few such curves also points to the same thing. 

The science of morphology, however, will in the future have need of a 
method allowing of a rapid construction of the curves required, thus 
rendering possible a ready comparison with the phenomena observable in 
Nature. This may be realized by making use of a diagrammatic method. 
When, for example, a formula has the general form 


of as 8 
Pale ee Boag 


3) With the aid of formula (4) or the equations derived from it, LEHMANN determined 
10 points of each curve. He further introduced y as the known factor in tenths of the 
wall height, Putting h = 100, and y = 10, 20, etc., we get x expressed in % for any 
given height of the cliff etc. 

As long as y < 50, it appeared to be impossible to miss any of the points. For y > 50, 
computation of 2 or 3 points could in some cases be omitted. 
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in which w is the modulus, and a, b, c and d, the constants, then it will 
lend itself to the use of a projective scale (vide No. 12). 
It will be clear that the form of our differential equation (2), 


dx bh+{(l—c)a—b}y _ 
dy te h—cy Bin 


satisfies this condition. This means that the co-tangents of the angles 
formed by the tangents on the profile sought, with the X-axis, are obtained 
by projective transformation of the regular Y-scale. 

To this end three points of the projective scale sought are first fixed on 
the horizontal W-axis (fig. 6). After this the Y-axis, to be divided up 
regularly, is drawn through one of these points in an arbitrary direction, 
after which the projection-centre C is determined, from which the dividing 
points of the Y-axis are projected upon the W-axis. 

We shall choose, as given points, B, H(co) and W(0o). The points B 
and H are found by plotting, from an arbitrarily chosen starting point E, 
the distances EB = b (for y — 0, hence numbered 0) and fed? il 


(for y = ©, hence numbered ©), 
We now draw the y-axis through the zero point B. In this case this is 
done perpendicular upon the W-axis. The point K is then determined, so 


that BK oon ioe Wace 
ce 


The projection centre C is now found by connecting the similarly num- 
bered points of the W- and the Y-axis, which is easily done in this case 
by drawing, from H and K, lines parallel to the axes. 

In this instance we have selected the following: 


a Scot oU m= O20 x 
= cot 5° =.,0, 267953 


—l1 
CcC—yF. 


Nie thentind: BEY eee oe and” eee 


The Y-scale is now projected from C upon the W-scale, This also implies 
that the co-tangents of the angles of the tangents on the profile sought 
with the W-axis, are found by measuring the distances from the points of 
the projective scale BA to the point E. 

The angles themselves are found by drawing a circle with the radius 1, 
of which EA is the line of the co-tangents, This may be done, for example, 
by giving to a in the formula (2), the value 1, so that LB obtains the 
value 0,60... h. By projecting L on the W-axis we get the point N, 
numbered 1, while the centre point of the circle with radius 1 is found by 
plotting a perpendicular line in E, and giving to EM the value EN. 

M may also be determined, of course, as the intersecting point of MB 
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K (3h) 


Fig. 6. See text. 


Fig. 7. The auxiliary scale AD (inter- 

preted in the text) with the convex 

nucleus for a = 30°; B = 75° andc = 3. 
MA is RICHTER’s denudatioaslope. 
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and MA, which must respectively form angles of 75° and 30° with the 
W-axis. 

Between MB and MA lie the directions of all tangents on the profile 
sought. This profile, therefore, must turn its convex side to the W-axis, 
intersecting the plateau above (in fig. 7 and 8, this plateau is, therefore, 
S,9A), at an angle a. 

The solution of the differential equations (1) and (2) is not required in 
order to arrive at this conclusion. Neither is this solution necessary to 
enable us to sketch the profile with sufficient exactness. For, the differential 
“equation (2) gives the direction of the tangent at a point whose ordinate is 
known. As the starting point of our co-ordination system coincides with 
the basic point of the steep mountain slope with its straight-line profile, 
from which we started, we also know that to an ordinate zero belongs a 
direction angle B = 75° of the new curve. 


|G 
\ 
N 


2 


~ 


Siw wha os ao wo: OO) 


Fig. 8. The auxiliary scale used to obtain FISHER’s parabola for « = 30°, 
B90 ae Cress 0 
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Now in order further to construct the curve, we must bear in mind that, 
in fig. 7, showing the (enlarged) projective scale BA, the intersecting point 
of the above-mentioned first tangent with the line y = 1 will not deviate 
much from the point with the ordinate 1 on the curve sought; the less so 
according as the parts of the y-axis are smaller. We may, therefore, draw 
a straight line through this intersecting point S,, parallel to the direction 
M—1; at the intersecting point S,, thus obtained, a line parallel to the 
direction M — 2, and so on [1, 2 etc. are the points of the scale BA]. 

If this degree of exactitude is not considered sufficient, one may, instead 
of dividing the auxiliary scale AD into ten parts, divide it into twenty. 
Since, however, the irregularities occurring in Nature, will probably be of 
a greater order of magnitude, this will hardly be necessary in most cases. 

From fig. 6 it follows at once, with the aid of similar triangles, that the 
auxiliary scale AD is equal to 14 GB, or put in a more general form, 
AD Sar 

l—c 

The advantages of the method followed, apart even from the fact that 
it absolves one from the repeated solution of the differential equation, do 
not require much further comment. 

With the aid of figures such as 6, 7 and 8 it becomes an easy matter to 
ascertain the influence which any change in a, § and c will have on the 
shape of the profile curve. 

MA is, naturally, a case of RICHTER’s “‘schiefe Denudationsebene”’, for 
c=—o (ie. AD=—0). 

When f = 90°, and, therefore, b = 0, the points B and E will coincide, 
which, as we have seen, was one of the conditions of the appearance of 
FIsHER’s parabola sensu strictu; whilst AD — GB, so that the distance BA 
may be divided regularly in the ordinary way (fig. 8). 

Further details concerning this subject will be discussed in the course of 
future publications. 

We are indebted to Mr. A. J, WIGGERS, assistant for phys. Geography 
at the University of Amsterdam, for his kindness in preparing the figures 
for the press, 
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Zoology. — The mitotic activity during the regeneration of Polycelis 
nigra: By ANNEKE M. E. VERHOEF. (From the Zoological Labora- 
tory, University of Utrecht.) (Communicated by Prof. G. KREDIET.) 


(Communicated at the meeting of April 27, 1946.) 


Much has been written about the regeneration of Turbellarians; but few 
authors studied the way cells increase during this process. 

N. M. STEvENs (1907), experimenting with three species of Planarians, 
found mitosis of parenchymous cells both in the regenerating and in the 
old part. She observed active migration of parenchymous cells from the 
old part to the new one. According to her, the rapid growth of the 
regeneration bud should be explained by the migration of cells towards the 
cut surface together with the mitosis in this part. The epidermis would be 
repaired by immigration of parenchyma cells and by amitosis. 

After P. STEINMANN (1908) in the parenchyma near the wound mitosis 
can be found after some hours. In later stages, about 2 or 3 days after the 
operation, the typical mitoses appear through the whole body. In the 
regeneration tissue also mitoses were seen. The epidermis is repaired by 
amitosis. 

P. LANG (1912) also observed mitosis in the regeneration bud, According 
to him, the parenchyma contains ‘‘Uebergangszellen”’ or changing cells. The 
transformation of these cells can be: 

a. a dedifferentiation of differentiated cells into cells of an undifferen- 
tiated embryonic type (regeneration cells); 

b. a metaplasia of differentiated cells into cells of an other differen- 
tiation. These cells are very important during the regeneration, but for the 
common processes of repair in normal life they also are necessary. During 
the dedifferentiation of an “Uebergangszelle” into a regeneration cell he 
often saw the beginning of mitosis. The epidermis would regain the 
necessary amount of cells by amitosis and partly by penetration of paren- 
chyma cells into the ectoderm. 

After W. C. Curtis and L. M. ScHUuLZzE (1924) formative cells are 
active elements in the production of new tissue; they divide by mitosis. 

P, STEINMANN (1926) states in contradiction with the above mentioned 
work from 1908, that in the cell accumulation near the wound no mitoses 
are found in an amount worth mentioning. He says regeneration cells are 
capable of mitosis, but before they reach the regeneration bud. In his 
opinion organs in the old part of the body are dedifferentiated to obtain 
the necessary cells. 

D. DRESDEN (1940) found no mitoses and declared: “Like other authors 
I could not detect any mitoses (or amitoses) in these cells — in the regenera- 
tion bud — and I consider it therefore quite probable that they arise by 
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dedifferentiation from old cells. In fact it is. not at all likely that the number 
of cells in these pieces will increase during regeneration. The size of the 
regenerated animal is about half that of the original specimen and half the 
number of cells, therefore, will be sufficient for its constitution.” 

A. RIJVEN (unpublished) observed migration of cells towards the wound 
(‘‘cellules libres’’ of PRENANT) and mitosis in the regeneration bud. 

It seemed worthwhile to study the appearance of mitosis in normal and 
regenerating worms. 

At the same time an investigation could be made into a possible daily 
periodicity of the mitotic activity. About this, plants and animals have 
been examined, and often a periodicity was found with a maximum during 
the night and a minimum at noon. The work of Mrs. DROOGLEEVER 
FoRTUYN-VAN LEYDEN (1916, 1926) was repeated by miss CARLETON 
(1934) on young mice. The results of this work were: Under normal 
conditions a rhythm of 24 hours is found with a minimum at noon and a 
maximum at midnight. This periodicity is disturbed by continuous illumina- 
tion or by an artificial changing of night and day. > 


Methods: 

The experiments were carried out on Polycelis nigra out of ditches near 
Utrecht. The animals were divided into two groups: 

a. the operation was performed at 8 a.m. 

b. the operation was performed at 8 p.m. 

Kept in the dark, the worms will regenerate quicker than in the light. So 
it was possible, that with the animals of group b the regeneration would 
start earlier than with those of group a. 

The cutting was done with a razor blade on a glass plate covered with 
a thin layer of wax. By placing this plate on the stage of a binocular 
microscope it was possible to have the light transmitted from below. The 
worms were cut transversely through the pharynx into two halves of equal 
length. Three animals were operated at the same time, kept together in 
fresh water and afterwards were fixed at the same moment. The cutting 
of these three lasts one minute at the utmost, and so the moment of 
fixation could be figured out exactly for every group of three Polycelis. On 
account of a shortage of petri dishes the worms had to be kept three 
together, and afterwards it was impossible to say which posterior and 
anterior half belonged together. Therefore the halves described as one 
animal will not always belong to the same animal really, but are only the 
representatives of a group of three worms cut and fixed at the same moment. 

During the first two days, a group of three was fixed every hour. The 
next two days it was done every three hours only. 

The Polycelis of group a and b were treated in exactly the same way but 
for the moment of operation. 

Normal worms were also fixed at intervals of three hours from 8 a.m. till 
8 a.m. the next morning. 
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The fixation was carried out in the way prescribed by FEULGEN for 
the reaction on thymonucleic acid (fixation in sublimate-acetic acid). 

The animals fixed at 1, 6, 12 hours etc. after the operation were 
sectioned in sagittal direction with a thickness of 5 uw. They were stained 
with FEULGEN’s test on thymonucleic acid, which is an excellent way of 
staining the chromosomes and therefore very useful in the search for 
mitosis. : 

A map was drawn of every half and all mitoses perceived in the sections 
were marked on it with a cross. 


Results: 


Because of the rhabdites it is difficult to get a good idea of the pro- 
ceedings in the epidermis. No mitosis was observed here, It seems to me, 
that except the first closing of the wound the epidermis takes no part in 
the process of regeneration. 

In the inner parts of both normal and regenerating Polycelis many 
mitoses were found. 

The animals had been exposed to the normal succession of night and 
day, which is, according to CARLETON, necessary to get a periodical rhythm 
of the mitotic activity, But in the pictures of the animals of one group no 
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Fig. 1. Distribution of mitoses in anterior half (left) and posterior half (right) 
of Polycelis nigra; 1 hour after operation, 
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periodicity can be seen. Also there is no fundamental difference between 
the worms of group a. and group b. There are some differences in the 
quantity of mitoses in the various animals, but these may be caused by 
diversities of size, age, etc. 

But from the drawings something else is apparent. In the normal Poly- 
celis, and also in the regenerating one during the first two days after the 
operation, the mitoses are distributed equally through the whole body, 
About 48 hours after the operation, however, one observes a change in the 
distribution of mitoses, viz., a concentration towards the base of the 
regeneration bud. This becomes more and more evident during the 
following days (cf. fig. 1 and 2). 


Fig. 2. Distribution of mitoses in anterior half (left) and posterior half (right) 
of Polycelis nigra; 84 hours after operation, 


As it was impossible to have all the drawings published, every map 
was divided transversely into four equal parts numbered I, II, III and IV; 
part I is remotest from the wound. For every part the percentage of the 
mitoses present was calculated. Now it was possible to make diagrams 
showing the change of the distribution during four days (cf. fig. 3 and 4). 
The ordinates represent the percentage of mitoses, the abscissae the time 
passed between operation and fixation. The average daily values are 
connected by lines. Every line represents one of the four parts. 

On the first day after the operation all the values lie between 19 % and 
29°'%. During the following days I, II and III drop, and IV rises. There 
is no essential difference between the diagrams for the anterior and the 
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Fig. 3. Change in the distribution of mitoses in regenerating anterior halves of 
Polycelis nigra during the first 4 days after operation. I, II, II], IV = transverse 
quarters, cf, text. 
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Fig. 4. Change in the distribution of mitoses in regenerating posterior halves of 
Polycelis nigra during the first 4 days after operation. I, II, III, 1V = transverse 
quarters, cf. text. 
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posterior halves. In the latter, the concentration of the mitoses into part IV 
is somewhat more accentuated, and begins already on the second day 
after the operation, whereas it begins in the anterior halves not before the 
third day. In both; more than 50 % of the mitoses are concentrated in the 
quarter adjacent to the cut surface on the fourth day after the operation. 

LITWILLER (1939) observed something like this with the regeneration of 
limbs of Triturus: ‘‘A definite peak of mitotic activity in both mesenchyme 
and epithelium is found near the base of the young regenerate and shifts 
distally in older regenerates. This is associated with differentiation in the 
main regions of the new limb.” 

If the same is going on during the regeneration of Polycelis this shift of 
mitotic activity ought to go on during the following weeks, always causing 
a maximum in the newly regenerated tissue. 

This shift of the mitotic concentration could be caused by: 

1. a shifting of cells — regeneration cells, formative cells — capable of 
a continuous mitotic activity. Then, only these cells are responsible for the 
growth and the regeneration involved, 

2. a temporarily increased activity of the cells in the regenerating region. 

As former authors often observed an active locomotion of cells during 
the regeneration, the explanation mentioned under 1. seems the most likely. 

Perhaps more could be learned on closer investigation of the ‘“Ueber- 
gangszellen” of LANG and the “‘cellules libres” of PRENANT. 


Summary. 

1. The distribution of mitoses was studied in regenerating Polycelis 
nigta, 

2. No daily rhythm of mitotic activity could be observed. 

3. In the first 2 days, the mitoses are distributed rather equally through 
the body. 

4. About 48 hours after the operation, they begin to be concentrated in 
the neighbourhood of the regeneration bud. This concentration of the 
mitoses is in posterior halves somewhat more accentuated and begins a little 
earlier than in anterior halves. 
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Zoology. The vitelline membrane of Limnaea stagnalis. By OLGA 
Hupic. (From the Zoological laboratory, University of Utrecht.) 
(Communicated by Prof. G. KREDIET.) 


(Communicated at the meeting of April 27, 1946.) 


The following investigation deals with the properties of the vitelline 
membrane of Limnaea stagnalis. The question of the nature of this 
membrane was raised in a paper of RAVEN (1946). On the one hand, it 
seemed to conform with the so-called vitelline membrane or chorion of 
other animal eggs, because: 

1. the membrane is lifted locally from the surface of the egg by the second 
polar body; 

2. it shows wrinkling in eggs shrinking in hypertonic solutions of urea and 
sucrose; 

3. it can detach itself completely from the egg surface in sucrose solutions. 

On the other hand, it seemed to take an active part in the cleavage of 
the egg. RavEN and KLomp (1946) described an abnormal cleavage in 
distilled water. The cleavage progresses normally until the blastomeres are 
perfectly rounded and only touch one another at one point. After that, the 
blastomeres flatten themselves a little against one another, then they remain 
in this condition till the next cleavage. No cleavage cavity is formed and in 
the cleavage furrow the membrane detaches itself from the egg surface, so 
that it forms a bridge from one blastomere to the other. Now RAVEN 
presumed this abnormal development to arise owing to the membrane not 
folding inward with the cleavage-furrow. In the normal development, this 
membrane was supposed to turn into a single partition-wall between the 
blastomeres, and the cleavage cavity would be formed by lenticular spaces 
originating in this wall and merging into one cavity. In this manner, all the 
cell walls of the embryo would be formed. Accordingly, the cell boundaries 
of the embryo could be traced back to the membrane originally enclosing 
the egg. 

Earlier investigators (RABL, FoL, Koroip) denied the presence of a 
vitelline membrane in Pulmonates. COMANDON and DE FONBRUNE (1935) 
observed that the embryo of Limnaea limosa leaves the vitelline membrane 
at the time of first ciliary movement, This was not observed by RAVEN in 
Limnaea stagnalis. The membrane was observed, however, in microscopic 
sections of uncleaved eggs. 

The present investigation will chiefly concentrate on those moments in 
the development of the egg when the membrane can be observed distinctly 
under the microscope, viz. 

1. during the formation of the polar bodies, 

2. during the first cleavage, 

3. in the young embryo, showing the first ciliary movement, 
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At the same time, experiments were made on the development after the 
first cleavage in various surroundings. 

The writer wishes to acknowledge her indebtedness to Prof. Cur. P. 
RAVEN and to P. D. Ni—Euwkoop for their direction and criticism. 


Methods. 


Eggs were obtained in the usual way by stimulation of the snails with 
Aydrocharis (cf. RAVEN and BRETSCHNEIDER 1942). In some cases the 
snails were taken in the act of laying and the egg-mass was pulled with 
forceps out of the vaginal orifice; in this way, the eggs could be treated at 
a very early stage. The first polar body is formed about an hour after 
oviposition (RAVEN and BRETSCHNEIDER, l.c.). 

It is important to notice that in every egg-mass a regular sequence of 
developmental stages can be observed: those eggs that are laid last are the 
least developed. When the eggs had to be transferred to a special medium, 
the egg capsules were put around a drop of this fluid and pricked, so that 
the eggs immediately came into the desired medium. Then, they were twice 
more pipetted into a new drop of this medium in order to remove the egg 
capsule fluid. 

As the animal pole, where the polar bodies are formed, in most cases 
is turned upwards, it is desirable to place the preparation vertically, when 
one wants to study the polar bodies. The following method proved most 
satisfactory: the eggs were put on a cover-glass in a small drop; the edges 
of the cover-glass were supplied with a layer of vaseline, and pressed on 
a slide. When one places the slide vertically, the drop remains suspended in 
the centre of the cover-glass, and, as it is shut off from the air by the 
vaseline, it cannot evaporate. 


I. Normal development. 


In an egg-in the capsule, the vitelline membrane can be observed in the 
following stages of development: 

a. The newly laid egg is surrounded by a hyaline layer which pre- 
sumably is the vitelline membrane. 

b. When both polar bodies are formed, the first, which is spherical, 
lies distinctly outside the membrane; the second lies under the membrane 
and is flattened (fig. 1). 

c. When the first cleavage groove has indented the egg, the membrane 
is very distinct at the animal pole; it runs from one blastomere to the other. 
At the vegetative pole a membrane bridge can be observed too, during a 
short moment, when the blastomeres form a certain angle with each other 
(fig. 2). 

d. When the embryo is + two days old, it leaves the vitelline mem- 
brane. The embryo begins to rotate by ciliary action and in the end comes 
to lie free in the capsule fluid. The shrivelled membrane can always be 
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found, though it is very thin, because the polar bodies remain sticking to 
sty (fig at) 


-Fig. 1—3. Normal development. 1. Situation of polar bodies. 2. Momentary formation 
of membrane bridge at vegetative pole during first cleavage. 3. The rotating embryo has 
left the vitelline membrane. 


II. The development in various media. 


1. Distilled water, 


Decapsulated eggs have been transferred to distilled water at various 
moments, 

a. Ina newly laid egg wrinkling of the membrane can be observed. The 
vitelline membrane detaches itself in many places from the surface and can 
be seen as a folded hyaline layer (fig. 4). The earlier the egg is placed into 
distilled water, the more the membrane seems to be folded, 

b. The first polar body is now, like the second, formed inside the 
membrane (fig. 5). 


More than a hundred eggs were observed, In about 60 of them, the polar bodies were 
in the field of vision. All but one of the first polar bodies were inside the membrane, 


When the first polar body is being formed, the membrane is seldom 
visible. It can be clearly seen, however, that the first polar body is con- 
nected with the egg surface by a protoplasmic strand. The membrane is 
not distinctly visible till after the formation of the second polar body. The 
protoplasmic strand has by then disappeared, but sometimes the remains of 
it can be observed in the form of a small spherule. 

The first polar body is formed inside the membrane, independent of the 
time at which the egg is transferred to distilled water, as long as its forma- 
tion has not yet taken place at this moment. 
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With eggs of the same egg-mass the following experiments were made: 

11 Eggs, which were still round, were transferred to distilled water. In 9 eggs, in 
which afterwards the polar bodies were visible, the first polar body was always inside 
the membrane. 


Fig. 4—5. Development in distilled water. 4. Swelling of vitelline membrane. 5. Both 
polar bodies are formed inside membrane. 


20 Minutes later, 16 eggs, in which at the animal pole a hyaline cap had already been 
formed, were put into distilled water. In 10 eggs, in which the polar bodies could be 
brought into the field of vision, the first polar body was inside the membrane. 

15 Minutes. later again, 13 eggs, during the formation of the first polar body, were 
placed in distilled water. In 9 eggs the polar bodies were in the field of vision; in all of 
them the first polar body was inside the membrane. 


c. After the cleavage in distilled water, membrane bridges are formed 
as described by RAVEN and KLomp (l.c.). The membrane, although wrink- 
led, takes part in the movements of the egg surface, for, during the 
formation of the cleavage furrow it is taken inwards with the latter. When 
the cleavage furrow is complete, the blastomeres flatten a little against one 
another, but only for a short time; soon afterwards, they round themselves 
off again. At this moment, the membrane in the cleavage furrow loses 
contact with the egg surface and forms a kind of bridge between the two 
blastomeres. This process is independent of the time at which the eggs are 
placed in distilled water, from the moment of oviposition till after the first 
cleavage, as long as the blastomeres are still in touch at one point only. 

When cleaved eggs, in which the 2 blastomeres are joined and a cleavage 
cavity has been formed, are transferred to distilled water, bridges can be 
seen after about half an hour. After the second cleavage, four bridges can 
be observed and the further development takes an abnormal course. 

d. As has been described by RAVEN and KLomp (1946), in distilled 
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water no cleavage cavity is formed; the blastomeres remain spherical till 
the next cleavage. 

e. In distilled water, the development seldom proceeds beyond the 4-cell 
stage; as a rule, the embryos die in this stage, as described by RAVEN and 
KLOMP. j 


2. Distilled water with egg capsule fluid. 

This mixture was chosen to imitate as nearly as possible the normal 
surroundings of the egg. In pure capsule fluid, the eggs soon die, probably 
because of the fluid losing water so quickly by evaporation, as soon as it 
is exposed to the air. A number of capsules were emptied into a small drop 
of water. The capsule fluid does not immediately mix with the water. The 
eggs with the adhering capsule fluid were then sucked up into a pipette and 
transferred to.a cover-glass. 

a. Of two egg-masses, 8 and 12 eggs, respectively, were studied. No 
wrinkling of the membrane took place, whereas control eggs in distilled 
water showed a distinct wrinkling. 

b. 50 eggs were placed in the mixture before the formation of the first 
polar body. The first polar body nearly always forms outside the membrane. 

c. In some eggs with adhering capsule fluid, it was investigated whether 
the membrane bridged over the cleavage furrow. As in normal eggs in the 
capsules, a bridge is observed at the vegetative pole only for a short 
moment, when the blastomeres form a certain angle. 

When one puts eggs, that have been in distilled water till bridges have 
been formed, into this medium, the blastomeres join and flatten quickly and. 
soon no more bridges can be observed. 

d. In distilled water with capsule fluid, the cleavage takes a normal 
course (joining and flattening of the blastomeres, formation of cleavage 
cavity) independent of the moment at which the eggs are transferred from 
distilled water to this mixture. Even when bridges had already been 
formed, a normal cleavage takes place. 

e. In this medium the eggs can live for several days. In a few cases, 
even the gastrula stage has been reached. 


3. Distilled water with crushed eggs. 

This medium was chosen because it has a particular influence on 
cleavage. 

a. The eggs show some wrinkling of the membrane in this medium, but 
far less than the controls in distilled water. 

b. In 8 out of 15 eggs, polar bodies could be observed. In all but one 
of these 8 eggs, the first polar body was inside the membrane. In 12 out of 
16 eggs of another egg-mass, the polar bodies were visible. In 7 eggs the 
first polar body was inside, in 5 it was outside the membrane. 

c. The eggs form bridges after the cleavage, but far less than in distilled 
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water. When one transfers eggs that have formed bridges in distilled water 
to distilled water with crushed eggs, the bridges remain visible. 
d. A cleavage cavity is formed as in normal development. 


In the first experiments in distilled water, the results were very irregular; sometimes, 
unexpectedly, a normal development took place: the blastomeres joined and flattened and 
a cleavage cavity was formed. It appeared that eggs lying near a crushed egg showed 
a normal development. In order to check this, the following experiments were made: 

first egg-mass: 5 eggs + 3 crushed eggs: development normal; 

second egg-mass: 4 X (5 eggs with + 5 crushed eggs): development normal. 


e. These eggs can develop further into blastulae. 


Out of 16 eggs + 8 crushed eggs, after one day 16 had developed into morulae; 
after three days 5 were left, which had grown into blastulae; on the fourth day, all 
were dead. 


These embryos may be surrounded loosely by the vitelline membrane. 


4. CaCl,-solutions. ; 


a. In eggs that have been transferred from distilled water to a 0,04 % 
solution of CaClo, the wrinkling of the membrane may be reduced a little, 
but never completely. 


From two different egg-masses, 12 and 31 eggs resp. were placed in distilled water 
before the formation of the first polar body. All the eggs showed a distinct wrinkling of 
the membrane. From these eggs, 6 and 17 resp. were transferred to CaCly 0.04% and 
compared with the eggs remaining in distilled water. The wrinkling remained visible. 

15 Eggs immediately put into CaCly 0.04 % showed some wrinkling in a few cases only. 


b. In low concentrations of CaClo, the first polar body is formed in most 
cases inside the membrane; in higher concentrations, it tends to lie outside. 


A number of eggs were placed immediately in various solutions of CaClz. Table I 
gives the results. 


TABLE I. 
Concentration | Eggs Pin eae ee ee! 
visible 
of CaCl, | polar bodies Inside membrane | Outside membrane 
0.005/, 10 9 1 
0.006252/, 30 25 5 
0.01259/p 32 11 21 
0.0250/g 22 4 18 
0.059/9 15 9 6 
0.19/g 20 3 17 
0..20/g 13 4 9 


c. In higher concentrations of CaCly, the bridges on the vegetative pole 
are visible for a moment only, as they are in normal eggs in the capsule. 
In 0.005 % and 0.00625 % the bridges can be observed distinctly. 


560 


d. On the development after the first cleavage, the following experi- 
ments were made: 

39 Eggs in 0.04 % CaCly all show a normal cleavage, the blastomeres flattening against 
each other and a cleavage cavity forming. 

15 Eggs in 0.02 % CaClz all show a normal cleavage. 

22 Eggs in 0.01 % CaCly all show a normal cleavage. 

In 38 eggs in 0.005% CaCle, the flattening of the blastomeres and the formation of 
the cleavage cavity are somewhat retarded; still, a more or less normal cleavage occurs. 
In still further dilutions, the eggs behave as in distilled water. 


e. In 0.04 % CaCl, the eggs can develop into gastrulae. 


11 Eggs; on the second day 9 had developed into morulae; on the fourth day 5 of 
them were still alive, and had developed into gastrulae; on the sixth day all were dead. 
16 Eggs; on the second day 14 had developed into blastulae; on the fourth day 13 of 
them were still alive, and had developed into gastrulae; on the sixth day all were dead. 


5. Other Media. 


A few experiments were made with KCl and Na-citrate. 

In 0.2 % KCl, the blastomeres do join and flatten and a cleavage- 
cavity is formed, but the eggs do not develop very far. The next day, they 
are always dead. ; 

In Na-citrate, they show the same development as in KCl. 

Eggs which, after a treatment of a few minutes with Na-citrate 0.02 %, 
were transferred to KCI, show the same development. 


Discussion. 


From the experiments we may conclude: 

1. In Limnaea stagnalis a vitelline membrane is present. This mem- 
brane can be followed from the moment the egg is laid till it is left by 
the embryo. 

a. In the uncleaved egg in the capsule, an outer hyaline layer can be 
seen. This might be due to optic effects, but it is more probable that there 
is a real membrane, as wrinkling of a similar transparent layer occurs in 
distilled water. 

b. During the formation of the polar bodies, the membrane is visible, 
because the second polar body lifts it locally from the egg surface. 

c. During the Ist cleavage, the membrane is visible for a moment at 
the vegetative pole, when the blastomeres form a certain angle at this pole. 
At the animal pole, the membrane is now clearly visible, 

d. During further development the membrane remains visible in the 
neighbourhood of the second polar body. It can be observed with particular 
clearness in a medium of distilled water with crushed eggs, in which the 
embryo lies free in the membrane. Finally, the embryo leaves the membrane, 
when it begins to rotate by ciliary action. 

2. The vitelline membrane must be considered to be a chorion. It does 
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not take an active part in the cleavage as RAVEN presumed. The cell walls 
cannot possibly originate from the vitelline membrane because: 

a. The vitelline membrane continues to enclose the embryo during its 
development, and is finally cast off. 

b. When eggs cleaved in distilled water, in which membrane-bridges 
have been formed, are placed in distilled water with capsule fluid, the 
blastomeres join and flatten and a cleavage cavity is formed. That the 
membrane should in this case fold inwards to form the partition-wall 
between the blastomeres is highly improbable. That this is not necessary 
for a normal development after the first cleavage is proved by the devel- 
opment in distilled water with crushed eggs, in which membrane bridges 
are clearly visible at both poles notwithstanding the joining of the 
blastomeres and the formation of a cleavage cavity. 

c. When one puts normal eggs in the 2-cell stage, in which the 
blastomeres have joined and a cleavage cavity has been formed, into 
distilled water, bridges are, after some time, visible at both poles. After 
the second cleavage, four bridges are visible when the egg is looked at .in 
polar view. Had the membrane followed the cleavage furrow to form the 
partition-wall between the blastomeres, no bridges could have come into 
existence. 

Whether the vitelline membrane is strictly necessary for a normal 
cleavage of the egg is still an open question, In the beginning the membrane 
hes closely against the egg surface and may form an _ indispensable 
mechanical support. That the membrane surrounds the egg rather tightly 
is indicated by the fact that in hypotonic media the egg shows an under- 
normal swelling (RAVEN and KLomp, l.c.). 

However, the above-mentioned observations show that the vitelline 
membrane does not play such an important part in cleavage, as has been 
ascribed to it by RAVEN. The layer that has been observed by this author 
to be interposed between the joining blastomeres, thus forming the 
partition-wall between the cells, is, apparently, not the vitelline membrane 
proper, but a protoplasmic cortex layer lying immediately beneath this 
membrane. 

3. About the properties of the membrane the following can be said: 

It was supposed by RAVEN (1945) that the membrane undergoes a 
change between the formation of the first and the second polar body, 
because the first comes to lie outside, the second inside the membrane. The 
membrane indeed seems to get stronger in the course of development: it is 
invisible under the microscope during the formation of the first polar body, 
but during the formation of the second polar body it is clearly visible and 
is so strong that the second polar body is flattened. A similar thing is found 
ia distilled water. In this medium the first polar body is formed inside the 
membrane too, but the latter is seldom visible during the formation of this 
body. Only after the formation of the second polar body the membrane is 
distinctly visible. 
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The first polar body is seen to remain connected with the egg surface 
by a protoplasmic strand this is visible in distilled water too. 

The question now arose whether the first polar body really pierces the 
membrane, It might be supposed that it is always inside the membrane but 
that the latter, in the normal medium, is pulled so tightly round the polar 
body that this appears to lie outside. In this way the connecting strand 
between the first polar body and the egg surface could be explained. In 
distilled water, the vitelline membrane is so wide that an elastic enclosure 
of the first polar body does not occur. Both polar bodies then are lying 
loose inside the membrane, and a connecting strand between them or 
between the first polar body and the egg surface cannot be found. This 
view is supported further by the observation that the first polar body 
always comes to lie inside the membrane, when eggs in which the formation 
of this body is already in progress, are transferred to distilled water. 

On the other hand, the connecting strand may be a spindle remnant; 
such remnants have been observed by RAVEN (1945) both in the 
maturation and the segmentation divisions in Limnaea. Moreover, in 
distilled water, one often finds besides the first and second polar body 
a small spherule inside the membrane, which may be a rest of an original 
connecting strand. These spherules are smaller than half the first polar 
body, so they cannot be a result of division of this body. Moreover, the 
latter has never been observed to divide; sometimes it prepares to do 
so, but the process is never brought to an end. Furthermore, the observa- 
tion that the first polar body easily detaches itself from the egg surface, 
when the eggs are stirred by pressing the cover glass, speaks strongly 
against its enclosure by the vitelline membrane. 

Anyhow, one must assume that the properties of the membrane alter 
between the formation of the first and the second polar body. In the first 
case, at the formation of the first polar body the membrane would be very 
plastic, so that this body remains completely surrounded by the membrane, 
whereas at the time of formation of the second polar body the membrane 
has lost its plasticity and offers a more elastic resistance to the formation 
of this polar body. In the second case, at the outset the membrane would 
be so thin that the first polar body can break through it, whereas at the 
formation of the second polar body the membrane is thicker and stronger, 
so that it cannot be pierced by this body. 

4. In distilled water, the properties of the membrane alter immediately, 
because: 

a. As soon as the egg is put into distilled water, it shows wrinkling of 
the surface. The membrane probably swells through absorption of water, 
which causes it to grow too wide for the egg. Then, it locally detaches 
itself from the egg surface and is thrown into folds. 

Probably, this reaction is not reversible. The wrinkling can be reduced 
a little by CaCl, solutions, but never completely. 

b. If one places the egg immediately before, or even during the 
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formation of the first polar body, in distilled water, this polar body is 
formed inside the membrane. 

c. When cleaving eggs, in which the blastomeres are in touch in one 
point, are transferred to distilled water, membrane-bridges are formed. 

5. In the experiments in other media, the polar bodies can be used as 
indicators of the reactions of the membrane: when the polar bodies show 
a normal position, one lying inside, the other outside, as in normal eggs in 
the capsule, then one can assume that the membrane reacts in the same 
way as it does in the capsule. When, however, the polar bodies both are 
situated inside the membrane, then the latter must have suffered an 
alteration. 

It must be noted that a quite normal reaction of the membrane has never 
been attained in atypical media, because a few first polar bodies have 
always been formed inside the membrane. 

The experiments in these media may be summarized as follows: 

a. In diluted capsule fluid, the first polar body is usually formed out- 
side the membrane. 

b. In distilled water with crushed eggs, the first polar body is formed 
sometimes inside, sometimes outside the membrane. 

c. In solutions of CaCl, varying from 0.2 % to 0.0125 %, the first 
polar body is formed in most cases outside the membrane; in 0.00625 % 
and further dilutions, it is usually formed inside the membrane. 

6. In distilled water, the cleavage is abnormal; this abnormal cleavage 
occurs independently of the moment at which the eggs are placed in 
distilled water as long as the flattening of the blastomeres after the first 
cleavage has not yet begun. In eggs transferred to distilled water when the 
blastomeres have already joined, the next cleavage is abnormal. At the 
4 cell-stage the embryo dies in distilled water. 

In capsule fluid diluted with distilled water, the cleavage is normal. 
Eggs transferred from distilled water to capsule fluid develop normally 
independent of the moment when this takes place, even when membrane 
bridges have already been formed at this moment. So this process is 
completely reversible. 

In this medium, the egg can develop as far as the gastrula stage. 

In distilled water with crushed eggs, the cleavage is normal. Therefore, 
the egg itself must contain a substance which can cause a normal cleavage 
of other eggs after its liberation from a crushed egg. In view of the 
experiments with CaCl, solutions it is reasonable to suppose that the 
influence both of egg capsule fluid and of crushed eggs on cleavage is due 
to their contents of Ca’’-ions. 

In CaCly, the cleavage is normal in concentrations varying from 0.04 % 
-to 0.005 %. In the latter concentration, the cleavage cavity is formed late 
and the blastomeres do not join quite so closely as they do in the higher 
concentrations. 

In solutions of 0.04 %, the eggs can develop into gastrulae. 
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RAVEN and KLomp (1946) supposed that the influence of Ca™-ions on 
cleavage might be attributed to a change in the properties of the vitelline 
membrane. As, however, my observations have shown that this membrane 
does not play such an important part in cleavage as has been presumed by 
RAVEN, it seems more probable that it is a deeper layer, belonging to the 
egg cortex proper, that is influenced by the presence or absence of Ca’’-ions. 
As a matter of fact, these ions are known to have an important influence 
on the properties of biological membranes. 

PASTEELS (1938) made experiments on the activation of eggs by Ca’- 
and K’-ions, It appeared that the K’-ions acted by liberating the Ca’’-ions 
present in the egg cortex. When these Ca’’-ions, by treatment with Na- 
citrate, had been precipitated, K’-ions had no more influence. 

This possibility was also considered for the cleavage of Limnaea 
stagnalis, but it appeared from some preliminary experiments that not only 
KCl, but also Na-citrate in the absence of Ca’’-ions were able to make the 
blastomeres join and to cause a cleavage cavity to be formed. These experi- 
ments are too fragmentary, however, for a definite conclusion to be drawn. 


Summary. 


1. The vitelline membrane is a pellicle which encloses the egg from the 
very beginning till it is left by the embryo. 

2. Initially, it is very thin, but in the course of development it becomes 
stronger and more distinctly visible. 

3. The membrane undergoes an alteration immediately after the egg is 
put into distilled water, probably through swelling, so that it is thrown 
into folds on the egg surface. 

4. In consequence of this, the first polar body is not situated outside the 
membrane, as is normal, but inside. . 

5. This swelling does not or hardly occur in a mixture of capsule fluid 
and distilled water or a solution of CaClo. 

6. The cleavage in distilled water is abnormal. Addition of capsule 
fluid, crushed eggs or CaCl, causes normal cleavage; the blastomeres 
join and flatten and a cleavage cavity is formed. 

7. In a medium of distilled water with crushed eggs, the eggs can 
develop till the blastula stage. 

In a mixture of capsule fluid and distilled water and in solutions of 
CaCl, 0.04 %, the eggs can develop till the gastrula stage. 
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Zoology. — Effects of oestrone and gonadotrophin administration in the 
male toad (Bufo bufo). By G. J. vAN OorpT and H. Kiomp. 
(Zoological Institute, Dept. of Endocrinology, University of 
Utrecht.) (Communicated by Prof, G. KREDIET.) 


(Communicated at the meeting of April 27, 1946.) 


It is a well-known fact that BIDDER’s organ, which is to be found in all 
adult male and in some adult female Bufonids, represents a rudimentary 
ovary. This follows from (1) the microscopical-structure and (2) the fact 
that in some cases BIDDER’s organ may develop after castration into a 
functional ovary (HARMs, 1921; PoNsE, 1924). Moreover, the adult male 
common toad (Bufo bufo) possesses distinct MULLERian ducts, which also 
develop into functional oviducts after ablation of the testes. It is a matter * 
of course that several investigators have coordinated the presence of these 
two female organs in male toads, 

In 1941 BRETSCHNEIDER and DUYVENE DE WIT gave a detailed des- 
cription of the s.c. preovulation corpora lutea in the ovaries of the Bitter- 
ling (Rhodeus amarus), a hormone secreting function being ascribed to 
these structures. The latter occur also in considerable numbers in BIDDER’s 
organ; therefore it is not impossible that the endocrine function of BIDDER’s 


Fig. 1. Urinogenital organs of a normal Fig. 2. Urinogenital organs of a male 
male toad (Bufo ‘bufo). X 4. toad, after administration of 5 X 600 I.U. 
of oestrone. The wall of the oviduct is 

thickened and convoluted. * 4. 
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organ may also be attributed to them. The nature of this hypothetical 
hormone is not known. PONSE (1941) had no effects after injection of 
oestrone or of progesterone in female ovariectomized toads, whereas trans- 
plantation of Bufo-ovaries in ovariectomized females of the same species 
resulted in regeneration of the oviducts. She therefore concludes that the 
toad’s ovary produces a hormone, different from the oestrogens or from 
progesterone of mammalian origin. On the other hand DE ALLENDE (1939) 
showed that the oviduct of the female toad Bufo arenarum develops under 
the direct influence of the hypophysis. 

In our experiments only adult male common toads (Bufo bufo) were 
used. Oestrone, progesterone and gonadotrophins (pregnyl and gestyl) were 
administered in different doses by injection in the dorsal lymphsac, and 
their effects studied 1). 


Fig. 3. Cross-section of the Fig. 4. Cross-section of the oviduct of a male 
oviduct of a normal male toad. No toad after administration of 5 X 600 1.U. of 
mucous present. X 140. oestrone. In the wall is much mucous present. 

xX 140. 


1) Our thanks are due to the Direction of “Organon” N.V., Oss, for providing us 
with these hormones, 
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The effect of oestrone, A total dosis of 600 and of 1100 I.U. 
of oestrone administered in February (1944) had no results, but 36, 
injected in the end of July and in the beginning of August (1943) six 
times, every 2 days, with 500 I.U., showed 6 days after the last injection 
a distinct thickened and somewhat convoluted oviductwall (fig. 2). In 
the latter relatively large glands, secreting a mucous substance, were found 
(fig. 4). However, large quantities of oestrone (in total 5000—12000 I.U.) 
injected in February (1944) did not effect the wall of the oviduct. The 
number of experimental animals was not very great, but as in none of the 
control specimens this muccous substance was found, we are of opinion 
that atleast during the summer months oestrone of mammalian 
origin is capable of inducing in the male toad a distinct thickening of the 
eviduct-wall and a secretion of mucous substance in its glands. Hence the 
oviduct is only sensitive for oestrone during a definite period of the year. 

The effect of progesterone. Male toads which were injected 
in February (1944) with in total 60—500 y progesterone did not show any 
effect, neither in BIDDER’s organs nor in the MULLERian ducts. 

The effect of gonadotrophins. According to HoussAy and 
GONZALEZ (1931) the hypophysis controls the development and function of 
BipDER’s organ, Whether the number of preovulation corpora lutea in this 
organ is regulated by the hypophysis, as is the case in the Bitterling 
(BRETSCHNEIDER and DUYVENE DE WIT, 1941), is not known. Therefore 
we paid special attention to their presence in BIDDER’s organ of male toads, 
which were injected either with pregnyl, a pregnancy urine principle, or 
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Fig. 5. Urinogenital organs of a male Fig. 6. Urinogenital organs of a male 


toad after administration of 5 500 1.U. toad after administration of 4 * 200 + 
of pregnyl. The oviduct is inflated and 3 x 400 I.U. of gestyl. The oviduct is 
convoluted. X 4. inflated. < 4. 

ef 
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with gestyl, a pregnant mare serum preparation; however, an increase in 
the number of preovulation corpora lutea could not be established after the 
injection of these gonadotrophins, 

On the other hand the testes were distinctly influenced by these gonado- 
trophins. In male toads, injected in the course of February (1944) with 
200 I.U.—2500 I.U. of pregnyl or with 1500—2000 I.U. of gestyl, the 
intertubular tissue of the testes develops enormously and there is a great 
increase in the number of interstitial cells. Moreover, the sperm, which lie 


Fig. 7. Cross-section of the oviduct of a male toad after administration of 
5 X 500 1.U. of pregnyl. The oviduct is’ inflated; its wall does not contain 
mucous. < 140. 


in the controls in packages over SERTOLI’s cells, their tails directed towards 
the lumen of the testis tubules, are loosened from each other, probably 
mobilized and practically all transported through the efferent ducts into the 
kidney tubules and even into the WoLFFian duct and its seminal vesicle. 
This was already the case 24 h. after one injection of 200 I.U. of pregnyl. 
Hence the effect of gonadotrophins on the testis of Bufo is comparable to 
that on the ovary of many Amphibians, in which ovulation is also easily 
induced. by gonadotrophins. 

Although in the female the ova pass into the body cavity by ovulation, 
whereas in the male the sperm are released and transported into the kidneys 
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and WOLFFian ducts, both these processes have so much in common that we 
will use the term spermiation for this process in the male. As far as 
we are aware spermiation has hitherto only been induced in the frog (Rana 
pipiens) by RUGH (1937). 

The oviducts of male toads are also influenced by gonadotrophins: they 
are inflated markedly (figs. 5 and 6), possessing a very wide lumen but 


Fig. 8. Cross-section of the oviduct of a male toad after administration of 
4 X 200 + 3 X 400 1.U. of gestyl. The oviduct is much inflated, its thin wall 
does not contain mucous, X 140, 


their walls undergo no change: their thickness is about the same as that of 
the controls and mucous secreting glands are not present (figs. 7 and 8). 

Finally it must be mentioned that the toads were intolerant of gestyl, 
becoming highly oedematous soon after its injection into the dorsal 
lymphsac. 


Summary. Oestrone, injected in male toads, has a distinct influence 
on the MULLERian ducts when injected during the summer months; then 
mucous secreting glands develop in the wall of these ducts, which increase 
in diameter and are somewhat convoluted. Injections during the winter- 
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months (January and February) did not have any influence on the oviduct. 
The effects of gonadotrophins (pregny] and gestyl) injected in male toads 
are (1) an enlargement of the tubular spaces and an increase in number of 
the interstitial cells, (2) an almost immediate releasing (spermiation) 
of the sperm, which are transported through the efferent ducts into the 
kidney tubules and even into the WOLFFian duct, (3) an inflation of the 
MUOLLERian ducts, the walls of which did not increase in height nor develop 
mucous glands, BIDDER’s organ is not effected by gonadotrophins. 
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Mathematics. — On the theory of linear integral equations. V. By A. C. 
ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of April 27, 1946.) 


§ 1. Introduction. 
We suppose the reader to be acquainted with the contents of the papers 


I, II and IV, bearing the same title 1). In this paper we shall consider 
linear integral equations 


[Ke ntedy—ite)=o). aR 


in the space L(A) with kernel K(x, y) = A(x)H (x,y), where A(x) is 
a measurable, bounded and real function on the m-dimensional interval A, 
and H(x,y) € L°™ is a positive (positive means here: of positive type) 
Hermitean kernel. Equations with a kernel K(x, y) of this category are 
sometimes called of the third kind, and,.if A(x) takes on only the values 
+1 and —1, they are called of polar type (D. HILBERT). E. GaARBE 2) 
has discussed the equation of the third kind under the assumptions that A 
is a linear interval, A(x) is continuous except for a finite number of jumps, 
|A(x)]-1 is bounded 3), and that the kernel H(x, y) is continuous and 


general (that is, the functions fH (x.y) F(y)ay are lying dense in the 
A 

space L'™)(A)). Denoting the characteristic values 0 of (1) by 

di(i = 1,2,...), and a corresponding H-orthonormal system of characteristic 


functions by yi(x) (i= 1,2,...), he obtained the following results: 
a? if 


ai = { H (x, ») vile) fly) dx dy 


AXA 


for an arbitrary f(x) € Lo, then 


[ Ke F@) dy = Bi avin. SS ae Es 
uniformly in x, : 
2°. Ai pi (x) yi (y) 
ee RAGA fol 


= 2) Proc, Kon, Ned. Akad. v. Wetensch., Amsterdam, 49, 194—204, 205—212 and 
409—416 (1946). 

2), E, GARBE, Zur Theorie der Integralgleichung dritter Art, Math. Annalen, 76, 
527—547 (1915). 

3) Without stating it very clearly, GARBE uses the boundedness of [A(x)]-1 in 
his formulae (10) and (34). 


oTZ 
uniformly in x and y, or, writing 


38 A(x, y) i (y)dy=zi (x), so that 4; yi (x)= { K (x, y) pi(y) dy =A (x) x: (x), 


H(x,y)=Sul@uy), ..... es 3) 


uniformly in x and y. 

We shall show now, as a consequence of other more general results, that 
GARBE's Theorems are valid under less stringent conditions upon the 
function A(x). The formula (2) holds if A(x) 40 almost everywhere 
on A, and also, in the case that A is a linear interval, if A(x) is, for every 
xe A, continuous to the left or to the right (in thise case it is therefore 
permitted that A(x) = 0 ona set of positive measure), and for the validity 
of (3) it is sufficient that A(x) £0 almost everywhere in A. We shall 
prove, moreover, that although the series Syi(x)yi(y) converges uniformly 
whenever H(x, y) is continuous, its sum is not necessarily equal to H(x, y) 
when A(x) = 0 in a subinterval of A, even in the case that H(x, y) is 
general. 


§ 2. The equation of the third kind. 

Let K(x,y) = A(x)H(x,y), where H(x,y)e€L?™(A) is a positive 
Hermitean kernel, and A(x) is on A measurable, bounded and real. Then 
the linear transformation H in the space L'™(A), defined by 


H f= [Ho y) Fly) dy, 


L & 


is completely continuous, self-adjoint and positive, while the linear trans- 
formation A, defined by 


A f=A (x) F(), 


is bounded and self-adjoint. The completely continuous linear transforma- 
tion K = AH is then determined by 


Kf=AHf=Als) { Hix of) dy = | K (eu) F)dy. 


As we know, the transformation K is symmetrisable relative to H, and we 
observe that every f(x) € Lo, satisfying Hf = 0, satisfies also Kf = 0. The 
kernel K(x, y) is therefore what we have called in IV a Marty-kernel. 
Supposing that 


|H@wl3, = { [He »P dedy £0, 
AXA 
so that H is not identical with the nulltransformation O, the theorems 
proved in IV may therefore be applied to the equation (1). We shall not 


fs) 


repeat them all here, and only pay attention to IV, Theorems 4, 6 and 11, 
since these may be replaced by stronger theorems. Instead of IV, Theorem 
4 we have 


Theorem 1. (Expansion Theorem.) Writing 


erp) = [El=)nl=)dx 


for an arbitrary f(x) € Lo, we have 


[Ke y) f(y) dy ~ 24; ai pi (x) + p (x), 


[k (x, y) Fy) dy ~ aM aipi(x) (nZ2), 


A 


where the function p(x) satisfies the relation 


Hp=| H(«.y)p(y) dy=0 


for almost every x € A. 


Proof. Follows from I, Theorem 15. 
Instead of IV, Theorem 6 we have 


Theorem 2, Let 10, and let g(x) € Ly be H-orthogonal to all char- 
acteristic functions of (1) belonging to the characteristic value i (If i is 
no characteristic value, g(x) is therefore arbitrary). Then every solution 
of (1) satisfies a relation of the form 


where 
= Joc) x) xi (x) dx for wh J Hs (x, y) gq (y)dy=0 


for almost every x € A, and where X’ denotes that for those values of i for 

which i; = ) the coefficient of wi(x) has the value { f(x)xi(=)de. For 
J: 

every set of arbitrarily prescribed values of the latter coefficients there 

exists a solution of (1). 


Proof. Follows from I, Theorem 17. 
Instead of IV, Theorem 11, we have 
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Theorem 3. (Expansion Theorem). We have 


K, (x,y) — pa(x.y)~ SU yilx)xi(y, . . . - . (A) 
where 


[ae 2) pr (2, y)dz=0 


almost everywhere in A X A; 


Kn (x,y) aii wip Zh ay 
{ Ku (x, x) de 2G (ni 3) 4S oe er 
A 


Proof. The formulae (4) and (5), and also the formula (6) for n= 4 
have already been proved in IV, Theorem 11. The only thing that remains 
to be proved is 


[« (x, x) dx = Sj. 
A 


Now, in the proof of IV, Theorem 7 we have obtained the formula (4), 
stating that 


| P(z,y) K(y, 2) dy=ZH| x (2)[? 
A 
for almost every ze A, where 
P (z, y) =| He, x) K (x, y) dx. 
A 
Hence 


fue. alae! de= | He, x) K (x, y) K (y, z) dx dy = 


AXA 


[Pew Ky. 2dy= 228 | (2) 


or, observing that A(z) zi(z) = dAipi(z), 


K; (z, z) =| Ke x) Kz (x, z) dx = A (z) J He. x) K (x, z)dx= 


DHA (2) x1 (2) 11 (2) = Zhi wi (2) 11 @) 
for almost every z € A. This shows that 


[« (z,z) dz= SU. 
A 


25 fo! 


Theorem 4. (Expansion Theorem). If Sui converges, where 


WIE saree Bie sc) 
is the sequence of characteristic values of the kernel H(x, y), we have 
K(x, y)—p (x,y) Daiwilx)u(y), . . . . . (7) 


where 


[He 2\p (zy) de =0 


almost everywhere in A X A; 


Kn (x,y) 2a yi De reiy me ie 2yern™ Wag a) (8) 
{ Kn (x, x) axa Day 1 ET Nea ee ea 
On 1 


Proof. If Sui converges, the uniquely determined, positive self-adjoint 
transformation Hl: is of the form 


Hk f= f Hee hia dt 


where H),(x, ye Lem, so that the transformation Q — AH'!: is expressible 
as 


fare fa (x, y) Fy) dy. 


where Q(x,y) = A(x)Hy,(x, y) € L°™. The theorem to be proved is there- 
fore a consequence of IV, Theorem 12. 


§ 3. The case that H(x, y) is continuous. 
Theorem 5. (Expansion Theorem for the kernel). If H(x,y) is con- 
tinuous, then 


K (x,y) — p(x. y)=ZA yil(x)u(y,. . . . . (10) 


uniformly in A X A, where the function p(x, y) satisfies the relation 


alsa) = { H (x 2)p (2. 9)dz=0 


for every point (x,.y)e AX A. 
Proof. Since H(x,y) is continuous, the transformation H'!: is, on 
account of II, Theorem 10, given by 


Hh f= je (x,y) Fly) dy. 
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where | 1 ,(x, y)|2dy is bounded. For almost every x,¢ A and almost 
A 


every x» €A we have now 


: Hi, (x, 9) — Hy, (ory 9)? dy = 


A 


[te (x2. y) — Hy, (x1, y)} 1 Hy, (22 y) — Ay, (21, y)} dy = 


f { Hy, (2a, 9) — Hy (x.y) LHly, (y, 22) — Hu, (y, 20,)} dy = 


A 


FT (x2, 2) — Hi (x2, 2%) — Hi (x1, 2) + A (x1, x1); 


consequently, since H(x, y) is continuous in A X A, there exists for any 
¢>0 a number 6(¢) >0 such that 


fl Hulu w—HildPdy<e ss (MD 


A 


if only the distance 
m * : 
@ (X41, %2) = (2 xf) — xf) |? )"h 
i=1 
of the points x, and xg satisfies the relation 9 (x1, x2) <6, and xx(k = 1, 2) 


does not belong to a set Ex € A(k = 1, 2) of measure 0. Further, on account 
of 


1i(0) =H yi Ho ey, = HY = fH (x, 3) Mg) dy 
A 
holding for almost every xe A, we have 


zi (x) 10 (5) = fly (ony) Hh (x19) Yalu) dy 


for almost every x,;¢ A and almost every x,¢€A; hence, in virtue of 
BESSEL’s inequality (the system Y;(x) is orthonormal), 


P 
2! Xi (%2) — xi (4) 7 <I Ay, (x2, y) — Hh), (x, y) |? dy. . (12) 
ra 


for these values of x,, xg and for arbitrary p. 
From (11) and (12) we deduce that 


p 
PAZ (22) — xi (x1) |? Ke 
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for almost every x,;¢€ A and almost every x.¢€ A, if only 0(x1, x2) <0. 


Since however the functions 7; (x) = | Hees wtalds are continuous in 


A, the function s | xi(x2) — yi (x )|2 is continuous in x, and in xo, so 
ie! 
that the relation 


2 Xi (x2) — 41 (x) |? Se 
hot 


holds evidently for every pair of points x,,x.¢€ A, if only 0(x1, x.) <6. 
Observing that p is arbitrary, we obtain finally 


| Xi (2) — Xi (m1)? Se for 0 (1, x2) <4 (0); 


in other words 


lim 2'| x1 (2) — xi (x1) |? = 0. 


Xo>x, f 


By MINkKOwsSkI's inequality we see now that 
(2) xi (x2) |?)' la —( (23 xi (x) 4 y'le bee (2'| xi ( (x) —= V7 (2) |?) 


the sumfunction of the series 2 | yi(x)|2 is therefore a continuous function. 
Hence, on account of DINI's. well-known Theorem, since the functions 
| yi(x)|2 are non-negative and continuous, the uniform convergence of 
& | yi(x)|?. The inequality 

& |xi (2) xi (y)| S (21 xe () PY". (2 xe Y) [7 
shows then that 2'yi(x)yi(y) converges uniformly in A X A. Writing 


E79) —p; (x..0) = 24 (Kaeo) Fe (13) 


we See, since both H(x, y) and Syi(x)yi(y) are continuous in A X A, that 
Pi(x, y) is continuous in A X A, Multiplying the relation (13) with A(x) 
and writing A(x)p,(x, y) = p(x, y), we find 

K (x, y) — p (x, y) = DA wi (x) x: (y), 


uniformly in A X A, and we know already (cf. Theorem 4) that 


as 9) = [ Hl 2)p (ey) dz=0 


for almost every point (x, y)€ AXA. We have still to prove that 
q(x, y) = 0 everywhere in A X A. For this purpose we observe that, since 
H(x,z) is continuous, q(x, y) is continuous in x for a fixed value of y, 


and, since 


as w= [ H(x,2) A()pi bu) de 
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where p;(z, y) is continuous, q(x, y) is continuous in y for a fixed value 
of x. Starting now with the fact that, for almost every ye A, q(x, y) =0 
for almost every xe A, we find on account of the continuity in x that, for 
almost every ye A, q(x, y) = 0 for every x € A; in other words, for every 
xe we have q(x,y) =0 for almost every ye A. On account of the 
continuity in y we have therefore q(x, y) = 0 for every point (x, y)e AXA. 
This completes the proof. 


Theorem 6. (Expansion Theorem for the iterated kernels). If H(x, y) 
is continuous, then 


Kn (x, y) = 241 i (x) xi (Y) (nS 2), ited eel ey 
uniformly in A X A. 


Proof. The result for n = 2 follows immediately from the preceding 
theorem, since 


J kearten y)dz=A aapeeicces y)dz=0 


in A X A. The relation 
Kn (x, y) = Bui yi(x)zity) (n> 2) 
follows easily by induction. 


Theorem 7. (Expansion Theorem). If H(x,y) is continuous, and 


ar—G xa a f (x) xi (x) dx for an arbitrary f(x) € L), 
we have 


- y) Fly) dy — p(x) = SA ai yi (x), 


J Kt (x. 9) Fly) dy= SM aiyilx) (nS?) 


uniformly in A, where p(x) satisfies the relation 
[ Heel dy=0 
A 


Proof. The formula (10) implies 


for every xe A. 


fete y) dy — p(x) = 2A; a; yi (x), 


YD 


x)= { 1p aah Ele) dy 


es x,y) p dy = { Hevew. 2) f(z) dy dz =0 


uniformly in A, where 


Hence 


AXA 
for every xe A. 
The formula (14) implies 
JK (x, y y) dy = SM ai yi(x ) (an 2), 


uniformly in A. 


A Hermitean kernel A(x, y)e L?™ is called a general kernel (D. Hit- 
BERT), when the set of all functions Ag =| A(x, y)g(y)dy is lying dense 


A 
in the space Ly; in other words, when, given f(x) ¢ Ly and the number 
¢ > 0, there exists a function g(x) € Ls such that 


J ites Jats (x, y) g (y) dy |?dx <e. 


Theorem. 8. is order ey the Hermitean kernel A(x,y)€L9™ be 
general, it is necessary and sufficient that Af = 0 should imply f = 0. 

Proof. Denoting by mi(i=1,2,...) the sequence of all characteristic 
values 0 of A(x, y), and by yi(x) a corresponding orthonormal system 
of characteristic functions, it is not difficult to prove that the condition 
that Af — 0 should imply f = 0 is equivalent with the condition that the 
system gi(x) is complete (that is, the finite linear combinations Yaipi(x) 
are lying dense in L.). 5; 

Let now Af = 0 imply f = 0, and let f(x) ¢ Ly and «>0 be given. 
Since the system qi(x) is orthonormal and complete, we have f = Jai: 


N 
with ai = (f, pi). Taking the index N such that || f— >» aii ||\?><.e, and 
i=1 


N 
writing aj = mibi, we have for g = b;q; the relation 
i=1 


N 


N N 
Ag= 2b: A i = 2 Mi bi Pi = 2a Pir 
t i= = 


hence 
: , 
Ji tlo—J AG 99 dyltdx= | f—Ag |? =f Zan? <. 


The kernel A(x, y) is therefore general. 
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Conversely, if A(x, y) is general, the elements Ag = Swi(g, yi) qi are 
lying dense in Ly, so that the system gi(x) is complete. Then however, as 
we have seen, Af = 0 implies f = 0. 


Let f(x) be a measurable function on the interval A, E, the set where 
{(x) = 0, Bp = A—E, the set where f(x) 0. 

Definition. We shall say that f(x) possesses the property (G) when 
every measurable set Ez; C Eo, for which meas. (Ey —E3) = 0, is lying 


dense in Ey, in other words, when Eg is contained in the closure E3 of Es. 


Theorem 9. Jf f(x) 40 almost everywhere in A, f(x) possesses the 
property (G). 

Proof. Since now meas. Ey = meas. A, we have for every Es for which 
meas. (E, — E3)= 0, also meas, E; = meas. A. This implies E, cE; = A, 
so that f(x) possesses the property (G). 

Theorem 10. Jf f(x) is continuous in A, f(x) possesses the property 
(G). In the case that A is a linear interval, it is even sufficient to suppose 
that f(x) is, for every x¢€ A, continuous to the left or to the right. 


Proof. Let f(x) be continuous in A. Then the set FE, is closed, so that 
Ey is open (relative to A); in other words, Ey contains only internal points. 
Given now the set Ez; CEs such that meas. (E. —E3) = 0, every neigh- 
bourhood of a point x ¢ Ey must contain points of Ez; hence Ey Cc E3. Every 
continuous function possesses therefore the property (G). In the case that 
4 is a linear interval, the same proof holds if only f(x) is, for every xe A, 
continuous to the left or to the right. 


Theorem 11. (Expansion Theorem). If H(x,y) is continuous and 
general, and if A(x) possesses the property (G), then | 


K (xs y) Bary (char (gyn ae ee ee 


uniformly in A X A, and, writing ai = (f, x) = | f(x)nldx for an 
TAN 
arbitrary f(x) € Lo, 
[Ko MF dy=Zu ails... 18) 
A 


uniformly in A. Furthermore 


([Keade= zu. 3 ae 


Proof. By Theorem 5 we have 


K (x, y) — p (x, y) = LA yi (x) xi (y), 


_— 
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uniformly in A X A, where p(x, y) = A(x)p,(x, y), the function p, (x, y) 
is continuous in A X A, and { H(x,2)p(z,y)d2 = 0 in AXA. Since 


H (x,y) is a general kernel, te = 0 implies p=—0, so that, for every 
yeA, p(x,y) =0 for almost every xe A. Denoting by E; CA the set 
where A(x) = 0, and by FE, the complementary set where A(x) 0, we 
see that p(x, y) = A(x)p,(x.y) = 0 for x €E,. Furthermore 


Pi(x,¥) = p(x, y)/A(x) =0 
almost everywhere in F.; hence, in a set E, C Ey for which meas. 
(E,—E;) = 0. In virtue of the continuity of p,(x, y) the relation p,(x, y) =0 
holds also for xe E3. But, A(x) possessing the property (G), we have 
E, c Ez, so that p,(x, y) = 0, and therefore also p(x, y) = 0, for xe E, 
Having established thus that, for every y € A, p(x, y) = 0 for xe EF, and 
x € Ey, we see that p(x,y) = 0 in A X'A, hence 


FOG yet eer) ain (ae at es Ses ES) 
uniformly in A X A. 
The formulae (16) and (17) follow immediately from (15). 


Theorem 12. Let H(x, y) be continuous and general, and A(x) possess 
the property (G), Let furthermore 1 0, and g(x) € Ly be H-orthogonal 
to all characteristic functions of K(x, y), belonging to the characteristic 
value. (If 2 is no characteristic value, g(x) may be any function belonging 
to L,). Then the solution of the equation (1) is given by 


Fy SON ye Woy" wi (x), 


where ai = { 9()n(=)dx for 4: A, X" denotes that for those values of i 


4 
for which ji = 1 the coefficient of wi(x) is arbitrary, and the series 


_ hi 


ae Tipe) aj Wi (x) 


converges uniformly in J. 


Proof. By the preceding theorem we have 
9 (x) +26 (0) = { K (x.y) Fly) dy = 30 br ys (n), 
ra 


uniformly in A, where bi = (f, zi). Since 


Mo =Al(fwsH=UEHw=FAK vy) S=(AKEYy)= 
 (KfhAp=o+sha=atibi, 
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we find bj = —ai/(A—A,) for 4; 4. Furthermore, the solution f(x) 
being determined except for a characteristic function of K(x, y), belonging 
to the characteristic value j, the coefficients b; may be taken arbitrary for 
those values of i for whih 2; = 4. Hence 


Ne) ae ae ome 
fF (x)= vt x A(A—Aj) aj Wi (x), 
uniformly in A. 
Theorem 13. (GARBE’s Theorem). If H(x, y) is continuous and general, 
and if moreover A(x) + 0 for almost every xe A, then 


H (x, y= 241 (x) x8). 6 2 A) 
uniformly in A X A. 


Proof. In the proof of Theorem 5 we have seen that 2'yi(x)zi(y) 
converges uniformly. Furthermore, since A(x) possesses the property (G), 
we have by Theorem 11 


K (x, y) =A (x) H (x, y) = Dds yi (x) x (y) =A (x) LY xi (x) 1 (Y) 
for every point (x, y)« A X A. Hence, for every ye A, 


AY (x, y) = 2 xi (x)ai ty). < .  - = AES) 
for those values of x for which A(x) +40, that is, for almost every x € A. 


Since however both H(x, y) and Syi(x)yi(y) are continuous in A X A, 
the relation (18) holds for every point (x,y)€« AX A. 

Remark. It is not difficult to show that A(x) 40 almost everywhere 
in A is the necessary and sufficient condition that Af = A(x)f(x) =0 
should imply f = 0 in the space Ly. This condition therefore is, for a 
measurable, bounded and real function A(x), the analogue of the con- 
dition to be general for a Hermitean kernel A(x, y) «L?™. 


It may be asked whether, in the case that A(x) = 0 in a set of positive 
measure, the relation 


H (x, y) = Dx: (x) xi (y) 
remains valid. We shall show that this is not necessarily true. Let, for this 
purpose, A be the linear interval 0 = x = 2a, and ti(x) the orthonormal 
trigonometrical system, hence 
ty (x) = (2 a)7", ton (x) = 27 ** cos nx (nS 1), tongs (x) ae Sin xe 
It is well-known that the system t;(x) is complete in the space L,(0, 27) of 


all functions f(x) for which | f(x)|? is summable over A. 


Let now the continuous, general, positive Hermitean kernel H(x, y) be 
defined by 


Hi (x,y) = 2 Gi) taty): 
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it has the characteristic values i-4(i= 1,2,...) with the corresponding 
characteristic functions t;(x). The transformation H'!: corresponds then 
with the continuous, general, positive Hermitean kernel 


Fh), (x, y) = Li ti (x) ti (y), 


having the characteristic values i-2 with the characteristic functions ti(x). 
Furthermore we define the bounded self-adjoint transformation A by 


Af = A(x)f(x), where 
Sey 
AWaneon S for re 
(1 for t7<x<2z. 
Let us consider now the periodic function f(x), defined by 


ane ( x? (a — x) for ie oH 

( 0 fot 27 = x 2 7. 

The fourth derivative of f(x) is periodic and continuous; if therefore the 
Fourier series of f(x) is X(f, ti)ti(x) = S bi ti(x), we find without any 
difficulty by partial integration that there exists a constant M such that 
Pores ar =i — 1, 2,..)) so that {(x) = 5 brti(x), uniformly in’ A. 
Defining now a; = (2b; (i = 1,2, ...), we have | ai| = Mi-2, which shows 
that S a; ti(x) also converges uniformly in A. Writing W(x) = 2 ai ti(x), 
we find 


Pee ant ety ast ay ty = SD} i emda 


while from the definitions of A(x) and f(x) follows immediately 


A(x) f(x) = 0; hence 
Pane ee Bape On... So ADF 


Denoting the H-orthonormal characteristic functions with characteristic 
values £0 of the kernel K(x, y) = A(x)H(x,y) by ywi(x), we know 
by I, Theorem 18 that the functions Yi = H'y; are the orthonormal 
characteristic functions with characteristic values 0 of the self-adjoint 
transformation H':AH'l2, From (19) follows therefore that W(x) is 


orthogonal to all functions Wi(x). Writing Y (x) = W(x)/|| ¥ ||, the 


system { W(x), Wi(x)} is orthonormal, and, since for every xe A 


xi (x) = Hy = He hi = | Hy), (x, y) wi (y) dy. 
a 


f(x)/\| v= He P= f Hy (x,y) Ve) ay, 
A 
we find in virtue of BESSEL’s inequality 


Slr? + EPI LPS [ [Hin dy = A(x», 
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so that, on account of f(x) 40 forO<x<a, 
» ti (x) i (x) <A (x, x) 


for these values of x. The functions H(x,y) and Syi(x)yi(y) being con- 
tinuous in A X A, there exists consequently for every point (xo,.x9)€ AX A, 
subject to 0<(1 x9 <a, a two-dimensional neighbourhood E(x 9)c A X A 
such that 


H (x, y) FZ xi (x) x: (y) 
for (x,y) € E(x9). 


§ 4. An example. 

We shall illustrate the theorems, proved in the preceding paragraph, by 
an example showing that the functions p(x) and p(x, y), occurring in the 
Theorems 7 and 5, need not vanish identically. 

Let A be the linear interval [0,272], and Aj, A>, Az the subintervals 
[0, z/2], (/2, x), [a, 2a]. The orthonormal system of functions (x), 
(x), P3(x) is defined by 


(2/x)" |sin 2x| for xe A, + A;, 


yeas 0 for. 26/44 : 

ae ( —(2/7)'" sin 2x for xe A,+A), 
Pa (=) ( 0 for xe A; ; 
Fayed) 0 for xe A, + Az, 


(—(2/z)'l2 sin‘x- for xeA,; 


The positive, self-adjoint transformation H is then defined by 
H= | H(x.9 Fo) dy, 
A 


where 


HI (x, y) = 91 (x) ¥1 (y) + #3 (x) %3 (y)- 
The kernel H(x, y) is evidently continuous, and 
Ag, =, Hy,=0, Ho3=93. 


Let now the bounded, self-adjoint transformation A be given by 


Af = A(x) f(x), where 


od for xe A, ; 


Alx)= 
( 1 for xe A,+As3. 


Then 
Ay =o, Agra=o, AGV:=93: 


—— 
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hence 
K (x, y) = A (x) H (x, y) = v2 (x) 1 (y) + 5 (%) 3 (y)- 


Since evidently H's = H, the self-adjoint transformation K = H'l:AH'his 
corresponding with the kernel 


K (x, y) = df H (x, z) K (z, y) dz = 93 (x) 93 (y). 


As we know, K(x, y) and K(x, y) have the same characteristic- values 4 0; 


~ 


hence, since K(x, y) has evidently only the characteristic value 2 = 1, 
different from 0, with the characteristic function p3(x), the kernel K(x, y) 
has also 2; = 1 as the only characteristic value 40 with the H-normal 
characteristic function y,(x) = p3(x). Observing that y,(x) = Hy, = 


= Hos = 93(x), so that 2,y1(x)71(y) = v3(x)y3(y), we have therefore 


K (x, y)—p (x, y) =’, Y1 (x) m (y), 


‘ where p(x, y) = po(x)y1(y) 0 for x and y in the interior of A, or As, 


and [al z)p(z, y)dz = 0, as required by Theorem 5, 


& 
Furthermore, by Theorem 7, 


| K (x, y) FW) dy =A. a yi (x) + p(x, 


where 
a, = { f (x) x1 (x) dx and Hp =| H (x, y) p (y) dy = 0. 
va ran 


Taking f(x) = (x), we have 
| Ke tay =Krn=AHo, = #2 (x) and a, = (91, 73) = 9; 
ra 


hence 
P2 (x) = p (x), 


which shows that p(x) +40 for x in the interior of A, and Ag. Evidently 
Hp = Ho, = 0, as required. 


ERRATA 


“Equations for elastic solids in spherical coordinates, etc.” by F. A. 
VENING MEINESZ, Proceedings Vol. XLVIII, 1945, p. 469. 


p. 470, equation 3c: 0, should be o: 


p. 471, line 9: A? should be V2 = 
equation 7a, 7b and 7c: 


[VP— alos \ should be [VP+ada 5) 


MeO 8 0? 6 
mua ieee iat 1 dx Oz 
p. 473, equation 13: dg should be dy (for Py as well as for v) 
p. 475, equation 22a and 22b: 0, should be 69 and vp should be v, 
p. 476, equation 28a: uw should be 7 
equation 28b: m2 should be s? 
line 6 from the bottom: dvg should be ov, 
p. 477, equation 326: m2 should be s2 
equation 33: qo should be po 
equation 34a: 0; should be o, 


equation 7e: — 


p. 480, equation 44b, second line: insert the sign + between 


oP m—2 
i ee ou 
p. 481, equations 47b and 47c: e should be ey 
p. 482, line 9: m = 0 should be s=0 
p. 483, equation 54c: oe should be a » 
equation 55: uw should be x 
line 2 of § 5: “in these case of’ should be “‘in the case of” 
p. 485, equation 59: The first term should be provided with negative sign 


p. 486, line 8: read ‘‘to eg” instead of “ey”. 


Aerodynamics. — Some problems of the motion of interstellar gas clouds. 
I. By J. M. Burcers. (Mededeling No, 48 uit het Laboratorium 
voor Aero- en Hydrodynamica der Technische Hogeschool te Delft.) 


(Communicated at the meeting of May 25, 1946.) 


1. Introduction. — The following considerations have arisen from 
discussions with prof. dr. J. H. Oort at Leiden, who suggested most of 
the problems and to whose interest and. advice I am greatly indebted in 
preparing these notes!),. They must be taken, nevertheless, as a very 
preliminary attempt towards the application of aerodynamics in analysing 
some of the intricate riddles that are presented by the results of astro- 
nomical observations on the interstellar material within our Galaxy. Apart 
from the difficulties inherent in aerodynamics itself or arising when it is 
applied to matter in a state of such extreme dilution, astronomical observa- 
tion, notwithstanding the powerful methods of photography and spectros- 
copy and the beauty of all what has already been revealed, still gives us 
only very scanty information about the structure and the motion of the 
cosmic clouds. In attempting to make a few calculations many guesses must 
be introduced, as otherwise it is impossible to construct simple pictures 
which can serve as starting points for a provisional theory. The reader 
therefore must take for granted that the cases treated in the following pages 
are no more than examples, which it is hoped may elucidate a few features, 
and perhaps point to a way for further work. 

In the calculations the interstellar gas is considered as an ideal gas, to 
which the ordinary equations of aerodynamics can be applied. Although 
various elements and even certain chemical combinations are present (Ca, 
Na, K, Cat+, Ti+, Fe+, CH, CH+, CN), the bulk (about 99,9 % of the 
number of atoms) is formed by hydrogen. We will assume hydrogen atoms 
. to be the only constituent, and take the gas law in the form: p/je = RT/m, 
with p = pressure, 9 = density, T = absolute temperature, R = molecular 
gas constant = 8,315.107 (cm-gram-second units will be applied through~- 
out), and m = molecular weight = 1 for ordinary monatomic hydrogen. 
The ratio of the specific heats is taken as k = 5/3, 

Dust particles (‘“‘smoke’’) are present in.the interstellar gas, and it is 
mainly due to their presence that clouds become visible, either as dark 


1) OorT also kindly put at my disposal the manuscript of the George Darwin lecture 
“Some phenomena connected with interstellar matter’, delivered by him before the Royal 
Astronomical Society in London on May 10, 1946, and the results of his discussions with 
prof. dr. H. A. KRAMERS at Leiden, Some data used in the present communication have 
been taken from this manuscript, which is to be published in the Monthly Notices Roy. 
Astron. Society 1946. 
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masses, screening off the light of the stars, or as luminous patches when 
stars of sufficient luminosity are near. (Light emitted by the gas itself is 
visible in some cases, probably in consequence of an important rise in 
temperature produced by collisional effects as will be considered below.) 
No account, however, has been taken of the dust particles in the calculat- 
ions. They will give a small contribution to the density and perhaps might 
have some influence upon the viscosity of the gas. 

The average density of the interstellar material is of the order of 
3.10-24 gr/cm3. It seems probable that a considerable fraction of the 
material is concentrated in more or less separate clouds, with an average 
density of the order of 10-22 gr/cm3, an average radius of 20 parsecs 
= 6.1019 cm (1 parsec = 3,083.1018 cm), and consequently a mass of 
approximately M = 9.1037 gr (46000 times the mass of the sun); and 
distances apart of the order of 65 parsecs & 2.1029 cm (or more). In the 
intermediate regions the density then will be much below 3.10-24. These 
clouds must take part in the general rotation of the Galaxy so as approx- 
imately to balance the gravitational attraction towards the galactic centre. 
At the sun’s distance from the centre (approx. 30.000 lightyears ~ 
= 3,2.1022 cm) this rotational velocity is 300 to 320 km/sec = 3,0 a 
3,2.107 cm/sec. Superposed upon this general motion the clouds have 
peculiar motions of the order of 15 to 20 km/sec (1,5 a 2,0.106 cm/sec). 

A density of 10-22 gr/cem3 corresponds to m = 60 hydrogen atoms per 
cm3 (mass of a H-atom : 1,66.10-24 gram). Taking as the collisional 
diameter in the sense of the classical kinetic theory of gases the diameter 
of the first BOHR orbit o = 1,1.10-8 cm, the old formula for the free 
path gives: 1 = 1/(ano2) = 4,38.10-9/o, which for @ = 10-22 leads to 
1x 4,4.1018 cm (the distance earth-sun is nearly 1,5. 1013 cm). 

It will be evident that the possibility of obtaining a Maxwellian velocity 
distribution and the normal relation between pressure, density and tem- 
perature can be found only in elements of volume with dimensions large 
compared with J. In the case of the cloud around the star Merope of the 
Pleiades the diameter of the illuminated portion is about 500”, which at a 
distance of 100 parsecs amounts to about 7,5.1017 cm. This cloud shows, 
stratifications or waves with a thickness of approximately 8” = 1,2.1016 cm. 
In the Cygnus nebulae NGC 6960 and 6992 there are extremely thin strips 
or sheets, with an apparent thickness from 1” to 5”, Taking the distance 
to be 350 parsec = 1,08.1021 cm, these thicknesses amount from 0,5 to 
2.5.1016 cm. The density is supposed to be somewhat smaller than 10-22 
and to correspond to 30 atoms per cm3, giving @ — 5.10-23 and 
1 = 8,7.1013 cm. In both cases the applicability of the ideal gas laws 
to the thinnest observable sheets seems possible. 

The temperature of the interstellar gas is assumed to be of the order of 


10.000°. The mean molecular velocity then is given by: cm =|[¥ 3RT/m= 
= 1,58.106 cm/sec. The velocity of sound and velocities of expansion are 
of the same order of magnitude, In certain cases (clouds produced by the 


591 


explosion of a nova) velocities of the order of 1000 km/sec = 108 cm/sec 
have been observed. In all these cases there is no need for applying 
relativity corrections. 

As the general gravitational field in the Galaxy regulates the motion of 
a cloud as a whole, it will not have much effect upon expansion or com- 
pression phenomena. The gravitational field of a cloud itself perhaps may 
be of some importance. Taking by way of example a spherical cloud of 
mass M — 9.1037 gr, having a mean density 0 = 10-22, application of 
EMDEN’s results for the case of static ‘‘polytropic’’ equilibrium 2) gives 
for the density at the centre 0) — 6,0. 10-22; for the temperature at the 
centre Ty = 650°; and for the pressure at the centre py = 3,24.10-11 (the 
radius comes out as 6.1019 cm as should be). Hence the pressure due to 
the gravitational attraction inside the spherical mass in the neighbourhood 
of the centre becomes comparable with the pressure 8,3.10-11 calculated 
for a temperature of 10.000° and a density of 10-22. — At the surface of 
this spherical cloud the value of g is equal to 1,67.10-9. In the case of 
the expansion problem considered in the next section we will make an 
estimate of its influence. 

Viscosity, heat conduction and radiation in the first instance will be left 
out of account. A few remarks concerning their possible effects will be 
made in connection with some results. 

Finally the calculations will refer to motions in one dimension only, so 
as to obviate the mathematical difficulties connected with problems of 
spherical expansion. 


2. Equations of motion. — Application to a case of simple expansion in 
a vacuum, — The equations for the one-dimensional motion of an ideal gas, 
in the absence of gravity, have the form: 


Du _ du, ,du__1 ap 
ED Ramdas Oxyeee Wee, Dap Acker eis as (1) 
LSS Sees Al paca at 3 
Dt “tale Pa Bar ete ae as (2) 
Dios oT Ou 

p=RTo/m te Mae Poe oer eee ee (4) 


Viscosity, heat conduction and radiation have been neglected; u is the 
velocity of the gas, while D/Dt in the usual way indicates the total derivative 
with respect to t for an observer moving with a particular element of volume. 
For such an observer combination of (2) and (3) gives: T/o*-1 = constant, 


2) R. EMDEN, Gaskugeln (Leipzig 1907), Tab. 4, p. 79, for the case k = */3, and the 
formulae of p. 69, pp. 96/97. 
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expressing POISSON’s isentropic relation for an individual element of 
volume. This relation holds so long as the differential equations can be 
applied; it breaks down, however, in so-called shock waves where du/dx 
and 0T/0x assume such large values that viscosity and heat conductio7 
become important and lead to an increase of entropy. a 

As the density in a stellar cloud is much larger than that in the space 
around it, we must expect that it will expand, with an accompanying com- 
pression of the surrounding matter. The simplest case is that of an 
originally homogeneous mass, expanding into a vacuum, assuming that for 
t.<0 we had: _p = po. 0. = @9 for x <0. and: p= 0,0 — 0 for xe, 
Introducing the velocity of sound 


e= lk plo MRT nites ne 


(counted positive in the same direction as u) and making use of the 
relation p/o* = constant, the solution can be put into the form 3): 


Qee Xx 2 
Bie ei eee 
(6) 
ay kere BOO eee 
© oak eal chee ios 


This solution is limited to a region defined by two values of x/t. The first 
one characterizes the front of the expansion wave; here: 


(x/t)’ = 2c /(k—1) =u; c= 0 (expansion to zero density); 
the second one determines the back of the wave, where 
(x/t)” = —co3 «= 0. 


In the case k = 5/3 the front moves outward with 3 times the velocity of 
sound in the original state of the gas, while the back of the wave moves 
inward with just this velocity. For T = 10.000°, m = 1, k = 5/3 we obtain: 
Co = 1,18. 106 cm/sec; ugone = 3,53. 106 cm/sec (35,3 km/sec). In a year 
= 3,16.107 sec the front moves outward over 1,12.1014 cm, which at a 
distance of 100 parsecs would correspond to 0,075” and thus perhaps might 
be just appreciable. Nevertheless it will be evident that a cloud with a 
diameter of 7,5.1017 cm for many centuries will retain its appearance. 

Estimation of the influence of gravity. — In order to take gravity into 
account, a term —g must be added to the right hand side of eq. (1). In 
connection with the restriction to one-dimensional motion we take g to be a 


3) Compare: J. M. BURGERS, Over de eendimensionale voortplanting van drukstoringen 
in een ideaal gas, Versl, Nederl. Akademie v. Wetenschappen, afd. Natuurkunde, 52, 
478 (1943). 


593 


constant. Introducing u, c as dependent variables, eqs. (1) and (2) can be 
transformed into the system: 


(7) 


This system can be solved with the aid of its characteristics, which are 
determined by (dx/dt),—=u-+c; (dx/dt),,—=u—c. Passing over the 
details and taking for simplicity the same initial state as considered above 
(although this cannot be an equilibrium state), the solution is found to be: 


tee Sen 2 Ven 
Ss Ey il 3S aa oe eS 
Ashes (8) 
phe be lox 2 k—1 
Sea ig mer rr ET) 


The front of the wave, determined again by c = 0, moves according to 
the equation: 


x = 26) t/(k—1)—tg?V=3qQt—tof. . . 4. (9) 

while the back, where c = —cpg, is to be found at: 
oem Po hee yt ka hye se eC LOD 
At the back of the wave u = — gf; likewise for all values of x to the left 
of those determined by (10) u = —gt, which means that here the whole 


mass of the gas is moving with the acceleration —g just as a solid body 
would do. 

This latter result is of no particular importance, as it is a consequence of 
the condition assumed for t= 0, no account having been taken of the 
possibility of a compression (which would require the introduction of a 
boundary condition for some negative value of x). It will be evident, 
however, that the influence of gravity will be of importance only when gt 
becomes equal to, say cy. With g = 1,67.10-9 as found in the example at 
the end of section 1, this will be the case after a lapse of time of 7.1014 
sec = 2,2.107 year. Hence no great error is made by neglecting the 
influence of gravity in expansion and compression phenomena of clouds 
during comparatively short periods. 


3. Expansion with compression of the surrounding gas of low density. 
— When for t <0 we have a gas (I) with a density 10-22 to the left of 
x = 0, and to the right a gas (II) with a density of, say, 3.10-24, both 
gases originally being at the same temperature T9, the expansion of the 
denser gas (I) will produce a compression wave in gas (II), which com- 
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pression wave, owing to the high velocities involved, will take the form of 
a shock wave. The expansion of gas (I) will extend to a pressure equal 
to that produced by the passage of the shock wave through gas (II). As 
the front velocity (x/t)’ of the expansion region is smaller than the gas 
velocity w when the expansion does not proceed to zero density, a region 
of constant velocity, density and pressure appears between the front of the 
expansion region and the boundary separating gas I from gas II. 


sO 


at | expanding ae 1 atrest 


distance 


Fig, 1. 


The propagation ,of the waves has been represented schematically in 
fig. 1. Starting from the right hand side, the shock wave in gas II (original 
state: py, 01, T'; zero velocity) moves with the velocity &. Behind this wave 
gas II moves with the constant velocity V, its state being defined by po, 
Oo, To. We then have 4): 


2 2 
poly Yap Ot: =a tee. . (11) 


The boundary between the two gases moves with the velocity V and so 
does gas I in the region between this boundary and the front of. the 
expansion wave, the latter moving with the velocity (x/t)’ =. At this 
front eqs. (6) give: 


deapeF? TPA ir etc ii eemser nana rye rere Cy ees 


At the same time: 


(es |(k—-1) Gant alt eae eas (13) 
a Po k , ; Po k o* 


At this front we must have u = V; moreover with regard to the boundary 
between gas I and gas II the condition p = po must be fulfilled. 
The equations can be solved numerically. With the data: 
(gas.1/) og ==: 100.10>24;., Tig 108 pps Boreal aes cca tos ee 
(gas ID) jo, 3510744 30 Tye 10 ee SO eee eee 


4) See the paper mentioned ia footnote *), p. 477, eqs. (9) and (A). 
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we obtain: 
MmeeOrte 10°. V == P20 sc 2,22, 10%, 


and for the state of gas I in the region of constant velocity u = V: 
eat 10. sO 29,102 4370" 3 c—— 0,78.10° 


while for gas II in the region behind the shock wave: 
Bea 10,01 06 416) 05.105 to) = AO S60,. 


Owing to the compression the rarer gas takes a much higher temperature 
than the expanding denser gas. The region of this high temperature 
increases in width at the rate £—V —1,02.106 cm/sec (10,2 km/sec). 

With regard to the shock wave front it must be remarked that when 
account is taken of viscosity and heat conduction, it is found that the sudden 
change of state in reality is a continuous one, although with very steep 
gradients. The thickness of the transition layer is of the order u/eV, where 
wu is the viscosity 5). Assuming the viscosity to be given by w=4 olcn, 
with [= 4,3.10-9/o, we find, for T = 10000°, cm = 1,58.106 cm/sec: 
u& 0,0023 6). The thickness of the layer becomes of the order of magni- 
tude of J. This generally will be inappreciable from the observational point 
of view. In the transition region the Maxwellian velocity distribution will 
not hold; a kinetic treatment of the phenomena in this region would be 
necessary, which, however, will be extremely difficult. 


4. Collision of two clouds. — The examples given in the preceding 
sections will appear artificial, and the reader may ask how the state assumed 
for t = 0 can have arisen. This, however, is a reflection of our general lack 
of knowledge about the fields of motion in the interstellar gas, which makes 
it necessary to start from imagined cases. The examples were meant to 
illustrate that when regions of highly. different densities occur side by side, 
expansion and compression phenomena certainly will be present; their 
order of magnitude will be apparent from the results obtained. 

Clouds of a much higher density than that of the average surrounding 
gas can be produced in star explosions. Such clouds in the first instants 
(the first few years or perhaps decades of their existence) will move with 
enormous velocities, compared to which the velocity of expansion often 


5) Compare e.g.: R. BECKER, Stosswelle und Detonation, Zeitschr. f. Physik 8, p. 339, 
1922; G. I. TAYLOR and J. W. MACCOLL, The mechanics of compressible fluids, section 
6 (W. F. DURAND, Aerodynamic Theory, Berlin 1935, vol. HI, Div. H, p. 218). 

6) The value of m also can be calculated with the aid of SUTHERLAND’s formula: 


= Wo WT/273. (1+ C/273)/(1-+ C/T). Here wo (at T= 273°) is proportional to 
V mlo2. For Hz (m = 2; 6 = 2,730.10-8 cm) fo = 0,000085, C = 72; for He (m= 4; 
o = 2,174.10-8 cm) wo = 0,000189, C = 80. Estimating for Hy (m= 1; o= 1,1. 10-8 
cm) “o = 0,00037, C= 76, the formula gives “= 0,0029 at T = 10000°, which is 
slightly larger than the value found above. 
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may appear negligible. In certain cases such clouds perhaps may impinge 
upon each other; or they may impinge upon a portion of the interstellar 
gas with more than minimum density; also the gradual loss of velocity 
experienced in moving through the interstellar gas deserves attention. 
Certain problems illustrating these possibilities will be treated now. 

The simplest case is that of a “head on” collision of two clouds, having 
both the same density and temperature, with parallel boundary planes. In 
each cloud a shock wave will appear. When we introduce a system of 
coordinates with respect to which the two clouds have equal and opposite 
velocities of absolute magnitude V, the situation is a symmetrical one 
(comp. fig. 2). The two shock waves move outwards with the absolute 
velocity &; between them the gases are at rest. Indicating the original state 
of each gas by po, @o, To; and the compressed state between the shock 
waves by p’, 0’, T’, we have): 


Syke) (k-4 1) V2 
Y hed v+]/o+ 16 gata 


p’ = po + 09 V(V-+ &)3 0’ 00 (V + S)/ 


OT Po Sol 


a 


distance, 


Figee2: 


When V is large compared with cp, we may use the approximations: 


EZ4K—)I Ve p Halk leo V2: 6 le elope eee 
from which: 
RT! = 4k 4) Ved ia. one ee 


By way of example we take 09 = 10-22; Ty) = 10000°; V = 107 cm/sec 
(100 km/sec). With k = 5/, as before we find: & & V/3; p’ = 1,33.10-8; 
oe’ © 40; T’ = 400.000°. 

In the more general case indicated in fig. 3, where gas I, moving with 
the velocity V,, overtakes gas II (velocity V2), the solution still can be 
obtained by means of straightforward algebra. In the case of large 
7) These formulae follow from eqs. (9), (A), (B) of the paper mentioned in foot- 
note *), if it is observed that relatively to the uncompressed gas the shock wave moves 
with the velocity V-+¢& and the compressed gas with the velocity V. 


« 


> / 
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velocities the following approximations are obtained, where ¢ =/¥ oslo, 
(supposed to be < 1): 


p’ =p’ S4(k + 1)e(Vi— V,)?/(1 + ¢)? | | 

oe Skt Iel(k—1) s 0” @(k+ 1)e2/(k—1) > (16) 
RT’ 3 (k-1)e?(Vi—V,)?/(1-+e)?; RT” > 4 (k-1)(Vi—V2)?/(1 +e)? 
so that T”/T’ S 0,/02. — Particular cases, e.g. Vo = 0, can be deduced 
from these formulae. It will be seen that the temperature of the rarer gas 


increases to a much higher degree than that of the denser gas. The thick- 
ness of the zone of high temperature in gas II increases at the rate: 


ba Vea (h—1) (Ve —Vo)/(1 -b 2). 


distance’ 


Fig. 3. 


[It must be observed that with the very high temperatures and conse- 
quent high molecular velocities obtained in collisions between clouds with 
velocities of 50 km/sec and more, dissociation (ionization) of the hydrogen 
atoms must be taken into account, In all collisions with sufficiently high 
relative velocity of the colliding atoms, there will be a loss of energy in 
consequence of excitation or of the production of ions, which energy after- 
wards is radiated out in the form of light quanta. There is thus a continuous 
loss of energy in the compressed gas, at a rate which depends upon the 
number of favourable collisions. In those cases where this loss of energy 
is considerable, the temperature of the gas behind the shock wave will 
decrease, and a temperature gradient will be set up, which will influence 
the density and the pressure. |] §) 


8) In the case of the Nebula south of ¢ Orionis (IC 434) the impression is gained 
of a dark cloud of greater density penetrating into a luminous cloud of smaller density, 
while bright fringes appear just along the boundary. These fringes are rather sharply 
limited on the side of the dark cloud (in particular around the “Dark Bay’’), while they 
shade off gradually towards the side of the smaller density. Similar features are observed 
in other cases. With the “Crab Nebula” in Taurus a thin luminous layer seems to 
precede at some distance the expanding central luminous mass. The spectrum of this thin 
layer shows many “forbidden” lines, which makes it probable that excitation here is 
due to collisions in a gas of not too small density. 

When an explanation of these features is asked for, the picture developed in the text is 
too simple and presents the difficulty that it leads to clear cut frontiers limiting the 
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5. Cloud with high velocity impinging upon gas at rest. — We will 
consider what will happen when a cloud moving with a very high velocity, 
after having passed through a region of extremely low and negligible 
density, suddenly impinges upon a gas at rest of sufficient density to make 
itself felt. Such a case according to OORT seems to be present with a part 
of the cloud produced in the explosion of Nova Persei in 1901, It is 
estimated that this cloud moves with a velocity V,; = 1200 km/sec = 
==1, 20108, cmisec. 

During the first instants after the collision of the cloud with interstellar 
gas at rest of appreciable density, the solution appropriate to the case is the 
same as the one considered in the second part of section 4, with Vo = 0. 
In the interstellar gas a shock wave appears, moving with the velocity: 
fo = 4 (k+1) Vy/(1 + ¢) =4 V4/(1 +), while the boundary separating 
the cloud from the interstellar gas moves with the velocity: V* = V,/(1 + e). 
Hence the region of compressed interstellar gas broadens at the rate: 
& — V* = $(k—1) V,/(1 +e) =4 V,/(1 4+ «). The temperature in this 
region, calculated without taking account of radiation, would rise to the 
value: T” = 4(k—1) (V42/R)/(1 + ¢)2 = 5,77 .107/(1 + «)2, — The 
shock wave in the cloud has the forward velocity 


&y = Vy—F(k + 1) eVi/(1 + 8), 


and thus relatively to the material of the cloud moves backward with the 
velocity: 


Vi-h Stk +YeVifl+yH=seVilll +e. . - (22) 


When the cloud has a finite thickness L and is assumed to have constant 


regions of compression and of increased temperature. However, it has been mentioned 
already that heat conduction and viscosity turn shock waves into continuous transition 
regions; at the boundary where the denser and the rarer gas meet with equal pressures 
and mass velocities (but with different temperatures), also diffusion will play a part. 
Now in those cases where on one side we have a high density combined with low 
temperature and on the other side a low density with higher temperature, it is possible 
that somewhere in the transition region optimal conditions for the emission of radiation 
will be found. This perhaps could give an explanation of the appearance of narrow 
bright fringes. In those cases where a shock wave would bring a theoretical increase of 
temperature of 100.000° or more, optimal conditions for radiation might be found possibly 
not in the region of high temperature, but in a sheet of the transition layer with some 
intermediate temperature. 

It must be observed nevertheless that as soon as kinetic energy in collisions of atoms 
is lost in consequence of excitation and ionization (leading to emission of radiant energy) 
the phenomena become much more complicated. It is possible that owing to this loss of 
energy no constant condition is obtained behind the shock wave; in certain cases perhaps 
even the shock wave itself may be absent. Before a satisfactory description can be given 
of the relations to be expected in such cases and the problem of sharp and diffuse 
boundaries can be attacked, a more penetrating investigation therefore will be necessary, 
based upon equations in which due account is taken of radiation and diffusion phenomena, 
etc. 
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values of p, e, T throughout, this shock wave will reach the back of the 
cloud after the interval t = L/(V, — &,). When tentatively we estimate the 
thickness of the Nova Persei cloud at LZ = 0,5” = 4,1.1015 cm (assuming 
a distance of 550 parsecs = 1,7.1021 cm), then with V, = 1,2.108, 
Q2/0; = 0,01, «= 0,1 we find V,—é&, = 1,45.107 and += 2,83. 108 
sec = 9 years. 

At the end of this interval the whole cloud has undergone a compression; 
it moves as a whole with the velocity V* = 1,09. 108 and has obtained the 
temperature J’, Its thickness has been reduced to: L—z1(V,—V*) = 
= (k—1)L/(k +1) = 1,03.1015, that is in the inverse ratio of the 
increase in density (0’/0,). 

At the back of the cloud the shock wave is reflected as an expansion 


wave. The front of this wave has the velocity c” = “k RT” = 81.107 
relatively to the gas, and thus after a further interval of time of approx- 
imately 0,4 year reaches the front boundary of the cloud. As soon as the 
expansion wave has reached the front of the cloud, the velocity and the 
pressure will decrease here, so that also the compression produced in the 
interstellar gas will become less; From now onward the whole phenomenon 
assumes a rather complicated form 9). To work it out in details does not 
seem promising in view of the uncertainties of the available data. In 
particular the assumption of a homogeneous state in the original cloud is 
an oversimplification of the case. 

In view of this situation OORT put forward the question whether a 
stationary solution could be found, describing a case where owing to the 
general slowing down of the cloud a ‘‘barometric” gradient of the pressure 
and the density is set up. OORT supposes that such cases may be found 
in the very thin cloud strips, observed in NGC 6960 in Cygnus. An 
approximate solution of this type will be constructed in the next section. 


(To be continued.) 


9) Certain phenomena of this nature have been investigated in the paper mentioned in 
footnote 3). 


Aerodynamics. — Some problems of the motion of interstellar gas clouds. 
II *). By J. M. BurGers. (Mededeling No. 48 uit het Laboratorium 
voor Aero- en Hydrodynamica der Technische Hogeschool te Delft.) 


(Communicated at the meeting of May 25, 1946.) 


6. Quasi-stationary solution with “barometric” pressure gradient, — 
Our starting point again will be eqs. (1) — (4). In order to be able to 
take a formal account of radiation loss, of y erg per cm? and per sec, we 
multiply eq. (3) by R/(k—1) and to the right hand side add the term 
—vw/o, so that it takes the form: 


ReoD Tae (3F oT 


Ou ay Ay 
ae =— eG 
k—1 Dt k—1\ ot 8 rd AG OX ple (3a) 
The most convenient way for constructing an appropriate solution is to 
start from the streamlines, for which tentatively the following equation is 
assumed: 


X= 9) ()—sigy{O ss. Co ee eee 
A streamline is defined by s = constant. We take s = 0 as the front of 
the moving gas layer and restrict s to positive values; further at t = 0 


(present epoch) we take: m,(0) = 1. Hence the motion of the front is 
defined by: x = go(t), and s measures the distance behind the front at 
t = 0. With constant t we have for any function of x and tf: 


0/0x == —(1/—,). 0/08. <4). ny, + 8 ae ee 
From (17) we obtain for the velocity: 
u— (dx/dt) gor constant s — Po mane 3 Q ee aes Sir gr: (19) 


(using dots to denote derivatives with respect to t, while an accent will be 
used for derivatives of functions of s). This gives: du/ox = q,/4. 
For the density the following function is taken: 


o==.0°(s)/oi(f): . >. 3) sae 2 te 


which satisfies the equation of continuity. Making use of (4), eq. (1) then 
gives: 
*/ 
‘ a Or ee 
—sQy, = — + CC. CSO 
Po YP 0 Y; V1 Os ( ) 
Tentatively for o* we assume the formula: 
Om CO Oe 


*) Part I has appeared in these Proceediags 49 (1946), p. 589. 
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which gives the desired exponential decrease of the density with s. The 
coefficient gm determines the maximum value (@m/y,) of the density at the 
front of the advancing layer. Equation (21) now can be considered as a 
differential equation for T as a function of s; its integral is 1°): 


RT =— % Mil + (1+ Bs) Oi 91/8? . « « «© (23) 
The pressure at the front of the advancing layer: pyr = RT +r o¢r = 


= — 0m( o/b — 1/62), must be equal to the pressure generated in the 
interstellar gas into which our layer is penetrating. We will not enter into 
a detailed investigation of the shock waves and other phenomena set up 
in this gas, but assume that the “impact pressure” is given by 4(k + 1) 
0y usr?, where Qo is the original density of the interstellar gas, while u;,, 


the front velocity of the advancing layer, is equal to @ 9. Hence we obtain: 


PolB— P1/B? = —4 (k + 1) (Qo/em) 9 + + + + + (24) 


Introduction of (23) into (3a) finally gives, after multiplication by 
— (k—1): 


Po Pi Po Pi _UA+8s) e191 Pi P1 er ee te 
B (pte) p? (pten)=« I) Paige! 


In general w/o will be a complicated function of s, and it will not be possible 
to satisfy (25) in an exact way, which shows that the assumption (22) 
apparently was too restricted. We therefore start by investigating the 


‘case y=0, and provisionally assume ¢,/8 ({ |G%o|. Then to a first 


approximation (24) gives: 


PolB~—F(k+ 1) (olemG. + + + + + (24a) 
from which: 
Z 20m 1 
~—aalle manera . 26 
Uhr = P= (1) Qo B (EF fo) 129) 
t, being an integration constant, At the same time eq. (25) reduces to: 
k P1191 = — Pol Po = 2/(t+ to). « « « « ~ (25a) 
from which, taking account of the condition y,(0) = 1: 
Pr = (E+ to)/toy* 2. - we ws (27) 


With the same degree of approximation (23) becomes: 


~ 9091. 20m q fy TRE 
ep GE e FACES) Fae eS 


10) A term proportional to e®5 might be added to this solution, which term could be 
written giq2e8S, where (2 is an arbitrary function of ¢..This term, however, has been 
discarded. The discrepancy observed in eg. (25) cannot be removed by introducing such 
a term. — As will be seen below we suppose that the second term of (23) is of minor 
importance. 
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As the function m; determines a gradual expansion of the moving gas layer, 
(28) expresses the adiabatic decrease of T consequent upon this expansion, 
which is obtained as radiation is neglected. 


7. Continuation, — Numerical data for a thin strip or sheet of cloud 
in NGC 6960. — Influence of radiation loss. — From data supplied: by 
OorT (in view of their vagueness slightly adjusted so as to obtain a satis- 
factory fit in calculating the temperature) we take: usr = 7,0.106 (70 
km/sec) at the present epoch (t = 0); om = 5,2. 10-23 (31,5 H-atoms per 
cm3); 69 = 10-24. Then (26) gives: usr = 39/B8(t + fo), so that for t = 0: 
ht) = 5,57.10-6. The timescale evidently is proportional to the linear 
scale, which according to (22) is fixed by 1/8. Taking 1/6 equal to 
2,5.1016 cm (the estimated visual thickness of a sheet is about 5’), we find 
8 = 4,0.10-17, giving: tp = 1,39.1011 sec = 4410 year. 

From (26) and (27) we now calculate for t = 0: gy = —5,03.10-5; 
~1 = +1,24.10-; 1/6 = 3,1.10-7, so that the assumption @,/B ¢¢ | 
appears to be satisfied. The expansion determined by q, is very gradual; 
with t = 4410 year we have my, = 2,3. 

Further from (28) we deduce, again for t — 0: T = 15100°, which is 
in accordance with the astronomical estimate. 

We now turn back to the radiation loss. From data supplied by OorT 
it follows that in the present problem the radiation loss cannot be neglected. 
We might try to obtain a better approximation than that given by (25a) 
by taking for w/o a function of the time alone, calculated with an average 
value of the density, replacing (25) by: 


ENERO 28 ri Ure MISES (256) 
1 Po Po: @ ae 


Without integrating this equation it will be evident that the radiation loss 
tends to decrease the rate of expansion and even may turn it into a con~- 
traction. The assumption @,/B (< |G| does not seem to be impaired by the 
correction. As the temperature is given by RT % — Goq,/f, the decrease 
of T with time becomes faster than that given previously by (28). 
Although the solution is incomplete, the following conclusions seem 
possible. The fact that the astronomical data for usr, Qm, Qo lead to the 
correct value for T, can be taken as an indication that the assumption 
concerning the “impact pressure’’ experienced in moving through the inter- 
stellar gas is not far from the truth. The result concerning g, gives an 
acceptable explanation of the mechanism by which the very thin sheets of 
cloud for long times can retain their elegant appearance. The estimate for 
the timescale depends directly upon the assumption concerning the impact 
pressure. It appears rather short when considered in relation to the distance 
between the two nebulae NGC 6960 and 6992 (155’ = 48,7.1018 cm), 
which are believed to have originated from a single explosion and thus 
should have travelled each about 24,4.1018 cm. As formula (26) cannot 
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be applied to velocities approaching that of light, we may ask what would 
be the distance covered in the interval of time evolved since us, decreased 
from 10.000 km/sec (109 cm/sec; tf + tp = 30,9 year) until its present value 
of 70 km/sec (7.106 cm/sec; t + to = 4410 year). This distance amounts 
te 4,83.1018 cm, which is less than 1/; of the total amount travelled since 
the explosion (to cover the remaining 19,6.1018 cm at 109 cm/sec would 
require ca. 620 year). Evidently eq. (26) must be considered as an 
approximation valid for the present epoch only, and the decrease of velocity 
with time originally must have taken place at a slower rate 11). 


8. Possibility of surface waves on interstellar clouds. — Thus far we 
have restricted to the consideration of motion in one dimension only. It is 
evident that the real motions and currents in interstellar space will be of a 
much more complicated character. A comparison with atmospheric move- 


_ ments in many cases will have impressed itself on the mind of the observer. 


In particular the question has. been brought forward whether certain types 
of structure, resembling cirrus clouds in the earth’s atmosphere, may 
indicate the presence of waves or perhaps of vortices, such as can arise 
owing to the instability of the motion of fluid layers sliding over each other 
with different velocities. As an instance of such structures the clouds 
around the Pleiades must be mentioned; in particular the cloud around the 
star Merope shows a marked periodic structure. In certain parts of these 
clouds, e.g. in those around Alcyone and between Maia and Merope, 
several systems of periodic structure seem to be present, crossing each 
other at rather large angles. It is probable that the illuminated patches all 
belong to one single cloud, extending at least over about 1° = 5,4. 1018 cm, 
and that the periodic structures in the various patches are connected with 
each other. 

When it is attempted to explain such structures by assuming a wave 


11) The relations from which the timescale has been deduced, can be put in the form: 


Prp—R ine Orr = 4 (k “h 1) Q, ue, = — M, (du,,/dt), 


where Mj = e,,. L (My being the mass of the whole layer per unit area and L its 
effective thickness). This equation gives: duy,/dt=—RT,,/L, and thus fixes the 
present timescale from very simple data. 

With the formulae of the text: @¢7, =Qm/v1; L = 91/6. The assumption of a smaller 
value of f (leading to thinner sheets of cloud) reduces both the timescale and the distance 
covered. Larger values of # are in contradiction with observation, The assumption of a 
substantially smaller value of go, which would lead to a greater value of f to, would 
change the value of the temperature in the same ratio, and thus seems unlikely. It may 
be thought that perhaps originally the clouds have moved through a portion of the inter- 
stellar gas of smaller density, but the problem then presents itself whether both nebulae 
have suffered the same adventure. 

No account has been taken of the possibility of lateral motions (a divergent motion in 
the plane of the sheet might produce a continuous reduction of thickness), but in view of 
the elementary character of the relation between temperature, density and impact pressure, 
such motions are not likely to lead to an appreciably different timescale, 
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formation of similar nature as observed with certain atmospheric clouds, 
several difficulties present themselves. The wave motion in the atmosphere, 
arising between layers of air sliding over each other, is controlled by 
gravity. Furthermore in atmospheric clouds the wave pattern becomes 
visible in consequence of condensation of water vapour in those elements 
of volume which have suffered a reduction in temperature through their 
upward displacement. In the case of the interstellar gas an increased con- 
densation of dust particles perhaps may be connected with a local increase 
in density and thus could make visible periodic changes of the density. 

As to gravity, local gravitational fields due to separate clouds, as have 
been considered in section 1, may bring with them values of g of the order 
of 1,67.10-9. An estimate of the general gravitational field of the Galaxy 
can be obtained by taking the mass inside a sphere described with the 
distance from the centre of the Galaxy to the sun as radius (ca. 3. 1022 cm) 
equal to 2,4.1011 times the mass of the sun, giving Mca = 4,7. 1044 gr, 
which makes the value of g in our neighbourhood 3,5.10-8. The general 
gravitational field, however, will be compensated by the centripetal accelera- 
tion of the clouds, so long as these move freely. Residual effects might be 
found when clouds collide with each other and produce abnormal accelera- 
tions in their surface layers. These accelerations even may exceed consider- 
ably the value of g calculated from the gravitational attraction: in the 
example treated in the preceding section the acceleration in the thin sheet 
is du/dt = —u/(t + to) = —5.10-5 at the present epoch. It is not easy 
to decide whether fields produced in this way can regulate the appearance 
cf wave motions, supposing that the colliding masses at the same time 
should have a tangential velocity with respect to each other. As one of the 
two colliding masses will suffer a deceleration and the other an acceleration, 
the equivalent g-vectors will have opposite directions, pointing towards the 
surface of separation. This produces a situation different from that found 
in ordinary wave motion, which appears in stratified material where gravity 
everywhere acts in the same direction, pointing from the region of lower 
density to that of higher density. 

A comparison between interstellar and atmospheric motions might be 
made by applying the theory of similarity, according to which similar 
motions can exist when in the first place there is geometrical similarity in 
pattern of motion and in density distribution, while in the second place 
REYNOLDS’ number Re = eUd/u, FROUDE’s number Fr= U?2/gd and 
Macu’s number Ma = U/c must have the same values in the cases to be 
compared (U: a characteristic value of the velocities to be considered; A: 
wavelength; o: density, for the interstellar gas approx. 10-22, for air at the 
height of say 4 km 0,0008; uw: viscosity, for the interstellar gas approx. 
0,0023, for air 0,00017; c: velocity of sound), All ordinary cases of wave 
motion are such in which Ma is far below unity and then is of no impor- 
tance. We therefore take FROUDE’s number first, and consider a case of 
stationary wave motion along the surface of separation between two layers 
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of material, having the densities 0, 9’, the surface of separation being per- 
pendicular to the local gravity vector with density increasing in the direction 
to which the vector points, the layers sliding over each other with velocities 
U, U’ (measured with respect to the wave pattern). Then the wavelength 
must satisfy the relation 12): 


Geese Dire OU ete OL LE foe i. Lo 2.x (29) 


provided 4 is small compared with the thickness of the layers. In this case 
Fr = (9 — 0’) /2 ae — 0’ U"2/0g/, from which appears Fr < 1/2 2. Hence in 
order to obtain a wavelength of 3.1016 cm as found in the Merope cloud, 
we must have U?/g< 5.1015, which would require either rather small 
values of the velocity (e.g.: U = 2.103 with g of the order 10-9) or very 
high values of g, of the order 10-7 and more, provided of course we have 
to do with stationary (stable) wave motion. 

With larger values of UW2/g the wave motion is unstable and in course of 
time increases in amplitude. This in itself is not impossible, but when U2/g 
considerably exceeds the value mentioned the observed wavelength must 
be determined by some other cause; one might think of the thick- 
ness of some intermediate layer. Problems referring to wave motion in 
stratified systems have been treated by RAYLEIGH, TAYLOR, and others 18), 
But as there is no direct clue to the case which should be chosen as a basis 
for comparison and as we miss any trustworthy datum about the value of 
g, no promising way for the construction of an appropriate solution as yet 
is to be seen. 

It might be that we should discard any reference to the influence of 
gravity, and should look exclusively to features of the velocity distribution 
in order to find an explanation for the observed value of 4. The question 
arises if viscosity can play a part. If we assume a velocity UW of 5.105 
cm/sec, the value of REYNOLDS’ number @ UWA/u comes out as 650. This 
appears rather small when compared with the results of some theoretical 
investigations on‘the stability of laminar motion when viscosity is effective, 
which would make us to expect a value above 15000 14). The supposition 


“of a much higher value of U, however, would bring us to velocities above 


12) See H. LAMB, Hydrodynamics (Cambridge 1932), p. 377 (Art. 234, form. 5). 

13) RAYLEIGH, Theory of Sound (London 1945), Vol. II, Ch. XXI (p. 376 seqq.). — 
G. I. TAYLOR, Effect of variation in density on the stability of superposed streams of 
fluid, Proc. Roy. Soc. (London) A 132, p. 499, 1931. — See also: V. BJERKNES, J. 
BJERKNES, H. SOLBERG und T. BERGERON, Physikalische Hydrodynamik (Berlin 1933), 
Kap. VIII, IX u. X (pp. 305—421). 

14) See H. SCHLICHTING, Zur Entstehung der Turbulenz bei der Plattenstrémung. 
Géttinger Nachrichten Math.-physik, KI., 1933 (II, no. 38), p. 181. From fig. 3 (p. 197) 
the minimum value of U,,6*/v is read off as 575 (comp. p. 202; » = we) with ad* = 0,23, 
where a = 22//; this gives U,,4/vy = 15700. The maximum value of ad* is about 0,28 
with U,,6*/y = ca. 860; U,,A/v = 19300. In both cases the waves are just on the limit 
between stability and iastability; experimental observations point to the appearance of 
waves well inside the domain of instability, with still greater values of U,,Alv. 
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the speed of sound, in which case the problem takes a wholly different 
character. Not much is known concerning the formation of waves in this 
case 15), Further investigations are necessary before the question raised 
in this section can be settled. 


9. Considerations on the motion of the interstellar gas in the Galaxy as 
a whole, — OortT has raised the problem whether the erratic motions and 
forms of the interstellar clouds may be due to effects depending upon the 
variation of galactic rotation with the distance from the centre of the 
Galaxy. It may be supposed that rotational motion with a regular velocity 
distribution (‘‘laminar’ rotation) would prove to be unstable, and that a 
form of turbulence should set in. In this connection one may first make an 
estimate of the magnitude of REYNOLDS’ number for the rotation of the 
gas in the Galaxy. Assuming a radius of 50000 light years = 5.1022 cm, 
a circumferential velocity of 260 km/sec = 2,6.107 cm/sec, 9 = 3.10-24 
and uw = 0,0023, we obtain: Re = 1,7.109. This value is high, though not 
excessive. In experimental situations (rotating basin filled with water) 
values of 8.106 probably can be reached; in atmospheric cyclones with a 
radius of (often far) over 100 km values of the order 109 certainly occur. 
The boundary conditions in the latter cases, however, are wholly different 
from those existing in the Galaxy, and this prevents a direct comparison. 

It is extremely difficult to investigate the stability of laminar rotation, in 
particular as account must be taken of changes in density and temperature, 
while even the changes in the gravitational field may be of some importance. 
According to JEANS gravitational instability in a homogeneous gas may 
arise for disturbances of a period Ag exceeding a certain limit of the order 


cl“alyo (c: velocity of sound; y: gravitation constant — 6,67 .10-8; Qo: 
criginal density) 16). With T = 10.000°, c= 1,18.106, 097 =3.10-24 
this limit becomes 4,7 .1021 cm. In view of the dimensions of the Galaxy 
such a form of instability consequently may play its part. Its timescale is of 
the order Ag/c = 4,0. 1015 sec = 1,3.108 year, As the distances between 
the interstellar clouds and their linear dimensions are much smaller than the 
value of 2, just mentioned, other causes must be operative as well, and 
these evidently should be found in the rotation. 

We cannot attack this problem at present, but a few remarks may be 
added. A laminar rotation of the interstellar gas as a whole would 
require a nearly complete balance between gravitational attraction and 
centrifugal force, as otherwise extremely large pressure gradients would 
be necessary. Estimating the value of g in our neighbourhood as 


yM galt? = 3,13. 1037/r2, we find U = 5,6.1018/[“¢, Viscous friction in 


15) See for some provisional results (which rather would point to a greater stability 
of surfaces of separation with velocities exceeding that of sound): J. ACKERET, Ueber 
Luftkrafte bei sehr grossen Geschwindigkeiten, Helv. Phys. Acta 1, p. 301, 1928. 

16) J, H, JEANS, Astronomy dnd Cosmogony (Cambridge, 1928), p. 340. 
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this case will produce a resultant force per unit volume of magnitude: 
— 0,75 wU/r2, which at the sun’s distance from the centre of the Galaxy 
(¢ = 3.1022) amounts to 1,92.10-48 UW. With the density 3.10-24 this 
would lead to an acceleration of —6,4.10-25 U. The timescale thus 
arrived at is so enormous that we must conclude that viscous friction is 
inefficient to regularize the rotation. 

A force will also be produced by the resistance of the stars. Taking as 
example the sun, and writing Ue: for its motion relatively to the gas, we 
find, curiously enough, that REYNOLDS’ number for this relative motion 
OU ret Rsan/u (with Rsun = 7.1019 cm) even for Ure: = 300 km/sec = 
= 3.107 cm/sec comes out as 2,74.10-3, ie. far below unity. Hence we 
must apply STOKES’ law of resistance. With the star density in the neigh- 
bourhood of the sun N = 1/(3.1056) the force per unit volume becomes: 
6auRs Uret N = 10-47 U yer. Although comparable with the internal 
viscous friction, this force just as little can play an important part. 


Mathematics. — On the theory of linear integral equations. VI. By 
A. C. ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of May 25, 1946.) 


§ 1. Introduction. 

We suppose the reader to be acquainted with the contents of the papers 
I, If and IV, bearing the same title'). Furthermore we shall make use 
of V, Theorem 8, stating that a Hermitean kernel A (x, y)e LY” is 


general if and only if Af={A (x, y) f(y) dy=0 implies f(x) =0. In 
A 


this paper we shall consider linear integral equations 


[Ke 9) fle dy ~2F (2) =9 (x). (ae 


in the space Le (A) with kernel 


K(x.)= [A HD) Hiden 


where both kernels A(x, y) and H(x, y) belong to the space LY” (A) 
and are Hermitean, while moreover H (x, y) is supposed to be positive 
(positive means here: of positive type). A. J. PELL?) has discussed the 
equation of this kind, and, denoting the characteristic values of (1) by 
4; (i=1,2,...), and a corresponding H-orthonormal system of characteristic 
functions by y;(x)(i=1,2,...), she found under the assumptions that 
A(x,y) is continuous, while H (x,y) is bounded, the following main 
result: 


If a= [ H (x, y) wi (x) f(y) dx dy for an arbitrary f(x) € L,, then 


AXA 


[Ke y) F(y) dy = Edi ai yi (x) + p(x), 


a 


A 


uniformly in x, where Hp = df H (x, y) p (y) dy = 0. 
A 


1) Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, 49, 194—204, 205—212 and 
409—423 (1946). 


2) A. J. PELL, Applications of biorthogonal systems of functions to the theory of 
integral equations, Transactions of the Am. Math. Soc. 12, 165—180 (1911). 


—— 
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We shall prove, under the sole assumption that the Hermitean kernel 
A (x, y) and the positive Hermitean kernel H (x, y) belong to LY”, that 


K (x, y)—plxiy) Sai yilxixi(y, . . . - « (2) 
where 


(3) = { Hs 9) vile) dy (=1,2....) 


and 


almost everywhere in AXA. Furthermore 


Kn (x,y) 2 Ai yi (x) 21 (y) ce 72 ee pat aN E)| 


| Kels.) de= 3H epics tay be fie ameter 9 
A 


Moreover, writing Z aah, (x) x: (x) dx for an arbitrary f(x) €L2, we 


have : 
[x (x, y) f(y) dy ~ Sd ai yi(x)t+p(x) . . . . &) 
[ke (x; y) F(y) dyn Shai wi (x) Gi-232)) A sing 1G) 
where : 


Hp= [ H (x.y) p(y) dy=0. 


' Thereafter we shall find sufficient conditions under which the convergence 


in mean in (2), (3), (5) and (6) may be replaced by uniform convergence 
(it will be proved that the result of A. J. PELL holds under very general 
conditions (cf. Theorem 4)), and the functions p(x, y) add p(x) in (2) 
and (5) vanish. 


§ 2. The equation with kernel K (x, y) =[A (x, z} H(z, y) dz. 
A 


Let 
ican =a feel Gra) day 
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where A(x,y) and H(x,y) are Hermitean kernels, belonging to the 
space LY” (A), while, moreover, H(sx, y) is positive (of positive type). Then 
the linear transformations A and H in the space L$” (A), defined by 


Edy 
eal avi tay des 


are completely continuous and self-adjoint, while H is, moreover, positive. 
The completely continuous transformation K= A H is then determined by 


Kf=AHf= uf A(x, 2) H(z. y) f(y) dz dy = f K (x, y) Fly) dy. 


As we know, the transformation K is symmetrisable relative to H (since 
HK = HAH is self-adjoint), and we observe that every f(x) € L;, satis- 
fying Hf=0, satisfies also Kf = AHf=0. The kernel K(x, y) is there- 
fore what we have called in IV a Marty-kernel. Supposing that 


| H (x, y) 3m 2 || Fix, y) (deg Se. 
AXA 


so that His not identical with the nulltransformation O, the theorems 
proved in IV may therefore be applied to the equation (1). We shall 
not repeat them all here, and only pay attention to IV, Theorems 4, 6 


and 11, since these may be replaced by stronger theorems. Instead of 
IV, Theorem 4, we have 


Theorem 1. (Expansion Theorem). Writing ai=(f, z:) =| fein 


for an arbitrary f(x) €L2, we have 


Lema yydg 7 Bipajpr beep) ih) a) ee 


| Ke ls 9) Flo) dy oo 22 ar yi (n = 2),. 5. oon 


A 


where the function p(x) satisfies the relation 
Hp mie x, y) p(y) dy =0 


for almost every x€ A. 


—- sr” = 
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Proof. Follows from I, Theorem 15. 

Instead of IV, Theorem 6, we have 

Theorem 2, Let 240, and let g(x)¢€L, be H-orthogonal to all 
characteristic functions of (1), belonging to the characteristic value A, 
(If 2 is no characteristic value, g(x) is therefore arbitrary). Then every 
solution of (1) satisfies a relation of the form 


fx) oo — 2) — 5 ay wie) tae 


where a; =fo (x) xi (x) dx for 4; 1 | HA (x,y) q(y) dy =0 for almost 
A A 


every x€ A, and where S’ denotes that for those values of i for which 


A; =A the coefficient of wi(x) has the value [ F(x zi (x) dx. For every 
A 


set of arbitrarily prescribed values of the latter coefficients there exists 
a solution of (1). 

Proof. Follows from I, Theorem 17. 

Instead of IV, Theorem 11 we have 

Theorem 3. (Expansion Theorem for the kernels). We have 


POUeg) — pix y) 2 Ag (x) xi (yy, eS (2) 
where 


[He erpiz.yhdza—0 


almost everywhere in AXA; 
Kn (x,y) Sei vi(x) uly) (nSi. . . - . QB) 


i 


[Kale adde=7u ee aye ae Fe hue eves —t 4) 


Proof. The formulae (2) and (3) will follow from IV, Theorem 9, if 
only we prove that SA; yi (x) zi (y) converges in mean. For this purpose 
we observe that the system Y; = H'y; is orthonormal, so that by 
BESSEL’s inequality 
2 \(H yi. f)? = Z| (vi HA)? = 2 (AF yd)? = 

> \(H'* f, %)? <A fP=(A EA SAE All SA APY 


(7) 


for any f(z)€L,. Taking now f(z) =A (x, z), this function belongs to 
L, for almost every x € A, so that 


Re f Rie alvii)dy= { A(x,2) | af eee dy | d2=(Honf) 
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for these values of x. Hence, by (7), 
Ply)? <A AlP= lH f|AwwaPd, - . @) 


so that 


3a [{ \vils)Pde<||H. f A (2)? deede.. 2. 9 


AXA 


The system ¥; (x) =A" y; being orthonormal, we have for arbitrary 
complex numbers aj, 


q 4 q ; q 
| ae xi (y) |? = EP ai Fi (y) ||? S || H"*|/?. a3 P; (y)\? = 


q 
=||H"|/? 2 ail, 
i=p 


or, taking aj = a; (x) =4; yi (x), and integrating then over x, 


q ne q 
f = di pi (x) xi (y)P dx dy < |e? 2 Bf | (2) |? dx. 
AXA me ius i 


By (9), the expression on the right hand side tends to 0 as p,q>™, 
the same is therefore true of the expression on the left hand side, which 


shows the convergence in mean of >A; w; (x) x: (y). 


From this convergence in mean of 3A; wy; (x) xi (y) follows now, by 
-IV, Theorem 10, that 


ian x) de {r(x x)dx= Di, 
A A 


| Ky (x, x) i As (n 23), 
y L 
where 


r(an= { K(x. 2)p(e.wde 


The formula (4) will be proved, therefore, if we can show that r(x,x)=0 
for almost every x€ A. This follows from the fact that 


([ H.2)p(e.)de=0 
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for almost every x€ A, which implies 


pix, x = fReaeenida f Aton z) p (z, x) dy dz= 
aed [J Hose (2.3) dz | dy =0 


§ 3. The case that A(x,y) is continuous in mean. 


Definition. We shall say that the Hermitean kernel A (x,y) € LY”? is 
continuous in mean if 


[\AGoPdy= [\AG. 9) dy 


is finite for every xe A, and 


lim [ |A(2.u)—A lm 9) Pdy =0 


Xo>X, 


for almost every xe A. 


for x1,x,€ A. 
It is immediately to be seen that whenever A(x,y) is continuous in 


mean, the function h (x) ={a (x,y) F(y)dy is continuous in A for every 
f(x) €L,, so that the same is true of 


=[Kevtwdy= [Ato] [Huta] 


for every f(x)¢€L,. In particular the characteristic functions 
=i" { K(x 9 wily dy 
A 
are continuous in A. 


Theorem 4. (Expansion Theorem). If A(x, y) is continuous in mean, 


and a;= (f, 71) =| Fon @ ax for an arbitrary f(x) €L2, we have 


4a 


[K (9 Fody= 2b aryi ls) +800, 


[k (x, y) f(y) dy = Sai pi (x) (n > 2), 
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uniformly in A, where p(x) is continuous in A and satisfies the relation 


es y) dy =0 


for almost every x€ A. In the case that H(x, y) is a general kernel, 
p(x) vanishes identically. 
Proof. In the proof of the preceding theorem we have seen that 


P2l yi) P<). f | Alea) Pee 
A 


for those values of x, for which g(z) =A (x, z) belongs to Ly. It is not 
difficult to prove that now, since A(x, y) is continuous in mean, there 
exists a constant M such that 


‘[\Award<m, 
A 


so that g(z) =A (x, z) belongs to L, for every xe A. This shows that 
EA; | wi (x) P < || A.M? 
for all x e A. Furthermore, since a;—=(f, xi) =(f Hh’? Vi) =(A"" f, %) 


and the system YW; (x) is orthonormal, we have 
2'|ai? S || A fl, 
so that, if e >0 is given, 
ena Soh Me 
for sufficiently large p. The inequality 
Ele ar ye 2)| <5] ac) SH [we eS 


shows then that the series SA; a; y; (x) converges uniformly in A. Since 


both its sum and { K(x, y) f(y) dy are continuous in A, we may write 


dhs x, y) f(y) dy = 34 ar yi (x) + B(x), 


where p(x) is continuous in A. From Theorem 1 it follows that 
p(x)=p(x) for almost every xe€ A, where. p(x) is the function occurring 
in that theorem, satisfying therefore Hp—=0. Then we have also Hp=0. 
This completes the proof of the first part. 
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That 347 ai i(x)(n>2) converges also uniformly in A is now trivial. 
t 


On account of Theorem 1 its sum is equal to f Kn (x, y) f(y) dy for 


A 
almost every xe A. But, since both this sum and this function are 
continuous in A, equality holds for every xe A, hence 


J ®t (DFW) dy=2Maryi(x)  (nS2) 


uniformly in mh 

Assuming now that H(x,y) is a general kernel, it follows from Hp —0 
that p(x)=0 for almost every x€ A. The continuity of p(x) implies 
then that p(x) vanishes identically. 

Theorem 5. Let A(x,y) be continuous in mean, and H (x,y) be 
general. Let furthermore 10, and g(x)eéL, be H-orthogonal to all 
characteristic functions of K (x, y), belonging to the characteristic value i 
(If 4 is no characteristic value, g(x) may be any function belonging to L;). 
Then the solution of (1) is given by 


flee) =— 22) — 57 Eas yile 


where aj =| 9 ui(x) dx for 4; £4, 5” denotes that for those values 


A 
of i for which 1;=A the coefficient of w;(x) is arbitrary, and the series 
is 
/ 
ea ah, ii) aj Wi (x) 


converges uniformly in A. 
Proof. By the preceding theorem we have 


g(x) + Af (x)= [Ke: y) E(y) dy = 5 di bi yi (x), 


uniformly in A, where b; =(f,.zi). Since 


Ai bi =4i (fF. x) =A (Ff. Hy) =(6 AK yi) =(AKF, yi) = 

=(KfHy)=(9+4hu)=ai ts bir | 
we find b; =—a;/(A—A,;) for 4; 4. Furthermore, the solution f(x) 
being determined except for a characteristic function of K(x, y), belonging 
to the characteristic value 4, the coefficients b; may be taken arbitrary 
for those values of i for which 4; =A. Hence 


fivt= a eie)— Tsay 


uniformly in A. 
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For later purposes we prove 

Theorem 6. If A(x,y) is continuous in mean, the series 31; |yi(x)|? 
converges uniformly in J. 

Proof. In the same way as we have proved (8), we may find 


ZH | pi (x2) — yi (x1) /? S an | A (x2, 2) —A (x, 2)|? dz, 


hence 
lim 2; | pe (2) — yi (x1) |? = O. 


Xo Xy 
By MINKOWSKI's inequality we see that 


(Az | we (2) ?)"* — (Az | pe (261) 7)" | (BAF | we (2) — we (m1) Ps 


I 


the sumfunction of the series Y2;|wi(x)|? is therefore a continuous 


function. Hence, on account of DINI’s well-known Theorem, since the 


|2 


functions 47|p;(x)|?. are non-negative and continuous, the uniform 


convergence of SA; | yi(x)|?. 


§ 4. The case that A(x,y) and H(x,y) are both continuous in mean. 

Theorem 7. Jf H(x,y) (but not necessarily A(x,y)) is continuous 
in mean, the series 32; |i (x)|? converges uniformly in A. 

Proof. We observe first that, if H (x,y) is continuous in mean, the 


functions 7; (x) = [Hl y)yi(y)dy are continuous in A. For every 


A 
f(y)€L, we have (f, Az:) =(Af. H’”: Vi) =(A'? Af, ¥;), hence, the system 
Yi(x) being orthonormal, . 


SA xo I/P= ZEA x)? SA’ AFP SIA]. Al? - iA? - 10) 


on account of BESSEL’s inequality. Taking now f(y)=H (x, y), there 
exists, since H (x,y) is continuous in mean, a constant M such that 


(fl? [Ht y)|?dy <M 


for every x€ A. Furthermore 


(Axi fP=(AA yi f)=(K pi f)=hi (yu=a f He: y) vily) dy=4i xi (x), 


so that by (10) 
24 | xi (x)? <|| Hl]. ||Al?.M 


for every xe A. 
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Substituting now f(y) =H (x, y)—H (x, y) in the relation (10), we 
find in the same way . 


SA a (2) nile)? <1) Al? | [Hey Hews) Pay 


hence 
lim S23 | xi (x2) — xi (x1) |? = 0. 


Xo> X; 

By MINKOwSKI's inequality follows now again that the sumfunction of 
DA | xi lx) |? is a continuous function, which implies, on account of 
Dini's Theorem, the uniform convergence of 3 i | zi (x) |?. 

Theorem 8. (Expansion Theorem for the iterated kernels). If both 
A (x,y) and H(x,y) are continuous in mean, then 

Kn (x, y)= SA wilx)zi(y)  (n>2), 

uniformly in AX A. j 

Proof. It is not difficult to prove that, if both A(x, y) and H (x, y) 
are continuous in mean, all kernels Kn (x, y) (n= 1) are continuous in 
AXA. Since, [by the Theorems 6 and 7, the series 2; |y;(x)|? and 
Di \yi(x)|? are converging uniformly in A, the inequality 


| Hi pi (x) xi (y) | SLA | ye (x) PY (BAP | xe W) P) 
i i : 
shows that, for n> 2, the series SA; w; (x) zi (y) converges uniformly 
i 


in AXA. By Theorem 3(3) the sumfunction is equal to Kn (x, y) 
almost everywhere in A <A. But, both K, (x,y) and this sumfunction ° 
being continuous in A XA, equality is seen to hold for every point 


(x,y)€ AX A. This completes the proof. 


§ 5. The case that A(x,y) is continuous in mean and H (x, y) is 
continuous. 

Theorem 9, (Expansion Theorem for the kernel). If A (x,y) is 
continuous in mean and H (x, y) is continuous, then 


K (x, y)—p (x, y) = 24: wi (x) xi (y), 
uniformly in A X A, where 


pcan ie p(z,y)dz=0 


for every point (x, y)e A X in 
Proof. *) Since H(x, y) is continuous, the transformation H'! is, on 
account of II, Theorem 10, given by 


lta x,y) f (y) dy, 


3) The beginning of this proof is identical with the beginning of the proof of V, 
Theorem 5. For the sake of completeness, however, we shall give the proof in full. 
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where f | Fit), (x, y) |? dy is bounded. For almost every x,¢ A and almost 


A 
every x,€ A we have now 


i; | Hy, (oq. y) — Hy, (xe, y) 2 dy = 


uf { Hy, (x2. y) — Hy, (x, 9)} Hy, (y, 22) — Hy, (y, x1)} dy = 


= H (x2, x2) — H (x2, x;)— H (x, x2) + H (x, x1); 


consequently, there exists for every « >0O a number 6(c) >0 such that 


[Fi dH (en ai dy Se eee ki 


A 


for almost every x,€A and x,€A, if only the distance 0 (x;, x2) of 
the points x, and x, satisfies 0 (x,,x2)<( 6. Furthermore we have 


i (eh ar Paes xy) —Hy, (xp y)} ¥% (y) dy: 


hence by BESSEL’s inequality (the system ¥Y;(x) is orthonormal) and (11) 


p 
Zhu le)—m x P< (1H (xq. 9) = Hy, (x, 9) Pidy ee ea) 


{= 


A 


for almost every x,€A and x,€A, if only @(x,,x2)<6. Since however 
the functions x;(x) are continuous in A, the left hand side of (12) is 
continuous in x, and x2, so that (12) holds for all x,,x,¢€ A, satisfying 
0 (x;, x2) <. 6. Observing now that p is arbitrary, we obtain 


lim 2 | xi (x2) — xi (x1) |? = 0, 
Xo-> Xy : 


so that, by the device used already several times, we see that »|7;(x)|? 


converges uniformly in A. By Theorem 6 the same is true of '4;|yi(x)|3; 
the inequalities 


S| Ai pi (x) 1 (y)| S (Bi | wi (x) 7)". (| xe YP, 
2 | xi (x) xi (y)| S (2'| te %) 7)" « (S| xz (y) 7)" 


show then that the series Y'2; yi; (x) xi(y) and yi (x) zi (y) converge 
uniformly in AXA. Writing 


H(z, y) =p; (2.9) =Dwelz) 7g) <2 ae eee 
we see that p,(z,y) is continuous in A XA. Multiplying (13) with 
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A(x, z), and writing p(x, d= A (x, z) p; (z,y) dz, we find, since we may 


A 
use term by term integration on account of the uniform convergence, 


K (x, y) — p(x, N=2{ A (x, 2) xi (z) x: (y) ea AAD; (x) x: (y) 


for every point (x, y)e AXA. It follows from Theorem 3 that 


a(x, d= | He 2) p (z, y) dz =0 


for almost every point (x,y)¢ AXA. But, as may be seen easily, 
q(x,y) is continuous in A XA, so that Ghee y)=0 everywhere in AXA. 
This completes the proof. 
Theorem 10. Jf A(x,y) is continuous in mean, and H (x,y) is 
continuous and general, then 


PO ya Sd Ar a(x) x2 (y). a so ay ED) 
uniformly in AXA. 
Proof. By the preceding theorem we have 
K (x, y)—p (x, y) = 2 Ai wi (*) x: (y), 
uniformly in A XA, where 


p(s y)= {Ale 2)pi (ey) des. Ate) int coe ORLA EE 


Pi (x, y) is continuous in AXA, and 


[Heap de=0. 


Since H (x, y) is now general, Hp =0 implies p=0, so that, for every 
ye A, p(x, y)=0 for almost every xe A. It follows however from (15) 
that p(x,y) is continuous in x for every ye A; hence p(x,y)=0 in 
AXA, which proves (14). 


Theorem 11. Jf A (x,y) is continuous in mean and general, while 
H (x, y) is continuous and general, then 
HT (x, y) = 2 xi (x) xi (y), 
uniformly in AXA. pis 
Proof. We know already (cf. the proof of Theorem 9) that d'7; (x) zi (y) 
converges uniformly in AXA, and by the preceding theorem we have 


4 


K(z.y) — 241 yi (z) xi ( n= { Alea) (z, x) {H (x, y)— Dui (x) xi (y)} dx =0. 


40 
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Hence, since A (z, x) is general, for every ye A, 
Hi (x, y)— 2x (x) xi(y) =O». 2 SG) 


for almost every xe A. Both H(x,y) and Syi(x) xi(y) being however 

continuous in A ><A, the relation (16) holds for every point (x, y)e AXA, 

so that ie Aan 

A (x, y) = 2 yi (x) xi (y), 

uniformly in AXA. 
Remark. It is not difficult to prove that, if A(x,y) is not general, 

(16) is not necessarily true. 


§ 6. An example. 


We shall illustrate the theorems, proved in the preceding paragraphs. 
by an example showing that the functions p(x) and p(x,y), occurring 
in the Theorems 4 and 9, need not vanish identically. 

Let, for this purpose, A be the linear interval O< x <2z2, and f;(x) 
the orthonormal trigonometrical system, hence 


t, (x) = (22)-"2, ton(x) =a cosnx(n > 1), tensi(x) =a? sinnx(n1). 


It is well-known that the system f;(x) is complete in the space L, (0,22) 
of all functions f(x) for which | f(x) |? is summable over A. We determine 
now the sequences (M3, M4,... and 13, %4,... Of positive numbers such that 


lim, a7 == lim ¥;=0,, Ba he Se on ee eee Zui Ce 


and 3'v;< o. The Hermitean kernel A(x, y) and the positive Hermitean 
arn H (x,y) are then defined by 
A (x, y) = 4 {ti (x) + t (x)} 1h (y) + & (y)} 

— $16 (x) (x)} fh) Gy) + Sot (x) oy), 


H (x, y) =, (x) 6 (y) + 2 acti (x) try). ° 


It is clear that both series are converging uniformly in AXA, both 
A(x,y) and H(x,y) are therefore continuous in AXA. We find now 


K (x, )= | Ale) Hy) dz =) 6) + Sor ait (a) tl), 


and we observe that 
Ht —42 Ho =O, Bia aah (i= 3,4) wes), 
At} =f, Ah=f, Ah =rh C= 3,458), 
so that 
AHt, =t,. AHt,=0;, AB Sri (ie 34s 
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To find the characteristic functions of K(x, y), belonging to characteristic 


values #0, we write AHf=J/f for f= > ajt; and 40. From this 
f=1 


we derive 
a a 
1 


hence a; =a,=0 and 7; yj aj =A a; (i= 3,4,...). Since »; uj Fe wx for 
ijx-k we have therefore 1=»,% ux for a certain value of k (3) and 
aj =O for i#=k, which shows that the functions ax t,(x) (k =>3) are the 
only characteristic functions with characteristic values #0. Making them 


H-normal, we obtain a, =~", so that, for i=1,2,..., 
Ai = Vi+2 Mit2» 
wi (x) = Mita ti+2 (x), 


ni (x) = Api = miso? Aina = miso’? tite (x), 
hence 


» Ai yi ( x) x: (y) j= 21 Mi ti ( x) ti i (y) = K (x, y)—t2 (x) ty (y) 


or 
K (x, y)—p (x, y) = 2 Ai wi (x) xi (y); 
uniformly in A XA, where 


p (x, y) = t2 (x) t (y). 
Evidently 


as required by pacers 9. 
Furthermore, by Theorem 4, 


i K (x, y) f(y) dy = 341 ar yi (x) + B(x), 


A 


where a; =| fle yi (x) dx and Hp = He y) p (y) dy = 0. 


f (x)= (x), we have 


aos y) dy = Kt, = AHt, =h (x) 


and 
aj = (ty, xi) = Mi+2'*(t), ti+2) = 0; 
hence 
t, (x) = p (x). 
Evidently Hp=Ht,=0, as required. 


Taking 


Mathematics. Lattice points in n-dimensional star bodies II. (Reduci- 
bilityTheorems.) By K. MAnHLER. (Fourth communication.) (Com- 
municated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of April 27, 1946.) 


§ 15. The star body | (x? + x32) x3|<1 in Rg. 
By another theorem of H. DAVENPORT 16), the star body 


K: Naed acre oc 
is of determinant 

WKS @3)72: 
Let a, B be the two complex conjugate roots and y the real root of 

e—t—1=0. 
Then the lattice Ag defined by : 
Ag: x, x2i=u, + au2+ 07 u43,.x,—x2,i=u, + Buz + P?u3,x3=u4, +yu2+)7 U3 

(u;, up, u;—0, + 1,+ Pea | 

is a critical lattice of K, and every other critical lattice A of K may be 
written in the form 17) A= Q Ap where Q is one of the automorphisms 
Q: Key abe Ny cee hg igs a Nea me a eae eee Eee 
of K, and where fy, fo, fg are real numbers such that 

nt) fae 


Theorem N: The star body K: (x? + x3) |x3|=1 is boundedly 
reducible. 

Proof: It again suffices to show that Ap is a strongly critical lattice 
of K. Now Apo contains the point 


Poa (a, tie a 


on the boundary of K, and it is evident that every neighbouring point can 
be transformed, by one of the automorphisms 2 near to the unit auto- 
morphism, into a point collinear with O and Po. 

Hence the assertion is proved if we can show the following result: 
There exists a bounded star body K* contained in K such that 


d(A") Sd (ds) 
16) Proc, Lond, Math. Soc. 45 (2), 98—125 (1939). 
17) This result is proved, in slightly different form, in L. J. MORDELL, Journ, Lond. 
Math. Soc. 17, 107—115 (1942). 
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for every K*-admissible lattice A* which is (i) sufficiently near to Ao, and 
which (ii) contains a point P* arbitrarily near to Po and collinear with 
O and P». 


Now every latice A* near to Ap can be written in the form 
vi 0 


Z 2 ik 7 Meal 4 
ha x; — 0 + oF +5 sel v3, man +4 = U3, 


x30, + 702+ 7? v3, 
with 
vy = 4, + (ay; Wy + a2 U2 + a43 U5), 
V2 = 4, + (ag; U; + a22 U2 + 23 Us), (uy; 42, 1; = 0, F 1, 2, ...,), 
V3 = U3 + (a3; Wy + 432 U2 + 233 U3), 
where the coefficients anx are real numbers such that 


a= "max | ay! 
h, k=1,2,3 


is less than any given constant. The point P* corresponding to Po is 
yg p corresponding 


Peat CX Xay x3) where 


2 2 a 
iaita tot a, = am 431, wis oF an + SF an, 


%3= 1+ ay + yan +7? as, 
and so P* is collinear with O and Po if and only if 
(a) : ap, = a3, = 0, 


because the three points 


(1, 0, 1), ee a7 8 ” ae of? 7) 


pel Re Peels 
are linearly independent. We consider from now on only lattices 
satisfying (a). 
Put for shortness, 
S (U) = (a, + auz + a7 45) (uy, + Baz + Bas) (uy, + 74, + y? 03) = 
a= (> 03) 2, -F (— a? + 2 a5 0? — 0.02) = 3 w 4, 

so that 

(Xe te aa ge (CL) ; 
for the point of Ag belonging to U = (uy, ue, ug). For the corresponding 
point of A’*, 

bet x2) oc (V)), 


or on replacing V = (v4, vg, vg) by its expression in U, 


(x? -+ x?) x, = S(U)+ T (U). 
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Here 
TAC) =A A, 18 ++ A, v3) -- (B, u3 a, +B, 3 a, <- B, a2 a) 
+ (Cea, a + Cla)? + Cou) -- Danas 


with the coefficients, 


Ai= 3a, + Oia, 
A,;= 3 a2? = als + O(a}; 
A3;= 3 a33 — 423 + a3 + Ofa), 
B, = —3a.+3a23—2a32— a,3+ O(a), 
B,= a1 + 2 a3; —3 a3 + 4 a;3-+ O (a). 
B,= 3 a2 + 3 a32 ++ Ofn) 
C,= — an—2a33+ a2 +3 a— 38,4 O(a 
C,= ‘4a, + 2 a33 + 3 a3 + O(a’), 
C3;=— ay—2ay — 3 a3, oe Oar 
D =—3a,, —3 422 — 3 a33 + 4 a,2 — 2 93 + 2 832 + O(a’). 


In all these formulae, the O-term consists of the products of two or three 
of the an. If 


A = max (| A, |, | A2|, | As], |Bi|,|Bo|,| Bs], |Ci|, | C2], | Cs], | DI), 
then these formulae imply, in particular, that 
A= O(a). 

On solving for the coefficients anx, we find that 
3 ayy = A, + O(a’), 
69 az. = 2A,+27 A, +9B, +6C;+ O(a), 
69a,,—=— A, +27A;—9B, + 3C, + O(a), 
23 a2 = 2A,+ 4A, +9B; +6C;+ O(a?), 
23 a,,—=— 114A, — 2A,;—7B, +10C, +O (a?), 
23 a,,—— 3A,— 6A, —2B; —9C;+ O(a’), 
23 a,,=—10A, LA, te? Bs he] Gy + O(a?), 
and also obtain the three identities, 

B,=—A, — B,— B; +C, + O(a’), 

Cy= A;— AQ —C,—C,;+ O(a), 


v 
| 
| 

es 


—A;+ B,+B;—C, + O (a), 
and the inequality, 
a= O(A)p Gla} =O 44): 


So far, the star body K* has not yet been defined. Let then K* be a star 
body Kt where f is so large that all points of Ag for which 


S(U)=1,- |u| <3, | u.| <3, |u3|<3 
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belong to K*. Then the ten points of Ap given by 


i —10-0,0), (0312 0),.(0, O71) (0) 1.1)) (— 1, 0,1),.(1,-6, 0), 
(0, —1, 1), (2,0,—1), (—1,.1,0), (1,1, 1), 
satisfy the equation, 
StL) aa 


If A* is K*-admissible, then the points of A* belonging to the same U 
cannot be inner points of K* = Kt. The numbers 


Ay, 42, 43, By, Bo, Bs, V1» 72» 73» 9 
defined by 
Teele a | Oe. 1 1s f,,02 ( 0,—1, lh y;, 
F010), T(—1,0,1)=6, T( 2, 0,—)=n, TUL1)=6, 
PO Os 04-21 (2 1,4, 0) p;, T(—h 1) O43, 
are then non-negative since 
(eae Ul) fd (CF) = 1-4 7 (U) SI 
for these points. 
Hence, on substituting in T(U), 


ap=> "Ay, 
= Ar, 
i As, 
A= A,+A3+B, 5 ere 
P2=—A, + As; seal A + C,, 
go A; -+ A, eye Ca, 
V1 —A,+A3+ B, eas; 
Yo 8A, — A; + 2B, — 4C,, 
y3——A,+A, ; + B; — Cs, 


i= A, +A,+A;3-+ B, +- B,+B;+C,+ C,+C3;+ D, 


and conversely, 


A, = ay, 

As a, 

As a3 

B, = — d3- 4 By +t" 

By = 2 a, + $ a3 —2 Bo —4 5 

B; = —a, + + Bs See 
Cc, = agent: + +P; es hf 

C,= 3a + $43 ae ie —+¥n 
C;=— gq + + Bs — 373 


Di=—5 a+ a,—2a,— Bi t+3fP,— Bs Mo +. 
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We deduce from these formulae that 
,=—- a, + dy — ¥ a3 + 2 By — Bs +432 + O(a’), 
i No ay Ay + ¥ Gs —$%2—> Ys + O(a’), 
d= 3a,—2a,+ $a,—26,+463;—472+473+0 (a?). 


Hence, if 


6)), 


|) \vale Isl. 
then all three numbers a, A, a are of the same order, 
a==O(a)= O(A),210 (a = Ole) OTA =] Oe: 
Finally, the lattice A* is of determinant 


ao), 


a = max (|a,|, 


ltay a2 413 ) 
0 1+ a22 a3 = d(A)) (1 + 9), 
| 0 432 1 + a33 | 


d(A*)=d(A,) 


and here 


5 = ay, + ay + a33 + O(a’), 
=7(8A,+9A,+9A;—3B,+3B,+C,+2C,)+ O(A, 
= gy (3.0, +60, +50,+58.+ $23 +72+473) + O (2). 


We find therefore, just as in the last proof, that 
either 
o>0, d(4’)>d (Ap), 
or 


do=Ojpd (1) Sai) 


and that the second case can hold only if a= a= A=: 0, that is, if A* 
coincides with Ap; whence the assertion. 


§ 16. Some further examples. 


I have applied the method of the last paragraphs to three further star 
bodies in Rs and Ry. From the well-known results of A. OPPENHEIM 18) 
on the minima of the indefinite quadratic forms in three and four variables, 
I have so deduced that 


the star body Ky: | x? + x3 — x2| <1 in R; with A (K,)=/ &. 

the star body K2: | x? + x2 + x2 —x?|<1 in R, with A (K)= [745 
and the star body K;: | x? + x2 —x3—x?|<1 in R, with A(K3)= 3 , 
are each one boundedly reducible. As before, Theorem L is the basis of the 
proof; since no new ideas are used, I omit this proof. 


18) See L. E. DICKSON, Studies in the theory of numbers (Chicago 1930), chapters 
8 and 9. 
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In all these examples of boundedly reducible star bodies, it would be of 
great interest to obtain irreducible star bodies of equal determinants 
contained in them. 


§ 17. Applications. 


The following theorems show that the preceeding results can be useful 
for other purposes. 


Theorem O: There exists a positive constant c with the following 
property: If ay, az are real numbers, and t is a positive number, then there 
exist integers U1, Uo, ug not all zero such that 


3 
ul, — a, tt,)" it; —‘a5 ,)*{ az | — =, 
{(u4 1 43)? + (2 el epee 
(4, — 4; 43)? + (uz — a uP, |u3|St 


Hence if a,, a are irrational, then there are arbitrarily large integers 
1 G2 g g 
U4, Ug, U3 such that 19) 


2 2 
(s—*) +(5—*) Saar 
Proof: By Theorem N, a positive number r exists such that 
k*: beet) bea roeely taxes tke cee 
is of the same determinant as 
K: (x? + 3) [oes <1, 
namely A(K) = A(K*) = /[/ (23)/2. On applying the transformation 


Q: ee Tee et ne, eX te 1 (E> 0), 
of K, we find that 
Ke? era) oe, hes oe ee edie 4 xed er? 


is likewise of determinant A(K*) = A(K) = (/(23)/2. Let A be the lattice 
[23 
a 


Since d(A) = /Y (23)/2, at least one point P ~O of A lies inside or on 
the boundary of K*; let this be the point belonging to the integers uj, uy, uy 
not all zero. Then 


A: x,;=u,—a, U3, X2—=u2.—a, U3, X3 = ts (ay, 017.3 — 0, 1,2...) 


a 2 
{(4;—a U3)? + (42-4 3)} [us| S (33° 

2 2 2 23) = 2 
t? {(u;—ay 3)? + (u2z—ap u3)?} + 414 uy, 


19) A slightly less exact result is proved in a joint paper by DAVENPORT and myself, 
in DUKE Math, Journal*13, 105—111 (1946). 
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hence 
(u;—a, u3)? + (u,—a Pats Pie 
1—4 U3 I Nak Aan ie Te aS ipo 
If now 
PEN 5: cs 23 0 \ss 
tel a9! aa i 
then 
c 
(4;—a, u3)? + (42—a us)? S ee | 15 | S t, 
as asserted. — Assume next that a, is irrational and that ¢ tends to infinity. 


Then uz is different from zero for sufficiently large t,and since | 1; — a, us| 
tends to zero, |u3| tends to infinity. 
In a similar way, Theorem M leads to the following result: 


Theorem P: There exists a positive constant y with the following 
property: If By, Bg are real numbers and t is a positive number, then 
integers V4, Vg, v3 not all zero exist such that 


V1 V2 (B; vy + By ¥2 + ¥3)| St, 
lnj<t jel<s [bathe tel<z. 


Assume further that B,, Bo have the following stronger properties: (i) 
Py, Bo, 1 are linearly independent over the rational field. (ii) When the 
integers v, v’, v” tend to infinity in any way, then 


lim v?|f,v+0'|=o, limv?|p,v+0” |=. 


Under these conditions, there exist an infinity of triples of integers v1, V9, v3 
all different from zero such that 


1 
O.< | Pi vg + Poeac 03 | ee 


7 | vy v2 | ° 


The results on boundedly reducible star bodies are also of use for 
obtaining asymptotic formulae for the determinants of certain star bodies 
depending on a parameter 29). For instance, it is easy to deduce from 
Theorem M that when a> 0 tends to zero, then the star body 


Ky: | 2, |*+|x2|*+]x3|*<1 is of determinant A(K,)=+ e~7/*(1+O(a)), 
and the star body 
Ky: (|x ,|*+| x2|*)|23|7?<1 is of determinant A (K2)=+ e~!* (1+ O(a)). 


I remark, finally, that the just given examples of boundedly reducible 
star bodies in R3 and Ry are all automorphic, and even satisfy the stronger 


20) or a special case, see my paper Proc. Cambr, Phil. Soc. 40, 116—120 (1944), 
in particular the proof of Theorem 4. 
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conditions of Theorem 23 of Part I. This suggests that the following 
problem has an affirmative answer: 


Problem 10: Js it true that every automorphic star body is boundedly 
reducible if it satisfies the conditions of Theorem 23 of Part I? 


§ 18. An addition to Theorem 9 of Part I. 


In Theorem 9 of Part I, A(K) was proved to depend continuously on 
K if K varied in a rather restricted way. To conclude this Part II, we 
prove a more general continuity property of A(K). 


Theorem Q: Let F(X) and F,(X) (r=—1, 2, 3, ...) be distance 


functions in Rn such that 


lim F, (X) = F(X) 


ro 
uniformly in X on the unit sphere |X| —1 21); and let the star bodies 
heer et cand. Ky: F(X) 1 (r= 1,2, 3, ...) 
be of the finite type. Then 
lim inf A (K,) > A (K). 


r>o 


Proof: Let > 0 be arbitrarily small. By the Corollary to Theorem 10 
of Part I, there exists a positive number ¢ such that the determinant of the 
star body 


Kt; 158 @.9) Fe) & Pee 
satisfies the inequalities, 
(1—e) A(K) SA (K4)) SA (R). 


There is further an integer ro = ro (¢) such that 


F,(X)<1+e for the points X of K* if rT: 
hence K* is contained in (1 + ¢) Kr if r= ro. This implies 
A (K*) S(1 + 8)" A (Ky) if r> 1, 
whence 
A (K) (ite A (K) > Tee A (RK) if r> 1. 
For e > 0, the assertion is obtained. 
In the result 
lim inf A (K,) > A (K) 


ro 


of Theorem Q, the sign ”=” cannot always be replaced by the equality 
sign, as the following example shows. 


21) This implies the uniform convergence in every bounded set. 
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Theorem R: For every dimension n, there exist star bodies K and Kr 
(r= 1, 2, 3, ...) in Ra satisfying the hypothesis of Theorem Q, but 
such that 


lim A(K,) exists and is greater then A(R). 


r>o 
Proof: Denote by c>0 a constant which is so large that the sphere 

H: [Ais 

is of greater determinant than the star body 

K: F(X)<1, where | F(X) =|; %.5 sXat7s 


denote further by r= 1, 2, 3, ... the sequence of all positive integers. 
The distance function 


2 2 1 
os oa oe * oa x a 
1 —1 
oe n + p2(n-1) <2) 


FeUX\ = min } F(X), 3 ( 


\ 


is 


defines a star body K,: F,(X) =1 which contains K and is easily seen 
to be of the finite type. The automorphisms of K, 


Q-: iy SS r'K ag oes ee er ee ee ee 
change K,; into K,; hence 
AAK == 25. (K3) S00 (3) ee 


rao 


On the other hand, 
A (K;) = A(A)> A (kK) 
since K; contains H; hence 


lim A (K;) > A (K). 


ro 


Consider now F;(X) on the unit sphere |X| = 1. Here 


, : 2 Ia n—1 
PU) <0 oad = | EAS 


rc Cc 
and so 
F, (X)= F(X) unless |x,|<cr7"". 
If further : 
| a] Scere") Al 1, 
then 
F(X)<(er-"y'", OS F, (X) < F(X), 

whence 


| Fr (X)— F(X)| S F(X) Sere aye, 
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and here the right-hand side tends to zero uniformly in X, as asserted. 


Theorem Q leaves many interesting questions unsolved. For instance, 
the star domain 


Ki: M(x?) (x22 x2) <1 
is easily proved to be of the finite type; is A(K1i) a continuous function of 2? 
January 11, 1946. 


Mathematics Department, 
University of Manchester. 


Mathematics. — On the G-function. 1V. By C. S. MEIJER. (Communicated 
by Prof, J. G. VAN DER CoRPUT.) 


(Communicated at the meeting of April 27, 1946.) 


§ 10. Second expansion formula, 
Theorem 2. Assumptions: k,l, m, n, p and q are integers with 
q=1, 0=l-1l=n=p=q and 0O=mEk=q:. . (111) 


the numbers ay,...,an and by,..., bx fulfil the conditions (1), (99) and 
(100); r is an arbitrary integer which satisfies the inequality 


r= Max(0,k+I—m—n) . ... . . (112) 


Assertion: 


mn (2) = AMET 5 OMOEA) GEE oles mn teint 
i (113) 


te 
141 k,l ' 
+ 2 elm+n—k—1+2r)xiag AMO + (Gre (zelk+ I-m-n-2r)zi || a,) , 
Proof. We may distinguish three cases: 


First case 
1=SlEn=p=q, k+l—n=mE=k=q, r=0. 


Formula (113) can be established by induction. If r= 0, then (113) 
reduces to (102) with 2 = 0. We may therefore suppose r=1 and assume 
that (113) with r—1 instead of r has yet been proved. 

Now we have by (58) 


ee (zelk + -m—n—2r + 2)2i | aj e2riay Gil I,n (z elk + I-m— eas 1 a) 

—2 nietiat Gia 1; T(z elk + l-m—n-2r +1)ai), 

If this is substituted on the right-hand side of (113) with r—1 instead 
n—I+1 


ofr,thesum J not only gives the corresponding sum in (113) but also 
t=1 


° k,l-1,n k+l 1 Mumia: k-14+2r—1)ni m,n—I+1 
—2ni Gra , (ze +l—m—n-2r+ yet) > e(mt+n—k—-1+2r— )iay A k (t) 
= 
and this expression may by means of (59) be reduced to 


Ate Pe pais Be (r—1) Gar I-1,n (z elk+l-m-n—2r+1)z1), 


since ("4 *1(k + L—_m—n—r) = 0, because of k + 1—m—n—+r S—1. 


tt ed 


633 


It follows therefore that the sum 'y on the right-hand side of (113) 


s=0 


with r— 1 instead of r reduces to the sum io in (113). Thus the first case 


s=0 
is finished. 
Second case: 
1=SlE=n=p=_q0=m=k4+l—n,r=k+l—m—n. 


This case may also be proved by induction. Owing to the first case 
formula (113) is true if m=k+I1—n. We may therefore suppose 
0<m<k-+I1—n—1 and assume that (113) with m+ 1 instead of m 
has yet been proved. 

Now it follows from (113) with m + 1 instead of m, ze-7! instead of z 
r—1 instead of r and s replaced by s—1 


‘al 
et Om+ epee " (ze-*!) = et! Omt PX tia Ss eee oy (Outs hate (s—1) Gree” (zelk+ !—m—n—2s—1) =i) 
s=1 


era i m+1,n—1+1 CARY pets 
+ p elmtn—-k—142r)riay ei (bm+1—44) /\ Lee (t) Grid (ze! ahi ara) 


We further have by (113) with m + 1 instead of m and ze”! instead of z 


en! Om+1 Gey pdzety— — eM b m+ cA aah n— rf os qmt Fi aoe es \Gre I-12 (z elk+l-m—n—28-1) i) 
s=0 


gaits m+1, ears k,i,n k+l 2r) xi 
+ = elmtn—k—142r) i ay eri (a¢—b my) A\ (t) Gre (z elk ti-man= r)n || az). 
=1 


From these two relations and (55) it appears 


ib 

Gpa (z)=— any an gmtin- 14 0) Gore 2? (zelkt!—m—n-1)al) 

ni 

e-tiOm41 1 141 a is ments 

. So Ants 5 }Q” M141 (5) e271bm41 Q (s—1)} X (114) 
x< Gy” (z elk +!—m—n—2s—1)7i) 

She 1 st. elm+n—k-1+2r)xia¢ sin (bm4;— art) 2 Amtina i (6) GbE (2 elk+1-m—n—2r) || a4), 

7% t=1 


Now it is obvious on account of the definition of the coefficients A 


eo m1 


+1,n—14+1 m,n—I+1 
ie A”™ tee ae che 
I 


Moreover we find without difficulty in view of the definition of the 
coefficients Q 


Qmtuncit (0) — eres (0) 
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and 
Qmtin-tH (s) — e2*!m41 orn (s—1)= Qrn—ltl (s). 


Finally it follows from the definition of the coefficients A that 


= sin (bm4i—az) 2 ne ate n- bh ( j= on n— a ( t). 


Formula (114) is therefore equivalent to (113). So the second case is 
also finished. 


Dhirdiiea's-e 
q=lna=Il—-1, 0=Il—1l=p=q 0=m=k=gq, p= Ae 


From the definition of the function G we easily deduce 


a ra 

===, Gj +1 se 
Qt 

Sipe a. p ; 


herein is a an arbitrary number. 


O24, «+ y Op 


m,l—1 . 
Goa (: 2 aS ae geet 


To the function eA 0 | on the right-hand side of this relation we 
may apply (113) with n —1, k +1 instead of k, p +1 instead of p and 
gq +1 instead of g. Now it is clear, on account of the definitions of the 
coefficients A, Q and A and the function G, that in the particular 
case under consideration (a, a;,...,ap instead of aj,a9,...,ap4, and 
b,, ation br, a, bes ly sees bg instead of by, Phe bg +1 ) 

An et = Anh, Qs (s) = Qk (5), 
Grier Oe Gaia 7-1, [+1 (¢) 


and 


We therefore get (113) with n =1—1 when we apply (113) to the 
right-hand side of (115). 
With this the theorem has been completely proved. 
§ 11. Third expansion formula. 
Theorem 3. Assumptions: k,l, m, n, p and q are integers with 
=1, 0O=h1=n=p=q 0=m=k=q and m+n=k-+1; 


the numbers aj,...,an and by,..., bx fulfil the conditions (1), (99) and 
(100); r is an arbitrary integer which satisfies the inequality 


0=rZ=k+Il—m 


>a S. 
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Assertion: 


r-1 
Grr (z) —— ACtare = ee epee (s) Grow (z edi —m=n-25—l)l) 


a k+ = 
A D> QT (1) GE” (zelmtn—k—142541)xi) (116) 


ss PW 
n—I+1 I 

+S elmtn—k—-l+2r)ziag AM" (41 (t) Gra Zeit ama hab). 
t=1 


Proof. The theorem can be established by induction, The formula is 
true if r—k +1—m—n, since (116) with r—k +1—m—n is equi- 
valent to (113) with r=k+1—m—n. We may therefore suppose 
QOsrsk +1—m—n—1 and assume that (116) with r+ 1 instead of r 
has yet been proved. Now it follows from (57), if n=, 

Cie (z elk+l-m—n—2r—2)i || a1) — e- 21a Gra (zelk+!—-m—n-2r)ai || a1) 


+2 ni e~miar GEM (7 olk-+t-m—n—2r—-1)ni), 


If this is substituted on the right-hand side of (116) with r+ 1 instead 


n—1+1 n—1[+1 
of r,thesum J) not only yields the sum |» in (116) but besides 
t=1 t=1 
akin 9 ese Spe ; m,n—1+1 
2 ni oe ¢ (zelk+! m—n—2r 1) zi) st e(m+n k—I4+2r+1)ziayz WS ; (t) 36) 
: #=1 


and this expression is by (59) equal to 
— GEE (z elk + L-m—n-2r-1) i) ace fe Qmn—it (c) 


A erat Ue ogee, (k ue I—m—n—r—1) . 


ig k+l—m-—n—r—2 
The sums >’ and > on the right-hand side of (116) with 
s=0 7=0 
r-1 k+l—-m—n—-r-1 
r+ 1 instead of r reduce therefore to the sums 3’, respect. Po 
s=0 t= 


in (116). So the theorem is established. 


§ 12. Extension of theorem 3. 


In the same manner as formula (113) we may prove the formula con- 
jugate to (113) 


Soy. (z) = ea S Ores (s) Gore (z elmtn—k—I+28+1) x1) 


=0 
| s (117) 
n—I+1 i 
" elk+l—m=n-2r) xi ay T tat ies (2) Gb" (z elm+n—k-1+2r) i || a4), 
t=1 
n—I+1 


Bg 


36) This is still true if n =/—1, since the sums = then vanish. 
t=1 


41 


636 


This relation holds, provided that the conditions (111), (112), (1), (99) 
and (100) are satisfied. 
We now replace r by k + 1— m—n—r and s by t. Then formula (117) 
reduces to 
m2) Amn oe ae omnia, Gog 8 (zelmtn-k-1420-+1)21) 
<==0 


(118) 


I+! 
a eit elm+n—k—1+2r) ai ag AM" IFT (8) Gh (eelttiom-n-2n ays 
t=1 


herein is r an arbitrary integer which satisfies the inequality 
r=Min (0,k +1—m—n). 


We may now show that formula (116) holds under conditions which are 
much more general than those of theorem 3. Indeed, I will prove: 

Theorem 4. Suppose that k,l, m, n, p and q are integers which satisfy 
the conditions (111); further that the numbers aj,,...,an and by,..., be 
fulfil the conditions (1), (99) and (100); finally that r is an arbitrary 
integer (positive, negative or zero). 


Then formula (116) is valid. 


Proof. Observing that Q™" {'(s) and Q™"{*'(s) vanish for 
s = —1,—2,—3,..., we may distinguish six cases 37): 

First case: m+tn=k+l1, r=0. Formula (116) reduces to (113). 

Second case: m+n2k+l, k+l—m—nsrs0. Formula 
(116) reduces to (102) with 42 = —r. 

Third. case: m+nZ2k+l1, rsSk+1—m—n, Formula (116) 
reduces to (118). 

Fourth case: m+nsk+l, r2k+l—m—n, Formula (116) 
reduces to (113). 

Fifth case: m+tnsk+ Ll OSrsk+l—m—n. This is the 
case of theorem 3. 

Sixthcase: m+n<k+l1,rS0, Formula (116) reduces to (118). 


§ 13. Some more lemmas. 
Lemma 19. Suppose that k, l, p, q, x and y are integers with 
l=1q=1,*«=1, 0D=v=k=q and 14+»—-l1l=p=q: 


suppose further that the numbers ay,...,a,4,-, and b,,..., bx satisfy the 
conditions 


aj— ba 1,2,3,... GSr+1,... l-r—1;h=1,...,k), (119) 
aj—azr 7-0, +1,+2,...(f= 1, vitHl,.... ms FO: (1205 


87) Comp. also definition 4. 


_— ova 


——————— SS LE eee 
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Then the following formula holds 38): 


k—v+7—1 


Gre = SDE (h) Gag Ce) 


(121) 
Bet »+27—1)nla, A%* (o ) Geen. (4 e(2”—2k—2x+1) i || az). 


/ 


Ane 
Proonm ttewe, put m— 0, n=1+y—1, r= k—y +.x% and 
z=Ce-*! in (113) and suppose that » < k, then we find (121), because 
of (5) and (50). 
Lemma 20. Suppose that k, l, p, q, x, A and y are integers with 
l=1q=H=1il=i=z,0SvSk=q and l+v—1=p=dq: 


suppose further that the numbers aj,...,a,4,_,; and b,,..., bx satisfy the 
conditions (119) and (120). 
Then the following formula holds: 


k—v+x— 
oe 1,l+v-1 (0) a= 2 * Bk (h; 2) Gp 1,/+v—-1 (4 el-2h—24+-2)1) 
=1 


(122) 


0 o pee ie (1; t) y elk—v+24—21—-I) ria, A% (6 Get lj l+v— TC ele —2k—2e+ I) ri || az). 
k 7=0 o=1 


Proof. From (74) (with A= 1) and (73) (with 2 = 0) it follows 
Bora yas 30 eth) 6s sf Be (B23) 
We further have by (74) if 4A41—h’ 


/ 


Ol (h; A) = — Fora; 5 t) Qk (A+ A—t—1) — BP? (1; A—1) Ox (A); 
in view of (74) we find therefore'if 1 ~1—h 
OP) (hs a) = Oh (h + 134-1) — Ore (1; 4—1) Qu (h). . (124) 


From (123) and (73) (with A= 0) it appears that (122) with 4= 1 
reduces to (121). Hence we may suppose 2 <A <~x and assume that (122) 
with 2— 1 instead of 4 has already been proved. 

Now formula (122) with 4—1 instead of 2 may be written in the 
following way 


Ge [-1, l+v— a4 BPO :A—a1) Gea (f el-24+2) 1) 


vik (+13 A—A) Gpig "1" (Leah asa) (125) 


1 k,0 at Gee he 31a BEN 
— Ae Pe D,’; (1; 1) bs elk— —v+2%—2t—l)nla, (0 )G "(Ce 2k—2++1) Hols 
38) The products A® 4 (9) (Clg Llty-1 (yy || wh on the right of (121) must be defined 
by a limiting process when a a ee = 1,2,3,... (1<h<hk); comp. the Remark at the 
end of § 9. 
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The first term on the right-hand side of this relation is because of (121) 
with fe\-?4+2! instead of ¢ and x—4+ 1 instead of x equal to 


DE? (1; A 1) iGo 1,/+7—-1 (¢ e(-24+2)-r1) 


k—v+x—A 


ies B15 A—1) 2% (h) GOIN (¢ el-2h-2h42)n) 
ko 
— Sa Die (k— v+2—DU+ lia, OF (o 1G Ll+v— eee el2”—2k-2«+1) | a, ), 
k sia 


If this is substituted on the right-hand side of (125), then (125) reduces 
in virtue of (124) to (122), so that the lemma has been proved. 


Lemma 21. Suppose that k, L p, q, r and »y are integers with 
1=1,q=1,r=l, 0O=rv=Sk=q and 1l+»7—-1=p=q: 


suppose further that the numbers ay,...,ai4v-1 and by,..., bx satisfy the 
conditions (119) and (120). 
Then the plows formula holds: 


oy fale a= pt oe (hs r) Get I-1,l+7-1 (¢ e(-2h-2r+2)zi) 
(126) 


ag Eat reel BF (a5 1) AME (0) Gg Cetra a4 | ay), 
k c=] 


Proof. From (80) it follows 


oS e2r—2r-2)xia, Dir? (1; 1) = 6° (6; r—1). 


We therefore find (126) if we put x — 4 =r in (122). 


Remark. Formula (122) is also valid if the following conditions are 
satisfied: k, L p, q, x, 4 and y are integers with 


1=1, q=1, OSk=q, v=0, I+7—-1S=p=q. 4=0 and x=1+7—k; 


the numbers ay44,..-, @/47—1 and by, ..., bx fulfil the condition (119). 
k—v+z—A 
For, if2<0,thesum 3’ on the right-hand side of (122) is because 
hA=1 


of (73) and (75) equal to Geib!t’"" (¢); since oe (1; 7) =0 for 
og 
1<0,the sum » is zero for A <0 (comp. definition 4). 
™=0 
Similarly formula (126) is also true under the following conditions: 
k, 1, p, q, ¢ and y are integers with 


121,1214+7Sk=q, 1+»—k=r=0 and 1+r7—-1l=Ep=q:;: 


the numbers ay44,....@i47—-, and by,..., bx fulfil the condition (119). 


} 
} 
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Lemma 22. Suppose that k,l, m, n, p, q and » are integers with 
1=1, q=1, 0=m=Sk=q, 0=n—14+ 1SrSk and 1l+»v—1=p=q;: 


further that 2 is an arbitrary integer; finally that the numbers a,,...,aj+»-1 
and b,,..., bx satisfy the conditions (119) and (120). 
Then the following formula holds: 


' 


7 


y OS hy (s ) Gres 1,l+9— Ww e728) 


s=0 
k-—v 
as Oo es aes (h; ‘j— Ore: 141 (h ae A= 1) )} Gro 1—1,/+7— ‘(w el thet iely (127) 
h=1 
— Ar > elk—v+l)zia, emn-i41 (o; , eae 1) ie (o) Go (w e(2”—2k-22-+ 1) 1 az). 


Proof. We first suppose 4<0. Then the left-hand side of (127) 
vanishes since Q™"";*' (s) = 0 for s <0. Because of Of '*' (1; )=0 
if r< 0, it appears ea (71) 


eee (pea) Oe (ra A—1) = Ofor 4220. 
We further have by (54) 
emn-l+1(g; A—1) =0 for 40. 


Hence formula (127) is certainly true if 2 <0. 
We now consider the case with 1 > 0. Because of (77) we have 


Zann ts) BE (h: is) OME; )— OE h + Ate. (128) 
besides it follows from (79) 

5 QP ty Or (a: A—s—1) = On (os A=1) +. (129) 

If we replace in (126) ¢ by we~?8*/ and r by A—s and use (128) and 
(129), we easily find (127). 


Lemma 23. Suppose that k,l, m, n, p, q and y are integers with 
121, q=1, D=m=k=424, 
HSn—-l4+1S», OS4=k— and 1+7-1=p=q: 


further that A is an arbitrary integer; finally that the numbers ay, ..., ai4»—4 
and b,,..., bx satisfy the conditions (119) and (120). 
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Then the following formula holds: 


Ae Ss oe (s ) Gia I,l+v—1 (w e~2sz1) 


s=0 


pats =— A” Soil > fe go™ ere. (i h; 2) = Ott. (h t: Fees 1)} Genie (w el-2h-2242)i 


ya AY YF mie Sy ee a (x; 2) Geta (w e(2"—2k—2i-+2x)z1) 
x=] 
eo 2a a y elk——-2u+I)ria, QMn—I41 (o; A-1) A% (o) Gey PIFIT (apy el2”—2k— 24 2u+ 1)ati || ac). 
s=1 
Proof. From the definitions 5 and 6 it follows 
m,n—1+1 
AD ks Spans oh ee 
A 
Formula (130) with « — 0 is therefore equivalent to (127). Hence we 
may suppose 1 S wu [k—~vy and assume that (130) with ~—1 instead of u 
has already been proved. 
Now it follows from (57), if y>1, 
Gel [,l+v-1 (w el2”-2k-224 2-1) i || a) — e-2ni a, Gi I,l+0—-1 (uy e(2”-2k—-21+2u-+1)-7 || 9 .) 
2 129) a9 


sonia, Gil, lt9-1 (2v—2k—-2+42,0) zi 
-+ 2 me Gp. gq (w e 7, 


If this is substituted on the right-hand side of (130) with ~—1 instead 


Bm" not only yields the corresponding 


o=1 


of u, the expression — 


expression in (130) but besides 


Lalas PE B™ n-1I+1 Gee 1-1, Bsr Pld amt ok a pr 
“ i m,n—I+1 0,» 
XK Felt r-2et Bal te OPEV ka $d 1) C5 (Ghee) 
C3 | 


and this expression is by virtue of (80) equal to 
Dior a Beas Gree (w e(2v—2k— 214244) x) 4 


4 a Dr" n—I+1 (1; 1) > e(k—v+24—2u—22) zi ag A® k (6 ) 


c=1 


= Gt Potala Soil (uy e(2"—2k—-21-+21) a1) S i (is: 2 x 


Ce 


XA BE OME opp) Ag BOE (acted 
(after (59)). 


- 
39) This is still true for » = 0, since the sums = then vanish. 
o=1 


(130) 
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The mighe hand side of this relation is on account of (131), (71) (with 
= k—v—wy-+1) and (81) equal to 


Gia (w e(2r—2k—24+2u)x1) 4 
x pA e { ye da (k—v + A—u) —_ Bee (k—vy—p + 1; 2)} 
ee AY Bett eet a oe 2) | 


k—v—p+1 4—1 
It appears therefore that the sums 3 and ss on the right-hand 
h=1 x=1 
side of (130) with ~—1 instead of uw reduce by the substitution (132) to 
k-v—u “ 
the corresponding sums z and by in (130). This establishes the 
=1 ,~=1 


lemma, 


Mathematics. — Ueber die Beziehungen zwischen den Theorien der 
Paralleliibertragung in Finslerschen Raumen. By L. BERWALD }. 
(Communicated by Prof. J. A. SCHOUTEN.) 


(Communicated at the meeting of May 25, 1946.) 


Es gibt im Wesentlichen zwei Theorien der Paralleliibertragung in 
Finslerschen Raumen1), von denen die eine auf E. NOETHER 2) zuriick- 
geht und 1925 vom Verfasser 3) entwickelt wurde, wahrend die andere 
von E, CARTAN 4) (1933) stammt. Herr CARTAN ist wiederholt auf die 
Beziehungen zuriickgekommen, die zwischen den beiden Theorien bestehen. 
Er bemerkt in dieser Hinsicht unter Anderem: ,,I] y aurait intérét a établir 
effectivement les formules permettant de retrouver les tenseurs de l'une 
des théories par les procédés de l'autre théorie’”’ 5). Dieser Zusammenhang 
zwischen den wichtigsten Tensoren der beiden Theorien soll im Folgenden 
auseinandergesetzt werden. 

1. Der Kiirze halber benutzen wir die Bezeichnungen der Abhand- 


lung 4) von CARTAN. Wir ersetzen ferner die Ableitung 9-5; der Theorie 


des Verfassers durch die CARTANsche Ableitung 


Ons 
a oe (1) 
Weiter erinnern wir an die Gleichungen 
ps OL 
P= po slay Ai Sa (2) 


die Tensoren der CARTANSchen Theorie durch solche der Theorie des Ver- 
fassers ausdriicken. Endlich ist der Tensor 


(eee tae 
Fik ~ 9 Ax! Ax’k 


beiden Theorien gemeinsam. 


(2a) 


1) Die Paralleliibertragung von J. L. SYNGE, A generalisation of the Riemannian line- 
element. Trans. Amer. Math. Soc. 27 (1925), S. 61 und J. H. TAYLOR, A generalization of 
Levi-Civita’s parallelism and the Frenet formulas, ebenda, S. 246, kommt hier nicht in 
Betracht, weil ihr keine Kriimmungstheorie des Raumes entspricht. 

2) E, NOETHER, Invarianten beliebiger Differeatialausdriicke. Géttinger Nachr. 1918, 
Sy3f; 

3) WV gl. insbesondere L. BERWALD, Untersuchung der Kriimmung allgemeiner metrischer 
Raume auf Grund des in ihnen herrschenden Parallelismus. Math. Zeitschrift, 25 (1926), 
S. 40. 

4+) E. CARTAN, Les espaces de Finsler, Actualités scientifiques et industrielles 79. 
Hermann et Cie., Paris 1934. 

5) E. CARTAN, Les espaces de Finsler. Abh. a. d. Semindr f. Wektor- und Tensor- 
analysis, IV. Moskau und Leningrad 1937, S. 70; bes. S. 81. 
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Zunachst besprechen wir, wie die beiden Paralleliibertragungen zusam- 
menhangen. Die Parameter der Paralleliibertragung des Verfassers sind 
die Ts die der Paralleliibertragung von CARTAN (wenn das Stiitzelement 
parallel mitiibertragen wird), die ri . Herr CARTAN selbst hat bereits die 
grundlegende Beziehung 


a Fe 
Ting =Ting + Ainjo + Ter =Ti'e + Ai’ x0 


aufgestellt ©), Aus ihr folgt, dass das kovariante Differential des Einheits- 
vektors in beiden Theorien dasselbe ist. 

Um auch umgekehrt die I’;,; durch geometrische Objekte auszudriicken, 
die in der Theorie des Verfassers auftreten, bezeichnen wir die kovariante 
Ableitung im Sinne des Verfassers durch einen Strichpunkt; z.B. 


ae: Ogin Odin ol™ 
Fins — OF Ax!™ Oxi 


— Ting —Thi;. ee Ghee (4) 
Dann gilt insbesondere 

L;p=0, li;;=0.7) 
Wegen der Identitat jn); = 0 und der Symmetrie der Ain; ist 

BO A hen) awed er ta ee we Se (5) 


Die gesuchte inverse Relation lautet also 


Pep Lihy Ae oaks =f Se) SI ONEY we cet (6) 


Mittels der Gleichungen (3), (5), (6) kénnen wir unmittelbar einige 
Tensoren der einen Theorie durch solche der anderen ausdriicken. Wegen 
der Symmetrie der gjnjjj, gin;7 1) ergibt sich 


Ainj\x = gin\\j;k —49™? (Gin\im Gip;k + Gai\\m Gip;k + Gii\lm gnp;k) (7) 
und umgekehrt 


m m m 
4 gini\j;« = Ainjix — Ai & Ajmrjo— An’ Aimejo— Aj i Anmejo. (8) 


#) Yaa.Or*) sNre 17, 

7) aa.O. 8), Formeln (25), (35). 

8) Siehe J. A. SCHOUTEN und J. HAANTJES, Ueber die Festlegung von allgemeinen 
Massbestimmungen und Uebertragungen ia Bezug auf ko- und kontravariante Vektordich- 
ten. Monatshefte f. Math. u. Phys. 43 (1936), S. 161; bes. Formel (94). 

%) Eine Aquivalente Gleichung bei A. KAWAGUCHI, Beziehung zwischen einer 
metrischen linearen Uebertragung und einer nicht-metrischen in einem allgemeinen 
metrischen Raume, Diese Proceedings 40 (1937), S. 596, Nr. 3. 

10) Vogl. die erste Gleichung (9). 
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Ferner gelten die Formeln 11) 


0? JP 
Ginsk =L lp Sarah agit? | 
0? JP ot] 
Gin; ld =F Gap ar agn ack + Je ax x7 ( |) 


0? JP ovre 
Jih\\j;k — Gin; kj =L (ow dxh Ox!t Ox’k + hp v7 ont ov 


3 
mit deren Hilfe der Tensor Ajnjj, durch die Tensoren Lea aa 
01 JP 


2 
Sane! Ox!! Ox!" Ox’ J Ox’ 


dargestellt werden kann. 
03 JP 

ax! Ox Fix 

schen Theorie auszudriicken, leite man zunachst die zweite Identitat (3) 


Um umgekehrt den Tensor L durch Tensoren der CARTAN- 


bea 


or 
nach x’" ab und ersetze sodann L—_i mittels der Gleichung (44) der 


Ox 
Arbeit 4) von CARTAN, durch die A,/, und ihre kovarianten Ableitungen. 
Ferner beachte man die Gleichungen 12). 


Aimk\o\\n= Aikn|\mjo—lm Aixnjo + Aikmjr—Ai’r Ampnio—Ak’ m Aipnio , 
— Amn? Axpnio, Pen it) 
Ai’ kon = — 2Am' nh Ai no + 9 Aimkiol\n- 


Man erhalt dann schliesslich 


Oe iif 
Ox! Ox'# ax/k 9 


(Aikn|imjo — Aikh|m) — 


| | ; 1 
—1 Aino + Ai’ ein + Ar’ ni + Anite up 


—2(Asm An ne XA mAh io tan alana) 


Wegen (7), (9), (11) sind die Identitaten 

a LTS 
Oxtiox ® Ox 
aquivalent. Jede von ihnen kennzeichnet die ,,affin-zusammenhangenden 
Raéume” des Verfassers 13), 


Aikh\m =1() und =a) 


11) a.a.O, 3) Formeln (41), (37), (25). 
12) Zur Ableitung der ersten Gleichung (10) fiihrt man am Besten die Gréssen 
Pony 0? (L?) OCijA 
Cijn== 7 =F oe Cink = 7 
20x" 4 Ox’! Ox’s Ox’* Ox’k 
ein. Vgl. a.a.O. 4), S. 11 und 19, 
13) -L. BERWALD, a.a.O, 3), S. 47; E. CARTAN, a.a.O, 4), Nr. 41, 
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Endlich schreiben wir noch die Beziehung 


LT Ga (0) a a a ee aie te § W4) 
an, die es gestattet, die g;;.,. durch Ableitungen der 1; zu ersetzen. 
2. Wir gehen jetzt zu den Kriimmungstensoren iiber. 
Der ,,Grundtensor der Kriimmung”’ des Verfassers 14), der durch 
0? If 0? If ye) a 


Klin = S78 axh — 3x Font Te S55 rit hits 5 ave ee) 19) 


gegeben ist, tritt auch in der CARTANschen Theorie auf. Es ist namlich 


| Ken = ERO an |. Sabi 's. « seeen mes (14) 


Durch Ableitung des Tensors K/,, nach x” erhalt man den Kriimmungs- 
tensor K J,,, des Verfassers 14): 


j OK! kn 
es rarss 
Ki kh Sa Ox’! - (15) 
Aus (14), (15) folgt leicht 
pee een teeny tes ck ets ie) (16) 
und 
Kijnn= Rijen —2 Ar" Romer +1" Rigen ~~ + (17) 
Aus jeder der beiden Formeln (16), (17) ergibt sich 
Kojxn = Rojrn » Kiokn=Riokn » » - ~ ~ (18) 
wenn 


1 Knjen—=Kojen » 1" Kimen= Kiorn 


gesetzt wird. Ferner zeigt (17), dass der Tensor 


0 
Ti jka = — (9ij;k;h — Qij;n3k) = sore K Pan + Kisen + Kiam ef brody bed 


der in der Theorie des Verfassers als ,,Tensor der Streckenkriimmung”’ 
auftritt, durch 

Tien = 1" (Rinjenii + Rmikn\\j) — 2 Ai"; Romer » - ~ (20) 
gegeben ist. 

Um umgekehrt den Kriimmungstensor Rijxn der CARTANschen Theorie 
durch Tensoren der Theorie des Verfassers auszudriicken, kann man von 
der Formel (XIX) der Abhandlung 4) von CaRTAN ausgehen. Mittels (6), 
(13), (14), (19) findet man durch eine Rechnung, die keine Schwierigkeit 
bietet: 


Rijn = (Kijen— K jinn) —4+. 9 (gim; k Qip;h — Gim;h Yip; k): 


14) aa.O. ), S, 46. 
15) a.a.O, *), Formeln (36) und (54). 
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Aus Rijkn = 0 folgt wegen (17) Kijxn = 0, aber das Umgekehrte gilt im 
Allgemeinen nicht, 

Die Gleichung (17) kann durch eine andere Formel ersetzt werden. Um 
sie abzuleiten, hat man die ,,BIANCHIsche Identitat” 


be r 
Rinjknyi t+ Rirkn Am i—Rmren Aj i t+ Pmjnijk—Pmjrijn 


(22) 
+ Pmjrr An’ ito —Pmjnr Ar’ ilo + Smjri Ro’ ne = 0 


der CarRTANSchen Theorie heranzuziehen und die Gleichungen 16) 
Ao i =O Sojng— 0 ’ Pojkr = Ajrrio *; J aeaeas (23) 


zu beriicksichtigen. Man erhalt so 


m m m 
Kijrn = Rijzn + Aimkjo Aj njo—Aimnjo Aj ko—Ai 7 Roma 


+ Aijkjoin— Aijniolk- 


Es ist also 


4 (Kijnn — Kjixn) = Rijn + Aimeio Aj” njo— Aimno Aj’ ko, (25) 


+ Tijkn = Aijkio|n— Aisniojk- 


Schliesslich werde noch fiir den zweiten Kriimmungstensor Pi jx, von 
CarRTAN der Ausdruck 


Pi jen = % (gen; i\\7 — Gea; fi) —F 9” (Gik; m Gin\|p— Gik;m Gin\|p) | (26) 


angegeben, den man erhalt, wenn man von Gleichung (XVII) der Arbeit 4) 
von CARTAN ausgeht und die Formeln (3), (7), (9) benutzt. 

3. Die vorstehenden Formeln lassen sich vor Allem auf die Finslerschen 
Raume anwenden, in denen die Paralleliibertragung eines Linienelementes, 
wenn sein Zentrum einen gegebenen Weg beschreibt, die Winkelmetrik 
der Linienelemente (im Sinn von CARTAN 17)) ungeadndert lasst. Diese 
Raume sind nach CARTAN 17) durch Ajpj\9 = 0, also durch das Zusam- 
menfallen der beiden betrachteten Paralleliibertragungen gekennzeichnet. 
Sie sind fiir n = 2 mit den ,, LANDSBERGschen Raumen” des Verfassers 18) 
identisch. Nach (5) und (9) k6énnen sie auch durch gjp,; = 0 oder durch 


Ol? 
P Ox/t Ox'h Ox’ : 
16) Aa aiOe) INO pel Oma OT 
17) ‘a.a.O. +), Nr. 11, 40, 
18) L. BERWALD, Ueber zweidimensionale allgemeine metrische Raume. Journal f. d. 
reine u, angew. Mathematik 156 (1927), S. 191; bes. S. 208 f,, und § 5; E. CARTAN, Sur 
un probléme d’équivalence et la théorie des espaces métriques généralisés, Mathematica, ~ 


Cluj 4 (1930), S. 114; bes. S. 133 £ 
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charakterisiert werden. Der Rang der Matrix 
a pe tl igoth ag ie 
(ay Ox7# Qx!F” Ox! Ox’" Ox'I "°° Ox’F Ox! 27): ST aes ios 
von der wir nur eine Zeile angeschrieben haben, ist fiir diese Raume also 


héchstens n—1. Der Ausdruck (26) zeigt ferner, dass fiir die in Rede 
stehenden Raume der Kriimmungstensor Pj jxn Null ist. Endlich gilt fiir sie 


Rijkn = 4 (Kijen—Kyitn), Kijen = Rijen— Ai’ 7 Romkn- 


Die betrachteten Raume gehdéren zu der umfassenderen Klasse der 
Finslerschen Raume, fiir die der Tensor Ti jkr verschwindet. Diese Raume 
(die ,,Raume ohne Streckenkriimmung” in der Theorie des Verfassers) 
sind durch 

Aijxjoin — Aijniolk = 0, . . ° ° . ° . (27) 


gekennzeichnet. 


Applied Mechanics. Large distortions of circular rings and straight 
rods. I. By A. VAN WIJNGAARDEN. (Nationaal Luchtvaartlabora- 
torium.) (Communicated by Prof. C. B. BIEZENO.) 


(Communicated at the meeting of May 25, 1946.) 


1, Introduction. Ina series of three papers that recently have appeared 
in these Proceedings 1), BlEZENO and KOocH dealt with the problem of the 
distortions of a closed circular ring, loaded by an arbitrary equilibrium- 
system of forces in its own plane, At first sight, this problem might seem 
to be rather elementary, but the real aim of their investigation was to give 
a solution, valid also for loads of such a size, that the influence of the 
distortions on the distribution of the bending moments in the ring, that is 
neglected in the elementary theory, is appreciable. On the other hand, 
however, their treatment of the problem is still limited, a fact, the authors 
are of course fully aware of. Indeed, the authors use the differential- 
equation of the slightly curved beam to describe the distortions, an 
approximation, that can only be made, if the difference of the slope of the 
elastic line in its deformed and its undeformed shape is small. So, their 
solution. though it tends farther than the solution, obtained by the use of 
elementary means, f.i. CASTIGLIANO’s theorem, is still limited to not too 
large distortions. Moreover, the distortions, as calculated by their method, 
appear as an infinite series of terms. As the calculation of the separate 
terms is rather tedious, we have, for practical reasons, to confine ourselves 

_to a small number of terms. The authors f.i. use only two terms. So there 
might be an uncontrolable influence of the neglected terms. 

It might be interesting therefore, to give an exact treatment of the same 
problem, partly for having the exact results for themselves, partly for 
providing a check to the approximate results. But it is obvious, that the 
exact solution of the general problem — with arbitrarily varying, continu- 
ous, tangential and normal loads — might be extremely difficult, if not 
impossible. As however both the particular problems, the authors deal with, 
viz. the principal one, treated in the third paper, which led the authors to 
their investigation, as well as the introducing problem, treated in the 
second paper, are problems, in which only discrete forces are applied at 


1) CC. B. BIEZENO and J. J. KOCH, The generalized buckling problem of the circular 
ring, Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, 48, 447—468 (1945). 

The circular ring under the combined action of compressive and bending loads, ibid., 
49, 1—8 (1946). 

On the non-linear deflection of a semi-circular ring, clamped at both ends, ibid., 49, 
139—145 (1946). 
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the ring. we too will confine ourselves here to such problems. It will be 
shown, that we can treat them in an exact way indeed. We shall apply 
our theory to the two problems, just mentioned, so as to provide the 
required check. 

The method used in this paper, is principally based on the same ideas, 
as used already by some authors in the classical period of the theory of 
elasticity for elastica-problems, The method is not at all restricted to closed 
circular rings, and many other problems of large distortions can be solved 
by the same means. As an illustration, we shall give the exact solutions of 
two problems of a straight beam. The first of these problems has been 
treated allready approximately by SONNTAG 2) and afterwards graphically 
by BIEZENO 3). 


2. The distortion of a circular ring. Let the problem be to determine 
the distortion of a part of a circular ring loaded only at its ends. At the 
one end Pp, the load consists of a couple My, a normal force No and a 
shearing force Dy (see fig. 1), and at the other end Pj, it consists of a 


Fig. 1.. 


couple M,, a normal force N, and a shearing force Dj, so that the ring is 
in equilibrium. A system of axes X — Y, with its origin in Py is introduced 
such that the X-axis coincides with the tangent in Py (in the distorted 
state) in the direction of P,, and the Y-axis coincides with the normal in 
P,, in that direction, in which (in the undistorted state) the centre of the 
circle lies. Then it follows from reasons of equilibrium, that the bending 
moment M (positive, if it decreases the curvature) in an arbitrary point 
P(x, y) of the ring is: 


NEMO ea ate a 8s SP Ok ees) 


Now, if r is the radius of the unbent ring, R the radius of curvature of 
the bent ring and EI the flexural rigidity, then the differential equation of 


2) R. SONNTAG, Der beiderseits gestiitzte, symmetrisch belastete gerade Stab mit end- 
licher Durchbiegung und seine Stabilitat, Ing. Arch., 12, 283—306 (1943). 

3) C. B. BIEZENO, On a special case of bending, Proc. Kon, Ned. Akad. v. Wetensch., 
Amsterdam, 45, 438—442 (1942). 
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the ring, if the distortions due to tension and shearing are neglected against 
those due to bending, is 4): 


M=EI(7— 7p). Repaian Mere Fo: 


We pass from the X Y-system to a system of natural coordinates s and 
y, where s is the length of the arc PoP, and is the angle between the 
Y-axis and the normal in P. As 1/R = dg/ds, dx/ds = cos p and dy/ds = 
== sin y, we find by combining (1) and (2) and differentiating with 
respect to s: 

d2y 


sey Dy cosy + No sin p= 0. ees) 


If the following nondimensional quantities are introduced 


2 Dy t* pet a a ce ge 
Oey MPMI IRE ie Ae oe, ater A ames (4) 
equation (3) can be written as: 
a Se Sees SMa top — B= 0.- eo 


2 sin B 


After multiplication by dy/do integration of this equation leads to: 


‘dy \? a 
a —5ego@— A= ar... . © 


where y is a constant of integration. It follows that: 


4? = 2 Vl Vy Foose a) onl SC eee 


The ambigious sign is of much importance. If the load is small, the shape 
cf the elastic line does not differ much from the original circle and there 
will be no inflexions. In this case, g increases monotonously with s from 
zero to its final value. With higher loads, it may however occur that there 
are inflexions in the elastic line. Then for instance, m decreases from zero 
to a lower limit mpin, increases from that value to an upper limit max, and 
decreases again to its final value. In this case successively the minus-, plus- 
and minus-sign must be used in (7). We shall deal with this question in 
more detail further on, but denote from now all integrations with respect 
to m by the symbol / !dq, as a warning that the appropiate sign should be 
attributed to the integrand. 


4) In the corresponding formula (19) of the first paper in note1) on page 450, the 
factor r? has to be deleted. 
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With these precautions, the solution of equation (7) can be given in the 
following form: 


yon wall sade! 
ioe Vy + cos (p’—A) 


Rte tortnneak statis) 


ad Vy + cos (p’—A) 


From the boundary conditions of each particular problem, f, y and the 
position of the eventual inflexions, should be determined as functions of a. 


3. The reduction of the integrals, involved in eqs. (8). We reduce the 


integrals, involved in eqs. (8) to elementary functions and the standard 
elliptic integrals: 


; ; 
E(k, a=(1 —k?sin?ydy , E(k) =E (x A : 


(9) 
Fie d= | 7a ; K() =F (k. 5). 
by substituting y = oat and k = Vi . The result is: 
o= 1/2808 per 
p= 280? feos B fs (k 7) + sin Bf; (k. a eae - (10) 
= 1/2802 join Blk. 9) —cos Bik oP a 


— B/2 


where 


fi (k. ¢) =k F (k. 9) 
, p) —(2—k?) F(k, 
I la aT 


f; (k, g)=+ [1—k? sin? y 


42 
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The elliptic integrals E(k, ~) and F(k,p) are tabulated for the case of 
real k and |k| <1, and real mg and 0 <q < a/2. But these conditions are not 
always satisfied in our problems. We shall see that, on the contrary, y 
also assumes values y<(—1, so that k is purely imaginary, as well as 
values —1<y<l, so that k is real, but |k| > 1. Furthermore » can 
have values y < 0 as well as y > 2/2. We therefore have to introduce some 
simple transformations as to be able to use the tabulated values. 

If |k|> 1, we find, by substituting k sin y = siny’ in eqs. (9), that 


1 —k*? 
k* 


1 * * * * 


F (k, p) =k* F(k’, 9’) (12) 


with k*=1/k and y*=sin—k sin p 
So we have reached our aim, if, at least, |k sing] <1; this holds cer- 

tainly true in our case, as otherwise E(k, p) and F(k, ~) would be complex, 
in contradiction with the fact that o, € and y are real. From (12) we find 
‘for the functions f;(k, qm) if | k| > 1: 

fi (k. p) = Fk, ¢’) 

be D=H=ZEKR GI—Fik eg) ee 2 eee 

f3 (k, p) = 2 k* cos ¢* 


If k is purely imaginary, we substitute in eqs. (9): w =5-v. Then 
we obtain the result: 


1 
V1 aT FF) 
F (k, y) = W1—k*? {K (k")—F (k™, p™)} >) . 2. (14) 
— ik 
Y1—k? 
Now k** is real and | k**|<1. So we find from (14), if k is purely 
imaginary 


E(k, y)= {E (k™)—E (k™, @)} 


with k* = 


and Crs —9 


fa (ks @) = ik™ {K (k") — F(R, @™)} 
fa (ke. @) = Te 12E(K) — (2-9 KER 2B) + 
+ (2—k") E(k, @)} 


Bk, ey = toe 1—k*? sin? vo 


(15) 


If @ is real, but does not satisfy the condition 0 < p <a/2, we can always 
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reduce the integrals to the tabulated ones by means of the self-evident 
relations: 


E(k, yp) =—E(k,—9) » Elk, p)=2E(k)—E (k,x—9)) 


Fé @=—Fk—o) . Fi g=2KW—Fka—os “9 


4. Complications due to the inflexions of the elastic line. We shall 
investigate now in more detail the question of the inflexions. From equation 
(7) we learn that for the extreme values gx; of w, for which inflexions 
occur, holds: 


ee aMCOSA ers pa— Oe ates, bo Guo (17) 


It is obvious that inflexions can only occur, if —1 Sry ce b SSocib yea: 
Therefore it recommends itself to express our results in terms of k*. We 
verify easily that the values @min resp. Ym x Corresponding to the “lower” 
resp. “upper” inflexions, are given by 


Pmin = PB — 2 sin“! k*) 
‘i Ela NS Ke Nae AN bee eon! CI 

Attention should be given to the fact that the quantities Main and @max- 
as defined by (18), are only mathematical quantities without a physical 
sense, unless inflexions really occur. So with sufficiently small a, we are 
certain that both gmin and gmax are lying outside the range of m from zero 
to its final value (the latter value varies in general with a) and that they 
have no meaning for the problem. But of course we can calculate them, 
and see how they vary with increasing valués of a. Then we see for 
instance yin increasing with a, until it reaches a maximum value equal to 
zero, and then decreasing again. From that moment it has a physical sense. 

The quantity (@ — f)/2, that occurs in the limits of integration, takes for 
these special values of p the form: 


(min — B)/2 = — sin! k* 
Pinas — p)/2 — sin! k* 


We can now distinguish several different cases of integration according 
to the number and kind of inflexions. With a view to the applications that 
we shall make of our theory, we shall confine ourselves to those cases, in 
which no more than two inflexions occur. Then there are four possibilities. 
In case I, there is no inflexion at all in the part of the ring under con- 


(19) 


sideration. In case II, there is one lower inflexion, in case III one upper 
inflexion, and in case IV, there are two inflexions, a lower and an upper 
one. In case I, gy’ increases directly from 0 to g. In case II, q’ first 
decreases from 0 to @min (where the integrand has the negative sign) and 
then it increases from gmin to q. In case III, g’ increases from 0 to qmax 
and then decreases from ymax to y, where the integrand has the negative 
sign. In case IV, p’ decreases from 0 to @min, where the integrand has the 
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negative sign, then increases from @min tO Pmax- and at last decreases again 
from @max to m, where the integrand has the negative sign. 

Now, we have to see, what are the consequences of these considerations 
with respect to the limits of integration in the eqs. (10). If we denote the 
three functions f;, fo and fs, for a moment by f, then we have in the 
different cases: 


f(k xO re f(k= AY in case | 
(o—p)/2 f( ee +fl(k,— fas 2 f (k, —sin—! k*) in case II 
mm (2 
ee for ie at a ae Fh P +2f(k, sin-'k*) in case mi 


+ 2f (k, sin-! k*)— 


ee ae 


a “4 


at (258) FF ee 
—2F (k. —sin-'k")in case IV. 


But the functions f,(k, gp) and fo(k, w) are odd functions of w, whereas 
f2(k,v) is an even. function of mw. Moreover, the values assumed by the 
functions f for gy = sin-1k* are very special ones. Indeed, we have: 


f; (k, sin-! k") = K(k") | 
fe {k, sin i Orpen & say ie 
f (k, sin—' k’) =0 
So we find at last: 
fi (k ea +f, (& in case | 
a fi [x | —f [k £\ + 2K (k*) in case II 
Fs (k. 9)! Bonen 7 
—p/2 —fi (k a +f, (& >) + 2K(k*) in case III 
~f (ke on —f, (& >) +4K(k"*) in case IV 
; fa(k sri + fr (k 2 in case | 
(~—f)/2 fa(k an — fr (x oo + 4E(k")—2K(k’) in case II 
6 (kp) | ! = ; 
—B/2 —f(k ae) + fh («, 5) + 4E (k*)—2K (k*) in case Ill 
AN / 
=f (8 2") oa (« 5) + 8E(K)—4K(k) in case IV 


(20) 


(22) 


(23) 


| f( Fe) f(b) in case I 
—pj2 \ b bee ae (« a) in case I] 
f3(k, y) |! = . (24) 
plz —fs (x | — fs (k 5) in case III 


ead (k Ga + fs G =| in case IV 


In the equations of this and the preceding section we have all means at 
hand, by which our problems can be solved. Only in the case, thata ¢¢ 1 
some difficulties remain which will be considered in the following section. 


5. Expansions for small a. A look at the equations (8) suffices to see, 
that difficulties arise for very small values of a. Indeed, 6 will generally 
not be small for small a, as it depends on the ratio of the normal and the 
shearing force. So, with small a, y will be very large, and the fractions in 
(10) will all have the indefinite form 0/0. To overcome this difficulty, we 
develop the integrals in (8) in suitable series, keeping in mind, that 
(a being small) certainly no inflexions are present. The integrals, there- 
fore, can be taken directly between the limits 0 and g. 


an which is small with a. From (8) 


We introduce the variable 6 = yt 


we find: 


? 
te Ske AES 
oe —p) 52 
sin B 
cos 9’ a 
aug cos (p ‘- ape PEE) 
cose 
sin p oO 
aie cos(p 52 
cosig 8 


roe “= 1—162(»cos y+ sin y) + 


As cot B = », we have: 


(26) 
+ 3 54 (v? cos? p + 2v cos y sin p + sin? y) — 


656 


If this expression is substituted into (25), we have only to evaluate 
elementary integrals. For the applications in view the case mp = a/2 is 
particularly interesting. It leads to: 


(i) = TNS Pott ge (Stet a) 

Eel) = N58 (Fr t5| + ge (ge tar ta |— en 
IMT § ea eee ae bre ees ca ©: 

nel) == V1— 38 (5 44) tae (grt grts|—-- 


Next we develop both 6 and y with respect to a: 
6= 0,17 «-+0;0l 00, a i ee 
sexing teria tty ee ; 
Then it follows from (27): 


o(x/2)= 3+ (3 4,15 a8) a+ 


(28) 


3(1+> 3 (x a Y 
3% 9, SUE ad 3 4 +3 (Zst+y44| ih" aihars... 


& (/2) = 89 + (, im Tore ss) a+ 


(29) 


2 
ja, — Set) go, 4 Itt Fy ahart... 


Z 
Cees: 88) a+ 


2 
} 2, 3 2rta) 23 4, + OE AeA "Blatt... 


Applications of these formulas will be given later on. 
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Applied Mechanics. — Large distortions of circular rings and straight 
rods. II. By A. VAN WIJNGAARDEN. (Nationaal Luchtvaartlabora- 
torium.) (Communicated by Prof. C. B. BIEZENO.) 


(Communicated at the meeting of May 25, 1946.) 


6. The closed circular ring, loaded by two diametral forces. We shall 
apply our theory-first to the case of a closed circular ring, loaded diame- 
trically by two radial forces P, the first example, treated by BIEZENO and 
KOCH in their second paper 5). We attribute the positive sign to P if it is 
a compressive force and accordingly we attribute the positive sign to the 
radial deflection u, if it is directed inwards. We write for shortness 
4=ujJr. The forces P may be applied at the points c= 0 ando=a 
respectively. From reasons of symmetry it follows immediately, that for 
these points gp = 0 and m = a respectively, and that to the point o = a/2 
corresponds gm = 2/2. Further it is evident that Dp = P)/2, and No = 0. 
So vy = 0 and B = 7/2. 

If we substitute » = 2/2 in the eqs. (10), they become: 


i 0 
Ya gy! 
— 2/4 
z site 
10)=1-//2 Ako) ! nh ee ae Bet 4) 
—a/4 


1(2) =1-— 2 66.) oe 


Assuming a number of values of k, we calculate from the first of the 
equations (30) the corresponding values of a, and then from the second 


and third equation the corresponding of 4(0) and . . For small positive 


values of a, y is large and k <1. For y = 1 we have k = 1, and for smaller 
values of y, i.e. larger values of a, evidently k is > 1, so that eqs. (13) must 


be used to calculate the elliptic integrals. To y = 0 corresponds k = 14/2 
and consequently gin — 0. A lower inflexion occurs, and we use the eqs. 
(22), (23) and (24) for case II. For negative values of a, y is < —1, and 
k is imaginary; so we use eqs. (15). A survey of the values of k, k*, k** 
and @min as functions of 4(0), which itself varies within the limits 1 — 2/2 


5) Compare also R. SONNTAG, Die Kreisringfeder, Ing. Arch., 13, 380—397 (1943). 
The author solves the same problem, at least, as far as no inflexions occur. His method 
is exact but somewhat akward and unnecessarily intricate. 
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and 1 + a/2, is given in fig. 2. The dotted part of the graph for gmin is 
that one, where Min , though real, has no physical sense. 

For very small positive or negative values of a, we use the expansions of 
number 5, As » =.0, it follows from (28) that v9 = »; =.=... = 0: 
Furthermore o ; =5 so from the first of the eqs. (29) it follows that 
dg = 1, 6, = I/a and 65 = 3/n2 —3/,,¢, and further: 


1 (0) = G = z) a+ liz es 2) a?...=0,074389 a+ 0,008536a?... 


31 
1 1 goes | Oe 
=—(1-4)e— — 77 —G- t+ 5) a7... =— 0,068310 a—0,002731 a?... 
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These exact developments can be compared with those, derived from the 
corresponding expressions of BIEZENO and Kocu. The coefficients of a 
are of course the same, as this term is the ‘elementary’ one; as a matter 
of fact the authors did not calculate this term separately, but took it from 
the elementary theory. For the coefficients of a2 they find 0,006289 and 
— 0,006425 respectively. 

In fig. 3, 2(0), A(a/2), 24(0)/a and 4(a/2)/a are given as functions of a. 
The drawn lines give the exact values. The dotted ones represent the 
approximate values of BIEZENO and Kocn. 


7. The semicircular ring, loaded by a radial force. We consider the 
problem of a semicircular ring, clamped at both ends, and loaded in its 
middle by a radial force P. We attribute signs as in number 6. Now the 
shearing force Dy for o=0 (gy = 0) is again P/2, but the normal force 
No is not zero, and, moreover, unknown. On the other hand, apart from 
the condition o = 2/2 for m == 2/2, also the condition £ = 1 for »y = a/2 
has to be fulfilled. So, the eqs (10) take the form: 


\/ 5 n/4—B/2 
ss = filk |! 
een je 
a wets 
Vxagaleos Pht ») +sin B fs (k, 9)}|! (32) 


—p/2 
/4—B/2 


0)=1— 1/2822 sin 8 k, p) —cos B fs (k, ¢)}| ! 
—p/2 


In this case we first take a certain value of k and together with this 
value, some different values of 8. Then we calculate the difference of the 
expressions at the right hand side of the first and the second equation (32). 
By interpolation we determine that value of 8, for which this difference is 
zero, (as it should be, because both expressions must be equal to the same 
quantity at the left hand side). If in this way we have found a pair k, 8, 
we calculate a, and from the third equation 2(0). The physical inter- 
pretation of this proces is, that the ring of section 6 is considered, but now 
loaded by a second pair of diametral forces at right angles to the first pair, 
the magnitude of which is determined in such a way, that the displacement 
of the points o = + 2/2 is zero. 

To start with the process, we solve first the problem for small a, by 
means of the results of number 5. If we substitute in the first of the eqs. 
(29): o(a/2) = 2/2, and in the second one: &(a/2) = 1, the values of dx 
and x can be calculated. The first values are: 
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do = 1 
é,= wee — 0,610606 
5, ont t 124 gent ee se VEYE coed ee 
. (33) 
op 2 = 0,918277 
pp mu Bat That 64 ot SAB re 108) ee 


2 (a? — 8)? 


With these values, we find from the third of the eqs. (29): 


__ 3—20n+32 
Pert YORE IRON x 
4 526 + 62° + 2042468029576 n? + 46082-4608 , _). (34) 


16 (~?—8)? 
0,0116618a + 0,0007136 a? —... 


This can be compared with the result of BIEZENO and Kocu, where in 
stead of the coefficient 0,0007136 appears 0,00047. 

The value of 6 for a=0 proves to be 47,4397°, so that we have a 
preliminary idea, what the value of 6 amounts to for small values of a. 
The numerical’ work is much more complicated than in the case of the 
foregoing section. The elastic behaviour of the ring appears however to be 
highly interesting. For 1(0) = 0,0974 and a = 5,5206 a lower inflexion 
appears, followed (for 4(0) = 0,1236 and a = 7,1617) by an upper in- 


a 


Fig. 6. 


1) ares. ene 
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flexion. In the mean time the flexability, as defined by the ratio of dis- 
placement and loading force (A/a has increased extraordinarily. If 
(0) = 0,48, a assumes a maximum value 10,45. With increasing i, a then 
decreases. This region therefore is an unstable one. For 1(0) = 1,1000 and 
a = 5,5637 the upper inflexion disappears again. For 1(0) = 1,27, a 
reaches its minimum value 4,45 and up from here it increases rapidly, to 


become infinite for 2(0) = 1+4//a2—4. For negative values of 4(0), 
|a| increases rapidly with | 2|, to become infinite for 2(0) = 1—43|/a2—4. 

In fig. 4, the values of 6, k (or k*, k**), @min and @max are given as 
functions of 4(0), which itself varies within the limits 1 — 4{“22—4 and 


1+4 |? —4. The dotted parts of the lines for min and @ max represent 
again the regions, where these quantities have no physical sense. 

In fig. 5 the quantities 4(0) and 4(0)/a are given as functions of a. The 
drawn lines are the exact results from our theory; the dotted lines 
represent the approximate results of BIEZENO and KOCH. 

Some experiments were made on two semicircular rings, made of steel 
strip, with a width of 30 mm and a thickness of 0,2 mm and 0,3 mm respec- 
tively. The radius of the ring was r = 300 mm. The results are plotted in 
fig. 6. The drawn line is the theoretical curve and the small triangles and 
circles represent the experimental values. 


8. The straight beam, supported in two points and loaded by a force in 
its middle. We shall now give two other applications of our theory, dealing 
with a straight beam, supported in two points, and loaded by a normal 
force P in its middle. 

As a first possibility, we assume, that the beam is free to move over its 
supports, which are supposed to remain at a fixed distance. The length of 
the deflected beam between the supports is then larger than this distance 
and increases with the deflection. In this simple example the load P again 
shows a maximum P,, at a critical deflection ucr, as was allready shown 
by SONNTAG. 

The standard of length, which ia the foregoing examples we choose equal 
to the radius r of the ring, is now taken equal to /, viz. the half distance 
oi the supports (see fig. 7). These supports are supposed to exert on the 


Fig. 7. 


beam a normal reaction force Q and a tangential force, due to friction, FQ, 
where f = tg y+ is the coefficient of friction. The sign of f must be chosen 
in accordance with the fact that the load P is reached in an increasing or 
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decreasing way. The slope of the beam at the supports may be ym. Then it 
follows from considerations of symmetry and equilibrium, that Dy) = —P/2 
and No = $P tan (ym—gys), so that B =—32+ ym—pgy. As for 
ppm, we have dg/do—0, it follows from equation (7) that 
y = — sin py and consequently k = 1/sin (La —4y) > 1. We therefore 
have to use the transformation (13) with k* = sin (ta —4ys). 

We know, that for y = gm, & = 1, and so we can find from the second 
equation (10) for a number of values of mm the corresponding a and from 
this we calculate the relative lengthening « = om—1, and the deflection 
4 = ull with the aid of the first and third equation (10). 

The calculations have been actually performed for the case that no 
friction was present ms = 0) and no inflexions occurred in the elastic line: 
‘The results are plotted in fig. 8. The approximate results of SONNTAG and 


= ——- 


° Os 1,0 Ss 2.0 


Fig. 8. 


those of BIEZENO are very well confirmed. Of course we can give more 
accurate figures, So we find for the critical load P-r = 1,667 El/l?, and 
the corresponding values mcr = 38,30°, ucr = 0,4766 1, and smer = 
= 1,1251. SoNNTAG’s values are 1,70; 39°, and 0,48 respectively, the 
critical length being not explicitly given. 

As a last example, we assume that the beam does not move over its 
supports, so that its length between the supports remains constant (2/), 
but that on the other hand, one of the supports is free to move towards the 
other (see fig. 9). We suppose this movement not to be influenced by 
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friction. The considerations are similar to those in the foregoing example. 
For p = ym we now have o = 1. So we find a from the first equation (10) 
and calculate the deflection 4 = u/l and the contraction « = 1—&m from 
the second and the third equation. The results are plotted in fig. 10. 
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Anatomy. — On the dependence of the weight of the brain on the 2/9, resp. 
the 5/) power of the weight of the body. By R. BRUMMELKAMP. 
(Communicated by Prof. C. U. ARIENS KAPPERS.) 


(Communicated at the meeting of May 25, 1946.) 


It has appeared from DUBOIS’ investigations that the weight of the brain 
E; with individuals of the same sex and the same kind is proportional to 
the 2/9 power of the weight of the body Pi, 


E;(:) PP 


and with average individuals of closely related kinds (Cat, Lynx, Poema, 
Panther and Lion; Mouse and Rat; Cavia and Rabbit) the weight of the 
brain Eg is proportional to the 5/9 power of the weight of the body Py. 


E,(:) PP 


This phenomenon might be explained, if we could assume that the 
average weight (resp. volume) of every cell-element, é, from which the 
brain has been built, is proportional to the 2/) power of the weight of the 
body and the number of these elements with individuals of the same sex 
and the same kind is constant, while with related kinds of animals this 
number varies according to the 1/3 power of the weight of the body (resp. 
according to the length of the body) of the average individual of the kind. 

From countings of cells by SUGITA, CONKLIN, DONALDSON and LEvI it 
has become very obvious that the number of neural-cells, Ni, with indivi- 
duals of the same kind is constant, 


N; = constant, 


while it could be shown by me, with data of my own and those taken from 
VAN ErP TAALMAN Kip and CATTANEO that the number of neural-cells with 
closely related kinds, Nz, is proportional to the length of the spinal marrow, 
resp. the 1/, power of the weight of the body, Pz, of the average individual 
of the kind, 


Ng (:) Pe’ 


It remains for us to make it plausible that the weight (volume) of the 
average cell-element, é, is proportional to the 2/) power of the weight of 
the body. 

It is a difficult matter, however, to determine the volume of a cell-element. 
We must understand by it the volume of a neurone with the offshoots 
belonging to it (axis-cylinder and dendrites), glia and intercellular sub- 
stance. 
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Fortunately we can reach our goal in an indirect manner. For it has 
appeared, by weighing and measuring, that the weight of the brain E is 
proportional to the surface of the cortex S, 


EU): 


(BRODMANN; DAVISON, KRAUS and WEIL; ARIENS KAPPERS; BRUMMEL- 
KAMP. ) 


3:5 


3.0 


25 


2.0 
1.0 tS) 2.0 als 3.0 Shs) 4.0 


Rigveds 


Further, it is known 1) that the sum of all nucleus-volumes, Kz, found in 
columns of the same base, going perpendicularly through the cortex from 
pia to marrow, in a cortex not irregularly built by curving or otherwise, 
is nearly constant in one and the same individual and with individuals 
of closely related kinds (BRUMMELKAMP; BRUMMELKAMP and VAN VEEN), 


K, = constant. 


As the total nucleus-volume of the whole cortex, K+, is equal to the 
product of the surface of the cortex and the total nucleus-volume per 
column, it follows from this that with closely related kinds and within the 
same kind the total nucleus-volume of the cortex is equal to the weight of 
the brain, 


Ki(:) EB. 


For the total nucleus-volume we can also write the product of the 


number of nuclei, N, and the average nucleus-volume K, 
Kien ‘ Ks 


1) It should be mentioned here that Dr. VAN ALPHEN does not share our opinion in 
this respect. To this I may add that I measured again the in cytotectonic respect very 
different cortex of the area calcarina and praecentralis, and found my former conclusions 
to be right. 
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so that also 
BE(:)N. K. 


It goes without saying that the weight of the brain is equal to the pro- 
duct of the number of elements, N, and the average weight of one 
element, é, 


Pe he, 
so that it must also be true that 
@(:) K. 


If we can show that K is proportional to the 2/) power of the weight of 
the body, this will also have to obtain for é. 

I have examined this for the mouse, the rat, the cavia and the rabbit. 
The weight of the body of these animals amounted to resp. 25 gr., 200 gr., 


500 gr., and 4000 gr. The average nucleus-volume, K, was determined in 
the following way. Going through the cortex from pia to marrow, the 
largest outline of all the nuclei of the neural-cells that became visible was 
drawn in Nissl-preparations 20 w thick, with the help of the microscope 
(ocular Leitz 8; objective Leitz, oil-immersion 16, fluorite-system) and the 
camera lucida of Abbe. If we consider the nuclei as ellipsoids of revolution 
(Bok), we can establish from the dimensions of the long and the short 
axis, a and b, because I = 1/, 1a. b?, the volume of each nucleus separately 
and by summation and succeeding division come to the average nucleus- 


volume, K; see table. Every average is the result of more than 2000 nucleus- 
measurements. 


Average nucleus-volume K | Weight of the body P 


Mouse 361 25 


Rat 496 200 
Cavia 644 500 
Rabbit 1.081 4.000 


If we draw in the diagram lg K against lg P, the points of relation 
appear to lie on a right line with a direction 2/y, from which follows 
immediately that for these kinds of animals it can be said, at least approx- 
imately, that 


K(:) P's 
from which follows also, in connection with the preceding, that 
é(:) Pils 


or in words, that the weight (volume) of the average cell-element, é, is 
indeed proportional to the 2/9 power of the weight of the body, P. 
43 
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Two questions arise now. The first is: whence this proportion between 
the number of brain-cells, N, and the 1/3 power of the weight of the body, 
resp. first power of the length of the body? We shall try to find an answer 
to this. 

It has been known since SPEMANN that the differentiation of tne neural 
plate is dependent on the chorda dorsalis lying beneath the ectoderm. 
KINGSBURY, BRUNS, LEHMANN a.o, showed that this dependence is of a 
quantitative kind and that the differentiation only extends over a distance 
over which direct contact is present between the chorda and the ectoderm. 
RAVEN could make it plausible that the transferring of a chemical agens 
plays an important part here, So there is a direct proportion between the 
length of the chorda dorsalis and that of the neural plate. It is reasonable 
to suppose that with closely related kinds always the same fraction of the 
available number of neural cells appears as matrix of the great brain. The 
consequence of this is a proportion between the number of these matrix- 
cells (and, with equal division-frequency, of the number of brain-cells) and 
the number of cells that build up the neural plate. For the same reason, 
because of the longitudinal arrangement of the cells of the neural plate the 
length of this plate will also be proportional to the number of brain-cells. 
As, however, on the other hand the length of the neural plate is determined 
by the length of the chorda dorsalis and this itself determines the length 
of the stem of the body, resp. the length of the body, we can also under- 
stand that there is a direct proportion between the number of cells of the 
neural plate and the length of the body, resp. the 1/3 power of the weight 
of the body and therefore also of the number of brain-cells and the above- 
mentioned body-quantities. 

Secondly, we ask ourselves whether a plausible explanation can be given 
of the fact that with closely related kinds the average nucleus-volume K is 
proportional to the 2/9 power of the weight of the body, resp. the 2/3 power 
of the length of the body. The following consideration may be useful. 
Neurones with long offshoots have a large cell-volume; inversely, neurones 
with short offshoots have a small cell-volume. Long offshoots belong to a 
great length of the body, short offshoots of homologous cells to a small 
length of the body. Probably the volume of homologous neural cells varies 
directly proportional to the length of its offshoots, resp. to the length of 
the body of the individual in question. 

From measurements of LEvi, taken on the spinal ganglia and the cells 
of the ventral horn of a great number of kinds of animals, varying much 
in length of body, it can at any rate be shown convincingly that the volume 
of these cells, C, is proportional to the 1/3 power of the weight of the body, 
resp. the first power of the length of the body, L, 


CXryTs 


8 eee 
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Bok showed that in one and the same individual the 2/3 power of the cell- 
volume is proportional to the nucleus-volume, 


Cis (:) K. 


If a general significance must be ascribed to the two relations, it also 
follows that 


K(:) L’b, resp. P's, 


Apart from these considerations the fact remains, established by 
measurement and weighing, that with the above-mentioned kinds of 
animals the number of brain-cells (N) is proportional to the first power of 
the stem-length (c.g. the 1/, power of the weight of the body) and that 
the average volume (c.q. weight), é, of a cell-element is proportional to the 
2/9 power of the weight of the body, from which follows that the weight of 
the brain (EF = N.é) is proportional to the 5/9 power of the weight of 
the body in average individuals of related kind and porportional to the 2/9 
power individuals of the same kind. 


Summary. 


An explanation is given of the dependence of the weight of the brain on 
the 2/9 power of the weight of the body in individuals of one and the same 
kind and on the 5/9 power of the weight of the body with the average in- 
dividuals of closely related kinds. 

It appears that with closely related kinds the number of cell-elements 
from which the brain has been built is proportional to the (stem-)length, 
resp. the 1/3 power of the weight of the body and is constant with in- 
dividuals of one and the same kind. It is shown in an indirect way that the 


average size of a cell-element is proportional to the 2/g power of the weight 


of the body. It follows immediately from this that with individuals of one 
and the same kind the weight of the brain is dependent on the 2/g power 
of the weight of the body and with the average individuals of closely 
related kinds on the 5/) power of the weight of the body. We should under- 
stand by the volume of a cell-element the volume of a neurone with the 
offshoots belonging to it, glia and intercellular substance. We mean by the 
volume of a neural cell the volume of the body of a neural cell without its 
offshoots. 

The proportion between the number of cell-elements and the 1/; power 
of the weight of the body, resp, the (stem-)length becomes plausible when 
we point to the direct interdependence of the length of the chorda (the 
future body-stem) and the neural plate (of which a certain fraction, pro- 
bably constant with closely related kinds, becomes matrix of the brain). 

The dependence of a cell-element on the 2/3 power of the stem-length, 
resp. the 2/) power of the weight of the body, is plausible when we consider, 
on the one hand that the average size of a cell-element is proportional to 
the average nucleus-size of the neural cell belonging to it and on the other 
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hand that the average nucleus-size is probably proportional to the 2/3 power 
of the average nucleus-volume, which itself is again directly proportional 
to the length of the offshoots belonging to it and is thus also proportional 
to the length of the body-stem; the average nucleus-size will then be 
dependent on the 2/, power of the stem-length, resp. of the 2/9 power of 
the weight of the body. This last fact could be confirmed experimentally 
for the Mouse, the Rat, the Cavia and the Rabbit. 
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Paleontology. The evolution of the skeleton of Rhinoceros sondaicus 
Desmarest. By D. A. Hooijer. (Communicated by Prof. S. T. Box.) 


(Communicated at the meeting of May 25, 1946.) 


In an earlier paper (HoOIER, 1946) I described the fossil remains of 
Rhinoceros sondaicus Desmarest from the Pleistocene of Java collected by 
EuaG. DUBOIS some fifty years ago. I had many recent skulls and also four 
skeletons of the species for comparison. The fossil teeth and many of the 
limb and foot bones proved to be larger than the recent, with the exception 
of the humerus, femur and tibia which present smaller dimensions than the 
recent. I did not, then, especially emphasize this point, and merely stated 
(l.c., p. 76) that the femora might belong to some small variety. There is 
nothing peculiar in the fact that fossil bones and teeth of a still living 
species average ‘larger than the recent; on the contrary this is a common 
thing to students of Pleistocene and prehistoric Mammals. Many animals 
have diminished in size, both on continents and on islands, since the 
Pleistocene, and the purpose of the present paper is to make it evident that 
the reduction in size may affect different parts of the skeleton to a different 
degree. This is shown by the rhinoceros material I have worked upon, and 
the explanation will be offered below. 

Let us turn now to the facts. In the following table I give the observed 
ranges and means for the dimensions of upper toothrow and limb and foot 
bones of recent and fossil Rhinoceros sondaicus Desmarest, extracted from 
my paper of 1946, Much more convenient than to compute many indices it 
is to follow Simpson (1941) in constructing ratio diagrams of the 
dimensions of the different bones. This principle has been fully explained 
by SIMPSON (l.c., pp. 23—25), but a short explanation will not be out of 
place here. : 


Rhinoceros sondaicus Desmarest. 


Recent | Fossil 
Length of - 

Range Mean Range Mean 
pd!—_M3 242 —255 249 267 —272 270 
Humerus 379-0) 392 386 - 389 388 
Radius 318 329 324 343—359 349 
Metacarpal III 170—173 171 187 187 
Femur 440— 495 474 438 476 459 
Tibia 323 - 335 328 320 337 330 
Metatarsal III 150) 355 153 165 165 


First the direct measurements are converted to their logarithms, and then 
the differences are calculated from some one standard, for which I selected 
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the logarithms of the means of the measurements found in the fossil 
specimens. They are set in a straight vertical line, the larger observations 
fall to the right of this line, and the smaller to the left. The more nearly 
the line, connecting the means of the corresponding values in some other 
material, approaches a vertical line, the closer the similarity in proportions 
throughout the parts measured. It goes without saying that this will do 
regardless of absolute size which is ignored here; the differences between 
the logarithms represent the logarithms of the ratios. Size is of no impor- 
tance; I have shown that the fossil remains are doubtless specifically iden- 
tical with the recent Javan rhinoceros. ‘ 

A glance at fig. 1 will show that the humerus and the femur, and, to a 
lesser extent also the tibia, have disproportional dimensions in the recent 
skeletons as compared to that of their forerunner in the Pleistocene. The 
fossil animal had the radius, tibia and distal limb segments longer relative 
to humerus and femur than the recent. Why should fore arm and manus, 
leg and pes have become shortened in the course of time? 

The explanation presents itself immediately. It is exactly the same trend 
of evolution observed in some phyla of the brontotheres (Titanotheres) of 
North America, viz., the transformation from a mediporta! to a graviportal 
type (OSBORN, 1929, especially Chapter 1X), Humerus“and femur lengthen, 
radius, tibia, and metapodials shorten when passing from swift-moving to 
slow-moving animals. In our example the tibia is shortened to a lesser 
degree than the radius, and the metatarsal seems to abbreviate less than the 
metacarpal. I was desirous to know whether the other recent rhinoceroses 
present proportions throughout the parts of their skeleton similar either to 
the recent or to the fossil Javan rhinoceros or not, Skeletons of Dicerorhinus 
sumatrensis (Fischer) and Diceros bicornis (L.) are in the Leiden 
Museum, and I took the measurements of Rhinoceros unicornis L. from 
CuviER (1822) (with a slight correction for the length of the humerus 
which he measured in another way than I did). The ratio diagram, with 
the same standard of comparison as that in fig. 1, is given in fig. 2. It 
shows that the proportions for wnicornis are more like the recent sondaicus 
than those of the African bicornis, which has the maxima in the fore arm 
and leg instead of in the proximal limb segments. D. sumatrensis has an 
especially short radius but for the rest comes nearest to the fossil sondaicus 
in the comparative proportions of its limb segments. It must be kept in mind 
that these similarities in ratios imply no genetic relations but represent only 
parallelisms in adaptation to speed and weight. 

D. sumatrensis is regarded by OSBORN (1898) and others as the most 
primitive among the living species of rhinoceroses, The subfossil humerus 
from Sumatra described and figured by me (HOoijer, 1946, pp. 26—27, 
pl. X fig. 6) constitutes all we know of the early history of the post- 
cranial skeleton of the Sumatran form, When plotting this specimen against 
the log difference scale in the diagram, the point is seen to fall much to 
the right of the standard line, while the recent specimens all remain to the 
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left of it. The teeth were larger too, but it is certain that the Sumatran 
rhino had a different story than the Javan in which latter the humerus 
remained of equal size or rather lengthened since the Pleistocene. 

Several bones have been found associated with teeth in a cave deposit 
in Sarawak, Borneo. They might very well belong to sumatrensis (see 
HOooijer, l.c., p. 10), but this is uncertain until the specimens will turn up 
again in the British Museum collection. 

Apart from an uncertain astragalus from the Narbada beds (Hooijer, 
l.c., p. 83) we know nothing about the post-cranial skeleton of Rh. uni- 
cornis L. in prehistoric or Pleistocene times. From Java I have described 
and figured two complete metapodials as belonging to a species, Rh. 
kendengindicus Dubois, which is distinguished from unicornis only by its 
less hypsodont teeth, more molariform premolars, and the upper molars 
being comparatively narrower posteriorly. The post-cranial remains 
comprise fragments of humerus and femur of the same size as recent 
unicornis, and a third metacarpal and metatarsal which are likewise larger 
than the corresponding bones in recent sondaicus. The latter have been 
plotted in the diagram; they are not so much different in size as the cor- 
responding bones in unicornis and fall near a single vertical line with the 
Sumatran humerus. It would be very interesting to know how the other 
parts of the skeleton of kendengindicus are; the teeth only indicate that the 
species combines progressive and primitive characters relative to unicornis 
which also dates from the Pleistocene. 

Thus sondaicus is the only Asiatic species of rhinoceros which is 
represented by a fair amount of material, which enables us to follow its 
history since the end of the Tertiary. The species is now very near complete 
extinction; probably less than seventy of this, one of the rarest and most 
famous of the large Mammals (Harper, 1945, p. 381), are in existence at 
the present day (LocH, 1937, p. 146). Recently CoLBERT (1942) has 
postulated that sondaicus (of which he examined only recent skulls) truly 
is a persisting primitive form and anatomically may be regarded as at about 
a lower Pleistocene or perhaps an upper Pliocene stage of development; it 
is, he says, a true living fossil. These conclusions are based on the com- 
parison with skulls of the lower Pliocene genus Gaindatherium, of the 
Pleistocene Rh. sivalensis and Rh. sinensis, and of the recent Rh. unicornis. 
Rh. sondaicus is shown to be intermediate in its skull characters between 
Gaindatherium and the more advanced Pleistocene and recent species of 
Rhinoceros mentioned above. COLBERT states that every distinguishing 
character shows an advance in the Indian rhinoceros over its expression in 
the Javan form, and surmises that the same holds for the post-cranial 
skeleton. This I am able to confirm, but matters turn out to be more com- 
plicated than first supposed. 

When we trace sondaicus back into the Pleistocene its limb and foot 
structure becomes more different from that of a graviportal type as the 
recent unicornis and is transformed to a type like sumatrensis, the only 
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recent species of rhinoceros which is regarded as mediportal (OSBORN, 
1929, pp. 749, 780). In its progression into the graviportal or slow-moving 
type sondaicus is not so advanced as the recent Indian rhinoceros, as shown 
also in the following table of indices which I have computed to enable the 
direct comparison with the tables of OSBORN (l.c., pp. 735—739). Of 


Tibio- Metatarso- Radio | Metacarpo- 
femoral femoral humeral humeral 
Rh. unicornis L. 67 32 83 | 39 
Rh. sondaicus Desm. recent | 6: 32 83 44 
Rh. sondaicus Desm. fossil 72 36 90 48 
D. sumatrensis (Fischer) 72 37 89 50 


course this series does not represent a phylogenetic sequence but only a 
sequence of adaptive types. 

The present contribution shows the mode of evolution known up to now 
only from certain series of species in successive stages to be found also 
within a species, Within one and the same species, for, as I have shown 
(HOooIER, 1946) tooth for tooth and bone for bone the Pleistocene Rhino- 
ceros sondaicus Desmarest is identical with the living Javan rhinoceros. 
Should subspecific names be required, the Pleistocene form must be named 
Rh. sondaicus sivasondaicus Dubois, and the recent Rh. sondaicus sondaicus 
Desmarest. 
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Comparative Physiology. — The presence of a- and B-amylase in the saliva 
of man and in the digestive juice of Helix pomatia. I. By L. ANKER 
and H. J. Vonk, (From the laboratory of Comparative Physiology, 
University of Utrecht.) (Communicated by Prof. G. KREDIET.) 


(Communicated at the meeting of April 27, 1946.) 


In 1889 WIJSMAN showed that malt-extract contains two enzymes causing 
cleavage of starch. These are now called a-amylase and f-amylase, 
according to KUHN. These names were introduced by KUHN, because with 
the activity of a-amylase the maltose first is formed in the a-form, with that 
of the f-amylase in the f-form!). We know chiefly also through 
WIJSMAN that with the activity of a-amylase the residual product is 
not coloured by iodine, while with that of f-amylase the residual 
product is coloured with iodine. For the separation of these enzymes 
WIJSMAN used the separation-method of two substances discovered by 
BEIJERINCK, by means of a gelatine-plate often used in bacteriology. When 
he brought a drop of malt-extract on such a plate which contained soluble 
starch, after a few days, by colouring with a solution of iodine in 
potassium-iodide, he found at the place of the drop an uncoloured field 
surrounded by a purple ring, round which a very narrow clear-blue ring 
formed the transition to the dark blue colour of the rest of the medium. 
This observation led him to suppose that at the height of the purple ring, 
by a quicker diffusion, there was only one enzyme, which decomposes 
starch, not only into maltose, but also into a product that still gives a purple 
colour with iodine. He proved this, because part of this ring not yet coloured 
with iodine, transferred to another plate, there only gave a diffusion-field 
coloured purple by iodine. This enzyme is the f-amylase and the coloured 
disintegration-product is erythro-granulose which is decomposed further by 
a-~amylase into products (chiefly maltose) that can no longer be coloured 
with iodine. 

In the same way in 1934 GIESBERGER examined, among other things, the 
saliva of man. He found a weak purple ring round the uncoloured field and 
thought that by this he had demonstrated the presence of f-amylase beside 
that of the a-amylase, chiefly present (as appeared from the big uncoloured 
field). However he could not carry out the critical experiment, the trans- 
ferring of part of the ring to another plate, the ring being too narrow 
for this purpose. 


1) This is shown with the polarimeter. After some timé the normal equilibrium mixture 
of 36% a-maltose and 64% f-maltose arises. KUHN found that pancreasamylase (at 
least, chiefly) is an a-amylase. Some experiments with the polarimetric method will be 
discussed in a following communication, 
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In the same year, however, PURR, with a method which makes 
use of the connection between the degree of saccharification and the 
colouring with iodine, confirmed the current opinion that saliva~-amylase is 
the purest a-type which is known; in this investigation he also showed that 
pancreas-juice of the pig contains B-amylase, but in an inactive form, which 
he could activate with vitamin C. 

In the following year GIESBERGER published a rectification to his work 
of 1934. For when repeating the diffusion-experiments, he had only 
succeeded a few times in getting a purple ring. In these cases also the 
starch in the rest of the plate was not coloured dark-blue, but purple-blue. 
In most of the cases he found a clear blue ring round the colourless 
diffusion-field. Because of these new results he thought he could not 
maintain his original statement that saliva-amylase is a mixture of two 
enzymes. The clear blue ring would mean that as a consequence of a weak 
enzyme-concentration,’ unchanged starch is still to be found there, while the 
purple ring would point to a product of disintegration already present in 
the starch and not to an activity of f-amylase from the saliva, 

That this ultimate conclusion is insufficiently founded may appear from 
the following theoretical considerations and from experiments taken to test 
them. 

GIESBERGER does not mention a p,, at which he made his experiments, so 
that we may suppose that he worked at the acidity of the gelatine- 
starch plate. In such weakly acid surroundings (as appeared from our 
measurements 5,8) according to the p,,-optimumcurves of OHLSSON and 
those of VAN KLINKENBERG, the activity of f-malt-amylase has already been 
reduced by the p,, which is high for this enzyme, while a-malt-amylase acts 
about optimally here 2). For the amylases of pancreas-juice and saliva (the 
former of which is doubtless and the latter probably a-amylase) the opti- 
mum lies between p,, 6.2 and 6.8 (dependent on the buffer used). Though 
the situation of the p,,-optima of enzymes is influenced by additional mix- 
tures (the optimum for saliva~amylase does lie a little higher than for that 
of malt), it is not unreasonable to suppose that also for a f-amylase if 
present in the saliva or the pancreas-juice, the optimum will lie lower than 
that of the a-amylase. If this supposition is right, we may expect that under 
the circumstances of GIESBERGER’s experiments the activity of a f-amylase 
if present in a very small quantity, becomes less clearly visible; for the 
few residual products of this disintegration that can be coloured with iodine 
will be changed relatively quickly into the products that are not coloured 
any more, by the a-amylase. . 

A comparison of the p,,-optimumcurves of a- and f-amylases will no 
more make us expect a purple ring at a higher p,,. On the other hand, the 
possibility of discovering f-amylase in the saliva at p,,-values lower than 


2) The optimum for amalt-amylase lies at Py 5.75, that for /-malt-amylase at P,, 4.9. 
For the former enzyme the optimum-curve runs steeply upward, for the latter it is flatter. 
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those of an unbuffered gelatine-plate, increases, in the first place because 
this enzyme becomes then more active and secondly because the resulting 
residual products will be disintegrated more-slowly by a-amylase. Anyhow, 
it is wrong to conclude that f-amylase is absent, if the p,, was not suffi- 
ciently varied when the experiments were made. 

The following experiments confirm that these expectations are reasonable 
(Table I). The experiments 1—3 of this table are repetitions of those made 
by GIESBERGER. The plates?) remained resp. 2, 3 and 4 days in the 
thermostat (we shall say more presently about the importance of this indi- 
cation of time). In these experiments the purple ring was also absent; 
the white diffusion-field was surrounded by a clear blue ring. By this a 
reproduction of GIESBERGER’s last results was obtained. In experiment 4 
a weak NaOH-solution was added to the saliva and in experiment 5 a 
weak HCl-solution. In the letter case the colourless field was indeed 
surrounded by a narrow purple ring. Round this there lay a clear blue ring, 
about as broad, the presence of which can also be known in advance, as the 
residual products formed when the f-amylatic disintegration takes place 
can be coloured blue with iodine a considerable time after the beginning of 
the enzyme-activity (SAMEC, HANES) and only become purple via blue- 
violet and violet towards the time that the disintegration-limit is reached. 
So this result of experiment 5 is a first argument for S-amylase being present 
in the saliva. In order to be as certain as possible that this f-amylase did 
not come from food-remnants or other pollutions of the mouth we always 
used saliva which had been produced before breakfast after thorough 
cleansing of the mouth-cavity. 


TABLE I. 


Experiment Digestive juice Diffusiontime in days Result 


1 Saliva 2 att 
2 *: 3 =i 
3 ; 4 oe 
4 » with NaOH 2 ae 
5 x DIME 3 (SI 2 +. 


GIESBERGER is right in not ascribing the purple ring found by him in 
some cases, to the activity of f-amylase, because in those cases the 
unchanged soluble starch also had a purple-blue colour in the plate, 
which might point to disintegration-products already being present. But he 
is wrong in taking the blue ring for the place where there is starch still 
unchanged as a consequence of a weak concentration of a-amylase. For if 
one lets the diffusion-experiments take place on an alkaline medium (at p,, 8 


3) They contain 8% gelatine (powder-gelatine Twee Torens, Delft) and 0.25% 
soluble starch (amylum solubile of KAHLBAUM) without addition of buffer. For the 
preparation cf. the dissertation of VAN KLINKENBERG. 
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to 9) the uncoloured field is immediately surrounded by the blue of the 
unchanged starch. 

It follows from this that a-amylase by itself (the f-amylase of saliva is 
probably also inactive at this p,,), does not cause a clear blue ring round 
the uncoloured diffusion-field; in other words the blue ring is an indicator 
for the presence of f-amylase. 

This inequality of the diffusion-field appearing after colouring with 
iodine, which must be based on the fact that the a~ and the f-amylase affect 
the starch-molecule differently, is in complete accordance with the charac- 
teristics that have been given of these enzymatic. changes. The a-amylatic 
disintegration is characterised by a quickly disappearing colouring with 
iodine, because according to modern views this enzyme causes the starch- 
molecule to break up into fragments that can no longer be coloured, already 
in the first stage of the development. With the f-amylatic disintegration 
the colouring blue with iodine continues to exist a long time and only 
changes into purple when the disintegration-limit is reached. For this. 
enzyme separates one maltose-molecule each time from the extremities of 
the starch-molecule, so that the disintegration is more gradual than that 
caused by the a-amylase. 

WIJSMAN also mentions a blue ring round the purple one. In view of what 
was known at that time of enzymatic starch-disintegration it can be under- 
stood that he takes this ring for the place where the amylum, by the f-amy- 
lase, is made more suitable to be coloured by iodine. 

At present, according to us, the most likely explanation of the pheno- 
mena is this: 

a) a colourless diffusion-field, surrounded immediately by the blue of 
the unaffected starch, points to exclusive presence or activity of a-amylase, 

b) acolourless diffusion-field, surrounded by a clear blue ring, points to 
a low concentration or little activity of f-amylase, present in the solution 
of a-amylase. 

c) accolourless diffusion-field, surrounded by a purple and a blue ring, 
points to a higher concentration or a higher activity of B-amylase present 
in the solution of a-amylase. 


In order to determine the p,, where the ring is glearest the experiments 
6—17 were made (Table II) 4). When in the following we speak of a ring, 
we mean by this the purple ring. From this series of experiments appears 
that the ring is clearest at p,, = 4,5—4,7 both for saliva and for the 
digestive juice of HELIX. 

This confirms the supposition expressed above that f-amylase will be 
demonstrated best at a weakly acid reaction. 


4) The plates contain 8% gelatine and 0.25% soluble starch as in the experiments 
of table I. They were here buffered with potassium-biphtalate and NaOH (according to 
CLARK and LUBS) in various proportions. 


: 


6§1 

A factor which may have a considerable influence on the results of the 
experiments is the time during which one allows the diffusion to proceed. 
In order to get the rings sharply divided from one another, it appeared 
necessary to let the diffusion take place at a low temperature (in a thermo- 
stat at 3° C) viz. during two days, Also at room-temperature one can make 
the phenomenon appear, but then iodine should be added sooner, as the 
diffusion takes a quicker course at a higher temperature. It is easy to see 
that when the period of diffusion too short, there is no sufficient differen- 
tiation. But also if one makes the period too long, the phenomenon becomes 
unclear. This is illustrated by the experiments 6—11 of Table II. It follows, 


TABLE II. 
Experiment Digestive juice Diffusiontime eae : 
in days A Se Sate) ON Ot od 
6 Saliva 2 +) + } +?) +?) — 
7 3 +7?) +?) — eh 
8 : + Be ea SY [ee ie 
3 dig. juice Helix 2 +-+)+-+)+-+)+-+| +? 
10 ) 3 +\/+]4+]+] 42 
1 : +) +}+]) +) 42 
12 : 2 + ++ 
13 ; 2 + i+ + 
14 ; 2 ++ 4 
15 : 2 ++| +} +] - 
16 Saliva with 
60 9/9 aethanol 2 + | + | +? 
17 Saliva (filtered) 2 +?} + | — 


no purple ring. 


+ =-purple ring. 
-+-+- = broad purple ring. 
+? = hardly visible purple ring. 


among other things, from these experiments 


a) that the diffusion at 3° C should not be allowed to take longer than 
two days, 

b) that the digestive juice of Helix pomatia gives a clearer blue ring 
than the saliva of man, from which follows that the former probably 
contains more f-amylase. 

When these experiments were carried out, care was taken that the 
gelatine-plates were of exactly the same thickness (equally large Petri- 
dishes with an equal number of cm of gelatine). As it was often very 
difficult to judge the breadth of the ring (so that mostly we had our 
observations checked by two persons), it is important to compare the rings 
at different p,,-values only when this requirement that the plates are equally 
thick, is met. The p,, values were measured with the Hellige-comparator. 
In the whole studied p,,-region the degree of acidity of liquid gelatine 
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appeared to lie 0,2 higher than that of solid gelatine. The influence of 
saliva and digestive juice of Helix (the p,, of which appeared to lie resp. 
at 6,8 and 5,3) on the degree of acidity of the plates was not examined. 

In view of the results of PURR, who, it appeared, could activate the 
f-amylase from the pancreas of pigs by the addition of vitamin C, we 
examined what influence this vitamin has on the ring. A tablet of “Cebion” 
of E. Merck, Darmstadt, was dissolved in 2, 4 and 6 cm? of water. Such 
a tablet contains 0,05 gr. of crystalline ascorbic acid. To one drop of 
saliva one drop of vitamin-solution was added. In all the three cases the 
ring was clearer than in the controls. If the vitamin C was brought into the 
gelatine-media in equally strong concentrations, it appeared to have no 
influence. These experiments took place at p, 4,5. In an experiment 
following upon this at p,, 6,4 a broad purple-blue ring arose with gradual 
transitions, both in- and outside. No opinion can as yet be offered on the 
interpretation of this phenomenon. 

Finally, in imitation of WIJSMAN, the enzyme-solution (the saliva) was 
heated for ten minutes at 70° C in order to render (analogous to WIJSMAN’s 
experiments) the S-amylase, if present, inactive. It appeared that the activity 
of the a-amylase was also so strongly reduced by this treatment that a 
light-blue field at the place of the drop was the only visible result. The 
diffusion-field of a saliva-solution heated for five minutes appeared to 
agree much with that on an alkaline medium (so only activity of a-amylase). 
This is a new argument for the opinion, formed because of the diffusion- 
experiments, that in the saliva beside the a~-amylase a f-amylase is present, 
the latter of which is rendered inactive by 5 minutes’ heating, while the 
former remains intact. The transition between the colourless field and the 
blue of the uneffected starch was somewhat less sharp than in the experi- ~ 
ments on an alkaline plate, but there was hardly any blue ring left. 

The facts stated in the preceding experiments form together a very 
strong indication for the presence of a small quantity of B-amylase in the 
saliva, 


Summary. 


According to the diffusion-method introduced by WIJSMAN in enzymology 
we examined whether f-amylase was present in the saliva of man and in 
digestive juice of Helix pomatia. The following results: 

1) the presence of a purple and a clear-blue ring round the colourless 
diffusion-field in acid surroundings (optimal at p,, —4,5) and their 
absence in alkaline surroundings, 

2) the broadening of the purple ring by the addition of vitamin C, 

3) the absence of the rings after 3 minutes’ heating at 70° are all in 
favour of the supposition that f-amylase occurs beside the chiefly present 
a-amylase in the saliva of man, while a corresponding, even clearer 
diffusion-picture at a lower p,, points to the presence of f-amylase beside 
the chiefly present a~amylase in the digestive juice of Helix pomatia, 
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The presence of f-amylase in the digestive juices can have a certain 


’ biological significance. For the starch is decomposed further and especially 


more quickly by the a-amylase, which is chiefly present, in the presence 
of B-amylase. The activity of vitamin C to render f-amylase active might 
play a part here, as vitamin C is always present in the intestinal canal of 
herbivorous animals. 
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Comparative Physiology. — The determination of the coagulation-time of 
bloodplasma by means of apparatuses of LINDERSTROM—LANG adapted 
to this purpose. By H.J. Vonxk, A. STOLK and C. H. NuyTeEn. (From 
the laboratory of Comparative Physiology, University of Utrecht.) 
(Communicated by Prof. G. KREDIET.) 


(Communicated at the meeting of April 27, 1946.) 


Numerous different methods have been indicated to determine the blood- 
coagulation-time. A simple one is the sucking up of blood in a long glass 
capillary, which is put horizontally (if possible in a thermostat), after which 
every other minute small pieces of this capillary are broken off. When 
with this breaking off a fibrin-thread arises, the coagulation is assumed to 
be completed (SABRAZES, 1906). This method is rather primitive. Even 
though the capillaries are put in horizontal tubes which run through a 
water-thermostat, they must be touched and again and again taken out of 
their surroundings with a constant temperature. An advantage of this 
niethod is that a small quantity of blood is sufficient. 

One can also pull a white horse-hair, which has been cleaned with 
alcohol and ether, through a glass capillary filled with blood. If the hair 
comes out no longer white but red, the point where the coagulation begins 
has been reached. After total coagulation the hair again comes out white 
(VIERORDT, 1878). There are about as many advantages and drawbacks as 
with the preceding method. 

The blowing out of blocd from glass capillaries can also be used to 
determine the coagulation-time (WRIGHT, 1893). Also the rising in them 
which of course does not take place after coagulation (LOWENTHAL). 

Fonio has given a short summary of these and other methods 1). Later 
WoLvius 2), FESTEN?) and Proost 4) have worked out a very useful 
method, based on the absorption of light by the coagulating blood sample. 
To determine the light-absorption WOLVIUS used an extinction-meter of 
MOLL. FESTEN and Proost a Pot-galvanometer of Cambridge combined 
with a photo-cell. The only drawback of the method according to FESTEN 
and PROOST seems to me that the sample is not kept at a constant 
temperature. An advantage is that the blood is not set in motion, as is the 
case with so many other methods. FESTEN and Proost do not give figures 


+) A. Fonio, Die Gerinnung des Blutes, Hndb, d. norm, u. path. Physiologie, VI, 
1 p. 307—411, especially p. 358—364 (1928). 

2) J. WoLvius, Diss. Utrecht 1923 (Een objectieve methode ter bepaling van het ver- 
loop der bloedstolling). 

3) H. FESTEN, Nederl. Tijdschr, v. Geneesk, 83, I, 396 (1939). 
4) J. B. PRoosT, Diss. Utrecht 1941 (Het phosphatiden- en cholesterinegehalte van 
het serum tijdens senium en puerperium en het eventueel verband met den stollingstijd 

van het bloed), 
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from which it appears that the method can be reproduced on one and the 
same blood-sample. A certain drawback of WoLvius’ method is that a 
very expensive extinction-meter is necessary for it. 

In the method which we are now going to describe, use is made of part of 
the apparatuses which LINDERSTROM—LANG 5) indicated for the carrying out 
of his micro-titrations. Here he uses a small test-tube, the content of which 
is about | or 2 cm3, The sharply drawn-out point of the microburette is put 
in the titration-liquid. The solution with which the titration is done is 
driven out of the microburette by screwing up a mercuric pile. As with 
this way of titration the liquid in the vessel cannot be shaken, LINDER- 
STROM-LANG brings about the mixture by making a small glass ball, in 
which a little Ferrum reductum (or a small piece of iron wire) has been 
melted, jump up and down by means of an electromagnet provided with a 
mercury-interruptor. It seemed to us that this method of stirring could also 
be made to serve the determination of the coagulation-time of blood, at 
least of recalcified oxalate-plasma or of oxalate-plasma with thrombine etc. 
The titration-vessel may then be filled with oxalate-plasma, which can be 
made to coagulate by adding a solution of calcium-chloride or with a mix- 
ture of oxalate-plasma and bloodserum (which still contains a remnant of 
thrombine). On the latter mixture thé p,, optimum of the coagulation can 
very well be determined, when buffers or HCl and NaOH are added. 

Every 30 or 60 seconds, by switching on the magnet, we try to see 
whether the little ball can still be set in motion 6). If this is no longer the 
case, the coagulation is ended. Permanent motion of the ball is not desirable, 
as this has a strong influence on the coagulation-time and often no gel 
arises either, but a flock of fibrin, so that the coagulation-time cannot be 
determined, 

The figure on page 687 shows how the experiments are arranged. It 
represents a horizontal section of the apparatus at A, a vertical one at B. 
The electromagnet (1) with nucleus (2) has been fixed on a little table 
(3) which, by means of a serrated path (4) and screw (5) can be moved 
up and down and adjusted at the right height. A second table (6) which 
can also be put higher and lower by means of a serrated path (7) and 
screw (8) carries a cork-plate (9) on which are two plates of asbestos 
screwed together (10 and 11) between which a heating-element (12) has 
been fixed (13 and 14 are its supply- and outlet-wires). On the upper 
asbestos plate stands a thin crystallizing-dish (15) (Jena-glass) with a 


5) K, LINDERSTRoM-LANG u. H. HOLTER, Zs. physiol. Chem, 201, 9 (1931). 
6) Before use the small glass balls should be boiled with diluted nitric acid, after which 
in the used acid one reacts with KCNS to iron, If no colouring red occurs, the balls can 


be used. : 

7) The mercury-interruptor and the switch in front of it have been left out in the 
drawing. 

8) In fig. B on the right of b the crystallizing-dish is represented as filled with water, 
on the left of 6 empty and with the wall taken out. 
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height of about 6 cm and a diameter of 10 cm8). This can be shifted or 
turned with the hand. On the bottom of this crystallizing-dish there is a 
brass plate (16), on which along the edge twenty times three small brass 
bars (17) have been fixed, between which 20 glass tubes (18) can be put. 
These glass tubes (the titration-vessels of LINDERSTROM—LANG) contain the 
liquid of which the coagulation-time must be examined. They are closed 
by glass stoppers (19), which are fastened on the tubes by pieces of 
rubber-tube (20). In the vertical section the small glass ball with iron 
nucleus is drawn in the tubes on the right of b. On the middle of the brass 
plate (16) a brass bar (21) has been attached, which serves the purpose 
of removing the brass plate easily from the dish. On this bar there is a stud 
(22), on which rests a loose ring (23), to which a second ring (24) has 
been fastened, which serves as holder for a thermometer (25). The dish 
can be turned with the hand, so that every time another tube comes to 
stand before the magnet-nucleus. The heating-element can be regulated 
by switching some carbon filament lamps of 5, 10 and 16 candle-units. Thus 
at a room-temperature that does not vary too much the temperature of the 
bath can be easily kept constant for an hour within a limit of 0.5°. 

With the apparatuses of LINDERSTROM—LANG adapted in this way the 
coagulation-time of bloodserum for experiments can be determined to the 
nearest 1 to 0,5 minutes. The technics are less satisfactory for the deter- 
mination of the coagulation-time of blood itself, as the glass ball is not 
clearly visible. This also obtains, however, for the (up to now most exact) 
experiments of WOLVIUS, FESTEN and PRroosT, who also used oxalate- 
plasma instead of blood, to which at a certain moment a certain quantity of 
pure calcium-chloride was added, Many experiments, which show the 
various phenomena on which the classical blood-coaguation theory is 
founded, in a simple way were carried out by us successfully in this 
manner. 

We must state most emphatically that the test-tubes should be cleaned 
very carefully indeed. The coagulates should be removed from them 
mechanically and then the tubes should be boiled in strong nitric acid 
or aqua regia. After this they are rinsed many times with tap-water and 
finally a few times with distilled water and dried. It appeared that the 
inconstant values found at the beginning of the experiments were entirely 
due to insufficient cleaning of the tubes, As is well-known, the character 
of the surface strongly influences the blood-coagulation time. To this and 
to traces of enzyme, possibly adsorbed to the wall in former experiments, 
the occurring of such-like irregularities must be ascribed. 

In order to investigate the accuracy of the method we determined fhe 
coagulation-time of one and the same test-liquid several times. This was 
mostly made up of a mixture of 1 cm? of oxalate-plasma and 1 cm? of serum 
(to which the same quantity of oxalate had been added). Then the throm- 
bine is present in the serum, the fibrinogen in the oxalate-plasma. The 
addition of oxalate to the serum takes away the calcium in it. When joined 
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Apparatus to determine the blood-coagulation time. 
Explanation in the text. 
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to the plasma this might otherwise cause the formation of new thrombine, 
so that irregularities might arise. 

The following results were obtained. A coagulation-time of 11 min. was 
found in 7 experiments at 23° for a mixture of 1 cm3 of oxalate-plasma and 
1 cm of serum. 8 min. was found 6 times for 2 cm? of plasma and 3 cm3 
of serum, Differences below 1 minute could not be observed in this way 
(switching of the magnet every other minute). A few times the differences 
appeared to be greater than 1 min., but this was the case with a long 
coagulation-time (serum and plasma, brought together in a proportion 2 to 
3, were both 1 day old, so that the activity of the thrombine becomes 
considerably weaker, probably by destruction of the enzyme). Thus we 
found: 5834, 6034, 5834, 5934 and 5934 min. Average 59,5 min, The 
mean error of a single determination was then (rounded off) 34 min., 
that of the average 3/g min. In spite of the somewhat larger dispersion, the 
determination, as for percentage, becomes more exact when the time is 
longer. 

In experiments with serum and oxalate-plasma joined together, in 
various proportions of the quantities of the components, a minimal coagula- 
tion-time is found. The cause of this is the following. When there is a 
constant quantity of oxalate-plasm, at first the coagulation-time will become 
shorter as the quantity of added serum increases, because the quantity 
of the enzyme is enlarged. As it is only the plasma that contains fibrinogen, 
the concentration of the fibrinogen decreases as the quantity of added 
serum increases, so that the formation of a gel will be delayed and finally 
this will not appear at all. The following experiment shows this: 


No. Quantity of Quantity of Coase 
ox. plasma serum 

1 1 cm3 0.5 cm3 22° 50 min, 
2 1. cm3 0.7 cm3 222 30 min. 
3 1 cm? 0.9 cm3 22° 26 min. 
4 1 cm3 1.0 cm3 222 22 min. 
5 1 cm? 1.5 cm? 225 18 min. 
6 1 cm3 2.0 cm3 22e 14 min. 
7 1 cm3 2.5 cm3 phe 13 min. 
8 1 cm} 3.0 cm? 22e 15 min. 
9 1 cm3 3.5 cm3 22° 15 min. 
10 1 cm} 4.0 cm3 222 16 min. 


Tube no. 7 shows the minimal coagulation-time. It appeared however, 
that after 24 hours the coagulate could be shaken out of the tube without 
difficulty, while this was least easy with the coagulates in number 3 and 
4, So we shall be able to determine the coagulation-time in the most exact 
manner when the proportion of the mixture is 1: 1. For the more solid the 
congelation that has been formed, the more unmistakably shall we be able 
to determine the moment when the motion of the ball ceases. 


- hw 


689 


The method of Wotvius, where the absorption-curve is completely 
fixed and measured, is undoubtedly the most exact. But it requires 
very expensive apparatuses. A further advantage is that it can also be 
carried out at a constant temperature and that the liquid is not set in motion, 


‘except when we mix with calciumchloride. The methods of FESTEN and 


Proost also have the latter advantage. But they don’t work at a constant 
temperature, which is a drawback especially for a longer period of time, 
while our method does work at a constant temperature. As for accuracy, 
they are about equal to our method. The motion of the glass ball every 
other minute has with our method a certain influence on the coagulation. 
On the other hand, a special mixture of the liquids by a spatula, needed 
for the optical methods, is superfluous here. This drawback is removed, 
however, for comparative experiments, when the coagulation-times do not 
differ too much. (If one wishes to determine the absolute coagulation-time 
by means of our method, one can make three similar experiments. In the 
first tube one lets the ball move every other minute. Only when the liquid 
in this tube has coagulated one lets the ball in number 2 jump every other 
minute. When the coagulation of this tube is completed, then that in no. 3. 
In this way one approximates the true coagulation time.) 

Further, our method has the advantage that a great number of deter- 
minations can be made at the same time. So those who have the titration- 
apparatuses of LINDERSTR@M—LANG at their disposal, can make them very 
suitable in a very simple way, for the determining of the blood-coagulation 
time. The description of this method seemed important to us, as in many 
modern investigations (e.g. of ASTRUP c.s. 9) rather subjective methods are 
still used to determine this coagulation-time (observation of the first 
fibrinous flock or moving of the tube with the hand). 


Summary. 


A method is described to determine the blood-coagulation-time, founded 
on an application of the way in which in the micro-titrations of LINDER- 
STROM—LANG the mixture of the liquids takes place. 


8) ASTRUP, GALSMAR, VOLKERT, Acta physiol, Scand, 8 (1944). 


Zoology. Over het oriéntatieprobleem bij vogels1). (Preliminary com- 
munication.) By S. DIJKGRAAF. (Communicated by Prof. W. H. 
ARISZ.) 


(Communicated at the meeting of April 27, 1946.) 


Inleiding. 

Het is bekend, dat vogels over merkwaardige oriéntatievermogens 
beschikken. Dit volgt zoowel uit het gedrag van trekvogels, als uit trans- 
portproeven met postduiven en in het wild levende vogelsoorten. In het 
laatste geval werden de dieren meestal in den broedtijd gevangen, zoo snel 
mogelijk naar elders vervoerd, geringd en weer vrijgelaten. Een zeker 
percentage van de vogels bleek dan op het nest terug te keeren (,,homing’’), 
ook in die gevallen, waarin het als vrijwel zeker kon worden beschouwd, 
dat de dieren het gebied van vrijlating tevoren nooit hadden bezocht. De 
vraag dringt zich op; hoe weet een vogel vanaf een willekeurig punt in 
onbekend terrein zijn nest terug te vinden? 

Er doen zich tér verklaring drie mogelijkheden voor: 

1. De vogel vliegt zoolang zoekend rond, tot hij — al of niet — ergens 
zijn ,,woongebied” raakt (het gebied dus, dat hem door ervaring bekend 
is), waarna hij verder rechtstreeks naar het nest kan terugkeeren. 

2. De vogel kent het gebied van vrijlating weliswaar niet door indivi- 
dueele ervaring, doch bezit er een zekere aangeboren kennis van. 

3. De vogel richt zich op den terugweg naar prikkels, die op den heen- 
weg, tijdens het transport naar het punt van vrijlating, op hem inwerkten. 

Wat de eerste mogelijkheid betreft kan men zeggen, dat terugkeer wel 
in vele gevallen op deze wijze tot stand kan zijn gekomen, echter niet. in 
alle. Het percentage terugkeerende vogels is vaak z66 hoog, de tijd tusschen 
vrijlating en aankomst op het nest z66 kort, dat men wel genoodzaakt is 
een min of meer rechtstreeks naar het woon- of broedgebied gerichte vlucht 
aan te nemen. Deze opvatting wordt bevestigd door het feit, dat alle vind- 
plaatsen van vogels, die op den terugweg verongelukten, in de buurt van de 
rechte verbindingslijn bleken te liggen. 

De tweede mogelijkheid doet aan als een uit de lucht gegrepen veronder- 
stelling. Toch is iets dergelijks bij trekvogels gerealiseerd, Wanneer in som- 
mige gevallen de jonge vogels zonder geleide van oudere soortgenooten voor 
de eerste maal trekken en daarbij een voor de soort specifieke route volgen 
is het duidelijk, dat de dieren een zekere aangeboren ,,kennis’”’ van den te 
volgen weg en zijn kenmerken moeten bezitten. Bij ,,homing’’-proeven met 


1) “On the Orientation Problem in Birds.’ With a summary in English, French and 
German, 
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trekvogels werd intusschen ook dan vaak terugkeer op het nest gecon- 
stateerd, wanneer het gebied van vrijlating ver buiten de normale trekroute 
lag. Dat ook in deze gevallen en bij de transportproeven met standvogels 
een aangeboren kennis van het terrein een rol zou hebben gespeeld, lijkt 
weinig waarschijnlijk 2). 

Tenslotte de derde mogelijkheid: oriéntatie tijdens het transport. In de 
meeste gevallen werden de dieren op zoodanige wijze vervoerd, dat visueele 
oriéntatie — bij vogels ongetwijfeld van overheerschend belang — reeds 
bij voorbaat uitgeschakeld was, Een normaal functionneeren van den zgn. 
draaiingszin (gelocaliseerd in de booggangen van het labyrinth) werd in 
vele gevallen opzettelijk verhinderd, doordat men de vogels tijdens het ver- 
voer liet roteeren. Het terugkeerpercentage werd daardoor niet beinvloed. 
Evenmin was dat het geval, wanneer de vogels op de heenreis in narcose 
werden gehouden (KLUYVER 1935). 

Van de drie genoemde mogelijkheden ter verklaring van ,,homing’’ 
vanuit onbekend gebied blijkt dus de eerste slechts in een deel der gevallen 
in aanmerking te komen, terwijl voor de tweede vermoedelijk hetzelfde 
geldt; de derde mogelijkheid is in geen enkel geval gerealiseerd. Dit leidt 
ertoe, een vierde mogelijkheid te overwegen: het bestaan van speciale, 
,onbekende” zintuigelijke vermogens. 

Onder den indruk van de verrassende ,,homing’’-prestaties van wilde 
vogelsoorten en het gedrag van trekvogels onder bepaalde omstandigheden 
(gericht vliegen bij duisternis, in dichte mist, boven open zee) waren de 
meeste ornithologen reeds lang tot de overtuiging gekomen, dat de orién- 
tatie van vogels op grond van de bekende zintuigen alléén niet bevredigend 
verklaard kan worden (STRESEMANN 1935, RUPPELL 1936/1937, VAN OORDT 
1936/1943, KNIERIEM 1942 e.a.). Het phenomeen werd op verschillende 
wijze aangeduid. ScHUz (1931) sprak van ,,Empfindung fiir die geogra- 
phische Lage’, BIERENS DE HAAN (1934) onderscheidt ,,kompaszin’” en 
,,plaatszin’” (waarvan hij alleen de eerste gerealiseerd acht), VAN OORDT 
(1943) spreekt van ,,richtingszin’’ (bij trek) en ,,oriéntatiezin” (bij 
»homing’’). Wij kunnen hier op deze termen en hun beteekenis niet nader 
ingaan. 

Het vraagstuk boeit behalve de ornithologen uiteraard ook de zintuig- 
physiologen. Zij zijn over het algemeen minder geneigd het bestaan van 
nieuwe, ,,onbekende” zintuigvermogens aan te nemen (zie b.v, KOEHLER 
1942; GRIFFIN 1944), Niettemin staan ook zij voor de moeilijkheid, het 
gedrag van de vogels bevredigend te verklaren. Tot dusver is er ondanks 
een groot aantal experimenteele gegevens nog geen algemeen aanvaarde 
oplossing van het ,,oriéntatieprobleem’’ gevonden. Dit is voornamelijk een 


2) Het blijft niettemin denkbaar, en men heeft deze verklaringsmogelijkheid dan ook 
m.i. ten onrechte tot dusver geheel buiten beschouwing gelaten. Evenals bij trekvogels de 
trekroute, zouden bij standvogels bepaalde (constante) kenmerken van het landschap, 
waarin de soort voorkomt, de dieren aangeboren ,,bekend’’ kunnen zijn (b.v. bergketens, 
groote rivieren, kustlijnen, vegetatietypen enz.), 
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gevolg van het feit, dat bij proeven en waarnemingen in de vrije natuu1 
allerlei. niet of moeilijk te controleeren factoren een rol kunnen spelen, 
zoodat het gedrag van de vogels verschillend kan worden uitgelegd en het 
trekken van scherp bepaalde conclusies meestal onmogelijk wordt gemaakt. 

Een en ander bracht mij op het denkbeeld, het probleem langs geheel 
anderen weg te benaderen, namelijk door een onderzoek in het labora- 
torium, waarbij men de experimenteele omstandigheden volkomen be- 
heerscht. De hieronder beschreven proeven vormen een eerste poging in 
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Fig. 1. Toestel voor de richtingdressuur. Het toestel is mediaan doorgesneden; 
slechts één helft is afgebeeld. De middellijn van het bodemvlak bedroeg 120 cm. 
B.V. bakje met voedsel; C.S. cirkelvormig schot (reep linoleum); K. kijkgat; 

S. stolp. . 


deze richting. Er werd getracht het bestaan van den zoo vaak gepostuleer- 
den ,,richtingszin’ met behulp van de dressuurmethode exact aan te 
toonen. Een positief resultaat leek nauwelijks te verwachten, zou echter 
omgekeerd van zoo groot belang zijn en z6éveel perspectieven openen voor 
een voortgezette analyse, dat de poging mij wel gerechtvaardigd scheen. 
De proeven werden verricht gedurende de maanden November 1941— 
Maart 1942, waarna het onderzoek ten gevolge van de tijdsomstandigheden 
véértijdig moest worden afgebroken. Daar het onzeker is, wanneer hervat- 
ting mogelijk zal zijn, worden de verkregen gegevens hieronder voorloopig 
medegedeeld. 


Methode van onderzoek. 


Het voor de richtingdressuur ontworpen toestel bestond uit een draaibaar 
opgestelde twaalfzijdige kist, die van binnen homogeen grijs was geverfd, 
teneinde visueele oriéntatie tegen te gaan (fig. 1). Het toestel was in een 
donkere kamer opgesteld, die tevens vrij goed tegen geluiden van buiten af 
geisoleerd was, Het werd van binnen belicht door een melkglasbol (40 W), 
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die in het midden van de bovenzijde was gemonteerd. In de twaalf zijwan- 
den waren door vitragestof afgesloten kijkgaten aangebracht, waardoorheen 
het dier ongemerkt kon worden gadegeslagen, De vogels werden één voor 
één in het proeftoestel gebracht en na de dressuurvoedering weer in hun 
eigen kooi teruggezet. Tijdens de overbrenging werd de vogel door een 
stolp met luchtsluis omgeven, zoodat hij ongestoord kon ademen, doch niet 
naar buiten kon kijken. Deze stolp werd midden op de bodem van het 
dressuurtoestel geplaatst, het toestel gesloten, waarna de stolp van buiten 
af door middel van een dun touw omhoog kon worden geheschen (vgl. 
fig. 1). De vogel kreeg daardoor gelegenheid, zich naar den wand van het 
toestel te begeven, waar een bakje met het begeerde voedsel was opgesteld, 
voor de vogel verborgen achter een 4 cm hoog, cirkelvormig rondom de 
bodem loopend schot. Het bakje werd steeds aan de zuidzijde van het toe- 
stel geplaatst en nu nagegaan, of de proefvogel zou leeren, vanaf het 
centrum ineens de juiste richting — het Zuiden — te kiezen. 

Het dressuurtoestel was optisch zooveel mogelijk homogeen gehouden; 
teneinde visueele oriéntatie volkomen uit te schakelen werd het toestel 
tusschen twee dressuurvoederingen telkens in een anderen stand gebracht, 
zoodat op onregelmatig wisselende wijze beurtelings alle twaalf zijwanden 
de zuidzijde vormden en eventueele optische kenmerken het dier niet van 
nut konden zijn. Ook de plaats van den waarnemer werd met het oog op 
mogelijke geluidsprikkels (ritselen van kleeding e.d.) op onregelmatige 
wijze gevariéerd. Tenslotte werd de vogel tijdens het transport van zijn 
kooi naar het proeftoestel (een weg van + 20 m door het gebouw) opzette- 
lijk willekeurig gedraaid. 

Als proefdieren fungeerden een groenling (Chloris chloris L.), een sijsje 
(Chrysomitris spinus L.) en — met het oog op de proeven van RUPPELL — 
een spreeuw (Sturnus vulgaris L.) 3), Het voedsel bestond bij de dressuur- 
voederingen, die meestal tweemaal daags plaats vonden, uit de resp. lieve- 
lingskostjes (hennepzaad, koolzaad en meelwormen), Er werd verder voor 
gezorgd, dat de dieren bij de proeven voldoende hongerig waren. 


Resultaat der dressuurproeven., 


1. Om de dieren aan de situatie in het proeftoestel te wennen, werd het 
cirkelvormige schot aanvankelijk weggelaten, zoodat het bakje met voedsel 
zichtbaar was. De dieren gingen dan steeds rechtstreeks op het voedsel af. 
Zij deden dit ook na plaatsing van een schot van 1 of 2 cm hoogte, waar- 
achter het bakje nog gedeeltelijk zichtbaar was. Zoodra door gebruik van 
een hooger schot het bakje geheel aan het gezicht onttrokken was liepen de 
vogels naar een willekeurig punt van het schot en gluurden er overheen, 
gingen er vervolgens opzitten en bewogen zich huppend in één richting op 
het schot voort, tot zij het bakje in het oog kregen. Vanaf het begin van 


3) De groenling werd bij een Groninger vogelhandelaar gekocht. Sijs en spreeuw 
waren in October 1941 op den herfsttrek in Zuid-Holland gevangen en mij door vriende- 
lijkke bemiddeling van den Heer L. TINBERGEN toegezonden. 
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de proeven bleek daarbij elk van de drie vogels een vaste gewoonte te 
volgen: de groenling wendde zich bij het bereiken van het schot steeds naar 
rechts, sijs en spreeuw naar links. Bereikte het sijsje het schot b.v. aan de 
zuidoostelijke zijde, dan volgde het den geheelen cirkel en kwam via oost-, 
noord- en westzijde bij het bakje met voedsel terecht. 

Het gedrag van de dieren bleef bij voortzetting van de proeven onge- 
wijzigd. Er was na resp. 39, 29 en 40 dressuurvoederingen met groenling, 
sijs en spreeuw nog geen spoor van voorkeur voor de juiste richting of 
zelfs maar voor de zuidelijke helft van het toestel te bekennen. 

2. Teneinde de storende gewoonte van de vogels, zich eerst naar het 
schot en dan daarop naar het voedsel te begeven tegen te gaan, werd er 
een viertal radiair geplaatste, verticale schotten in het toestel aangebracht 
(fig. 2). De schotten reikten van bodem tot bovenzijde en van den wand 


N 


Z 
Fig. 2. Het proeftoestel van boven gezien (bovenzijde weggenomen) met 
de vier radiair geplaatste schotten., 


van het toestel tot dicht bij de stolp in het centrum. Het inwendige van het 
dressuurtoestel was zoodoende in vier vakken verdeeld, die slechts centraal 
met elkaar communiceerden. — Ondanks dezen maatregel bleef het gedrag 
van de dieren in wezen gelijk: een vak werd geinspecteerd, en indien er 
geen voedsel in werd aangetroffen volgden één voor één de overige vakken, 
wederom in een vaste volgorde. Opmerkelijk was hierbij slechts, dat zoowel 
groenling als sijs thans een richting volgden, tegengesteld aan die van de 
eerste proefreeks, De spreeuw daarentegen koos nog steeds de volgorde 
O-N-W-Z. 

Het aantal proeven met groenling, sijs en spreeuw bedroeg resp. 53, 42 
en 78; in resp. 17, 11 en 18 van deze gevallen werd dadelijk het juiste vak 
(zuidzijde) gekozen. Het percentage ,,goede’”’ keuzen ten bedrage van resp. 
32, 26 en 23 % wijkt dus nauwelijks af van hetgeen bij een zuiver toe- 
vallige verdeeling te verwachten ware (25 %). 
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3. In verband met de veel besproken mogelijkheid van magnetische 
invloeden werden alle ijzeren onderdeelen van het proeftoestel vervangen 
door indifferent materiaal en het geheele toestel buiten de stad in een 
schuur op het platteland opgesteld. De verdeeling in vakken door middel 
van de vier verticale schotten werd ditmaal achterwege gelaten, — De 
spreeuw koos in 55 proeven 15 maal, d.w.z.'in 27 % der gevallen, den 
zuidelijken sector (begrensd door drie van de twaalf zijwanden). Ook 
onder deze omstandigheden kon dus geen voorkeur voor de dressuurrich- 
ting worden geconstateerd. 

4. In de volgende serie proeven (weer in het laboratorium) werd ook 
het cirkelvormige schot weggelaten, daar het de dieren steeds sterk aan- 
trok, hen tot optische inspectie prikkelde en daardoor mogelijk de aandacht 
van eventueele richtingsprikkels afgeleid hield. Onderin elk der twaalf zij- 
wanden was een deurtje aangebracht in den vorm van een hangend klap- 
luikje, dat naar buiten toe kon worden opengeduwd (in fig. 1 niet weer- 
gegeven). Het bakje met voedsel was thans buiten het toestel geplaatst, 
vlak achter een der deurtjes. 

Een inleidende reeks proeven diende om de dresseerbaarheid van het 
proefdier (spreeuw) onder deze omstandigheden na te gaan. Het dier werd 
daartoe op een geluidsprikkel gedresseerd, namelijk licht krabben aan den 
buitenwand van het toestel, vlak naast een der deurtjes. Reeds na 6 a 8 
voederingen traden de eerste positieve reacties op: het in of bij het centrum 
staande of loopende dier wendde zich, zoodra er gekrabd werd, meteen 
rechtstreeks naar het juiste deurtje en pikte er tegenaan. In het vervolg 
bleek, dat de spreeuw het geluid verrassend goed wist te localiseeren. De 
belichting in het toestel werd door middel van weerstanden geleidelijk ver- 
zwakt en tenslotte geheel uitgeschakeld,. Ook in volslagen duisternis kwam 
de vogel soms snel en zeker op de geluidsbron af en pikte aan het juiste 
deurtje 4). 

Nadat uit deze proeven de dresseerbaarheid van het dier was gebleken 
werd opnieuw getracht een richtingdressuur te verwezenlijken. Daartoe 
werden alle deurtjes van buiten gegrendeld, met uitzondering van het aan 
de zuidzijde gelegen deurtje, waarachter het bakje met voedsel was ge- 
plaatst. Na het opheffen van de stolp werd de vogel, nadat hij eenigen tijd 
,,besluiteloos” had rondgeloopen, door wat krabgeluid naar het zuidelijke 
deurtje geleid. Bij herhaling van de proef bleef het gedrag van het dier 
echter ongewijzigd. Indien de spreeuw erg hongerig of ,,ongeduldig’’ was, 
pikte hij ook wel aan de deurtjes v66r er gekrabd werd; van eenige voor-~ 
keur voor de zuidzijde was daarbij echter geen sprake (30 proeven). 

Het voornemen, deze proefreeks met uitgeschakelde belichting te her- 
halen kon niet meer ten uitvoer worden gebracht. 

5. Hetzelfde geldt van voorgenomen proeven, waarbij de spreeuw in 


4) Dit werd door beluisteren vastgesteld, — Over het vermogen tot geluidslocalisatie 
bij vogels is nog weinig bekend. Het was tot dusver slechts aangetoond bij de kip 
(ENGELMANN 1928). 
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plaats van door geluid, door optische bakens in de juiste richting zou wor- 
den geleid. De bakens zouden dan geleidelijk verkleind of de belichting 
verzwakt kunnen worden, teneinde een eventueele richtingszin naar voren 
te doen komen. 

Als inleiding hiertoe werd de vogel gedresseerd op een met de vulpen 
op een der deurtjes aangebrachte stip van 14 mm middellijn. Hoewel het 
dier reeds bij de derde voedering het gemerkte deurtje koos, duurde het nog 
tot de 24ste proef, voor de dressuur volledig gelukt was, d.w.z. steeds ineens 
juist gekozen werd. Tot mijn verrassing bleek, dat het dier ook na ver- 
wijdering van de stip nog juist bleef kiezen. Het, had zich bij zijn keuze 
blijkbaar minder naar de voor een menschelijken waarnemer zoo opvallende 
stip gericht, dan naar andere (minimale) kenmerken van het deurtje of de 
omgeving. 


Discussie. 


Naar reeds in de inleiding werd uiteengezet heeft men om twee redenen 
aangenomen, dat er behalve de gewone zintuigen bij vogels nog een soort 
,richtingszin”’ moet voorkomen: a) ,,homing’’ vanuit onbekend gebied; 
b) gerichte vlucht bij trekvogels, ook waar de mogelijkheid tot visueele 
oriéntatie schijnbaar ontbreekt. 

Geen der beide redenen blijkt bij nadere beschouwing steekhoudend. Zoo 
weet men bij ,,homing’’-proeven met wilde vogels nooit volkomen zeker, of 
het gebied van vrijlating de dieren onbekend is. In gevangenschap in een 
ruime kooi opgekweekte en daar nestelende spreeuwen keerden na transport 
over 114 km niet op hun nest terug, in tegenstelling met de in het wild 
opgegroeide en daarna even lang in dezelfde kooi gevangen gehouden 
contréle-spreeuwen (RUPPELL en SCHEIN 1941). — Bij proeven met post- 
duiven worden in den regel vele dieren gelijktijdig losgelaten; de vogels 
voor wie het terrein onbekend is zouden zich naar de ervaren duiven kunnen 
richten. Toen de dieren één voor één in onbekend gebied werden vrijge- 
laten was het resultaat dan ook volkomen negatief (HEINROTH 1941). 

Bij trekvogels is het de vraag, of de mogelijkheid tot optische oriéntatie 
ooit volkomen uitgesloten is. Boven open zee b.v. zou de richting van de 
golven het dier als baken kunnen dienen, Dat trekvogels in sommige ge- 
vallen inderdaad een bepaalde kompasrichting schijnen te volgen is o.a. 
gebleken uit de proeven van ScHUz (1934) met ooievaars. Hij bracht een 
groot aantal jonge ooievaars uit Oost-Pruisen over naar West-Duitschland. 
De hoofdmassa van deze dieren, die in Oost-Pruisen ZO-waarts (naar den 
Bosporus) zouden zijn getrokken, bleek ook thans ZO-waarts te trekken 
(een deel vloog over de Alpen naar Noord-Italié), ondanks het geheel ver- 
schillende terrein en in tegenstelling met de gewoonte van West-Duitsche 
ooievaars, die ZW-waarts (naar Gibraltar) plegen te trekken. De dieren 
wisten de hun blijkbaar aangeboren trekrichting dus onafhankelijk van de 
kenmerken van het landschap te bepalen. Op welke wijze dit geschiedde is 
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een open vraag. Men kan er een aanwijzing voor het bestaan van een 
,tichtingszin” in zien; het ligt echter meer voor de hand aan oriéntatie ten 
opzichte van den zonnestand e.d. te denken. 

Ook onze dressuurproeven hadden tot dusver een negatief resultaat, het- 
geen uiteraard de mogelijkheid van het bestaan van een richtingszin onaan- 
getast laat. In dit verband zij aan de ,,homing’’-prestaties van visschen en 
vleermuizen herinnerd, waar zich een soortgelijk probleem voordoet. Wel- 
licht zal een onderzoek naar vermogen en reikwijdte van de bekende zin- 
tuigen — in menig opzicht nog terra incognita — veel ophelderen, van wat 
thans onverklaarbaar schijnt. 


Samenvatting. 


De stand van het oriéntatieprobleem bij vogels wordt besproken. De 
kernvraag luidt: zijn de bekende zintuigen toereikend om het gedrag van 
de dieren in alle gevallen bevredigend te verklaren? Vele ornithologen zijn 
overtuigd van het bestaan van een ,,richtingszin”, zonder dat deze opvatting 
tot dusver strikt bewezen kon worden; Met het oog hierop werd een poging 
ondernomen, vogels in een speciaal daartoe geconstrueerd toestel op een 
bepaalde kompasrichting te dresseeren. Eenige voorkeur voor de dressuur- 
richting kon tot dusver niet worden vastgesteld, hoewel dressuren op 
acustische en optische prikkels in hetzelfde toestel gemakkelijk gelukten. 
Het onderzoek is nog niet afgesloten. Als bijkomstig resultaat kan worden 
vermeld, dat een spreeuw geluiden uitstekend wist te localiseeren. 


Zusammenfassung. 


Der Stand des Problems der -Fernorientierung bei Végeln wird be- 
sprochen. Die Kernfrage lautet: reichen die bekannten Sinne aus um das 
Verhalten der Tiere in allen Fallen befriedigend zu erklaren? Viele Orni- 
thologen sind von der Existenz eines ,,Richtungssinnes’’ iiberzeugt, obwohl 
ein strikter Nachweis fiir diese Auffassung bisher nicht erbracht werden 
konnte. Im Hinblick darauf wurde der Versuch unternommen, Végel in 
einem speziell zu diesem Zweck konstruierten Apparat auf eine bestimmte 
Kompassrichtung zu dressieren. Irgendeine Bevorzugung der Dressurrich- 
tung konnte bisher nicht festgestellt werden, obwohl Dressuren auf akusti- 
sche und optische Reize im gleichen Apparat leicht gelangen. Die Versuche 
sind noch nicht abgeschlossen. Nebenbei ergab sich, dass ein Star Gerausche 
ausgezeichnet zu lokalisieren verstand. 


Summary. 


The present state of our knowledge of the orientation problem with birds 
is discussed. The main question is whether it is possible to explain the 
behaviour of birds in all circumstances on the basis of the known senses 
only, Many ornithologists are convinced of the existence of a ‘‘sense of 
direction”, though this opinion is not yet strictly proved. Therefore an 
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attempt was made to train birds to choose an appointed direction by 
putting them in a special apparatus. So far no preference for the training 
direction could be stated, though training on acousticand optic stimuli in 
the same apparatus succeeded well. The experiments are not yet finished. 
As an accessory result it can be stated that a starling could locate sounds 
very well. 


Résumé. 

!'Etat actuel du probléme de l’orientation lointaine chez les oiseaux est 
discussié. I] s’agit principalement de la question s'il est possible d’expliquer 
la conduite des oiseaux par les sens connus seuls. Bien des ornithologistes 
sont convaincus de l’existence d'un ,,sens de la direction’, quoiqu’il en 
manque jusqu'ici la preuve stricte, En vue de cette question un appareil 


spécial fut construit, dans lequel les oiseaux furent dressés a choisir une 
certaine direction. Jusqu’ici aucune préférence de la direction a pu étre 
constatée, quoiqu'il était simple de dresser un oiseau a des stimulants 
acoustiques ou optiques dans le méme appareil. Les expériences ne sont pas 
encore terminées. Comme résultat accessoire soit mentionné, qu’un sanson- 
net pouvait trés bien localiser des sons. 
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